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PREFACE 

THE  present  volume  consists  in  great  measure  of 
selections  from  the  matter  contained  in  a  larger 
treatise  *  on  the  same  subject,  of  which  it  may  there- 
fore in  a  certain  sense  be  described  as  an  abridged 
edition.  The  portions  selected  have,  however,  been 
completely  rearranged  and  rewritten  in  fuller  detail 
with  much  additional  illustration,  and  the  whole  con- 
sequently forms  a  virtually  new  book,  which,  being 
smaller  in  compass  and  more  elementary  in  character, 
may,  it  is  hoped,  serve  as  an  introduction  to  the 
larger  work,  and  meet  the  wants  of  junior  students 
of  engineering  and  others  commencing  the  study  of 
the  subject. 

The  want  of  a  book  of  this  class  having  been  felt  for 
use  at  the  engineer  school  at  Keyham  and  elsewhere, 
the  writer  considered  with  some  care  the  most  suitable 
plan  of  arrangement,  the  method  of  treatment,  and  the 

1  Applied  Mechanics,  by  James  H.  Cotterill,  F.R.S.,  Pro- 
fessor of  Applied  Mechanics  in  the  Royal  Naval  College,  Green- 
wich. 

557667 


VI  PREFACE 


additional  matter  required.  Subsequently,  his  time 
and  attention  being  fully  occupied  with  other  work, 
the  task  of  preparing  the  present  treatise  was  entrusted 
to  his  friend  and  (late)  assistant,  Mr.  J.  H.  Slade, 
who  undertook  to  provide  both  text  and  examples, 
in  accordance  with  the  original  plan.  The  examples, 
over  250  in  number,  have  with  few  exceptions  been 
constructed  especially  for  this  book,  and  it  is  hoped 
will  be  found  to  add  considerably  to  its  utility, 

GREENWICH,  November  1890. 
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MENSURATION    AND    CURVE    CONSTRUCTION 

FOR  the  solution  of  many  questions  in  Applied  Mechanics, 
it  is  necessary  that  the  student  should  be  able  to  find 
the  periphery  or  area  of  a  plane  figure  of  given  dimen- 
sions, or  the  surface  or  volume  of  a  solid  body. 

Also  the  construction  of  certain  curves  is  often  neces- 
sary ;  and  a  knowledge  of  a  few  simple  properties  of 
these  curves  enables  us  to  solve  questions  with  greater 
ease  and  rapidity  than  could  otherwise  be  attained. 
Hence  we  commence  with  the  present  chapter. 

Most  of  the  forms  we  meet  with  are  of  simple  char- 
acter, or  else  can  be  readily  resolved  into  such  simple 
ones  ;  we  consider  then  these  simple  forms  in  order. 

The  Parallelogram. 

RULE. — The  area  of  a  parallelogram  is  obtained  by 
multiplying   any  side   by 
the  perpendicular  distance 
between  it  and  the  opposite 
side. 

Thus  in  the  figure  we 
have  two  parallelograms, 
but  the  area  of  each  is  Fis- x- 

a  x  b  square  inches  or  feet,  according  as  a  and  b  are 
inches  or  feet. 

Or,  if  it  be  more  convenient,  the  area  of  the  right- 
hand  figure  is  c  x  d. 

E  B 
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Fig.  2. 


Tiie  Triangle. 

RULE.  —  The  area' of  a  triangle  is  obtained  by  multi- 
plying any  side  by  the  per- 
pendicular distance  of  iJie 
opposite  corner  front  it,  and 
dividing  the  result  by  2. 

The  three  triangles  shown 
have    then    each    the    same 

a  x  b 
area,  viz.  

Or  we  can,  as  in  the  centre  triangle,  express  it  as 
ex  d 
2 

There  are  other  rules  which  may  be  used,  generally 
involving  the  trigonometrical  functions  of  the  angles, 
depending  on  what  data  are  given.  But  the  engineer 
should  generally,  in  such  cases,  use  the  given  dimensions 
to  construct  the  figure  to  scale  ;  and  then  measure  the 
necessary  dimensions  required  for  the  preceding  rule. 

EXAMPLE. — Find  the  area  of  a  triangle,  the  sides  of  which 
are  7,  8,  and  9  inches  respectively. 

If  the  triangle  be  constructed  to  scale,  on  the  8-inch 
side  as  base,  and  the  perpendicular  height  is  then 
measured,  it  will  be  found  to  be  6.7  inches. 


x6.7 
2 


/.  Area=  '  sq..  in.. 

=  26.8  sq.  in. 

The  Trapezium. — This  figure  has  one  pair  of  sides 
parallel,  but  not  the  other. 

RULE. — The  area  of  a  trapezium         B<- 
is  obtained  by  multiplying  half  the         /^-^       \ 
sum  of  the  parallel  sides  by  the  per-       '         ^-      \    ' 
pendicular  distance  between  them. 

Hence  area  of  figure  =  a'r~  x  b. 

We  can  see  how  this  rule  is  obtained  if  we  divide  the 
figures  into  two  triangles  by  the  line  BD. 
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We  then  have 


Area  ABCD  =  ABC  +  BCD, 

ab     cb 
=  2+2' 


Any  Figure  bounded  by  Straight  Lines.  —  The 
method  just  given  can  evidently  be  extended,  and  we 
thus  obtain  — 

RULE.  —  To  obtain  the  area  of  any  rectilinear  figure. 
Divide  the  figure  into  triangles,  or  parallelograms,  and 
find  the  area  of  each  separately.     Finally 
add  all  the  results  together. 

We  will  apply  this  rule  to  the  case 
of  a  trapezoid   or  quadrilateral  ;  this  is 
a  four  -sided  figure  having    no   parallel     , 
sides.      Quadrilateral,  however,  includes 
all  cases,  parallel  or  not. 

ABCD    is    the    given    quadrilateral.  Fig.  4. 

Divide  into  triangles  as  shown.     Then 
Area  ABCD  =  ABD  +  BCD, 


More  complex  cases  are  solved  in  an  exactly  similar 
manner,  the  only  difficulty  being  in  deciding  on  the 
manner  of  dividing  the  area.  For  this  no  rules  can  be 
given  ;  practice  alone  will  enable  the  student  to  decide 
on  the  quickest  method  for  any  given  case. 

We  come  now  to  areas  enclosed  by  curved  lines,  of 

---         which  the  simplest  is 
f         ^X        The  Circle. 

L  —  d  r     >)        RULE.  —  The  area  of  a  circle  is  obtained 

V  J  by  squaring  the  diameter,   and  multiplying 

N»  —  */    the  result  by  .7854.      Or  squaring  the  radius 

Fis-  s-        and  multiplying  by  3.1416. 

The  number  3.1416,  of  which  .7854  is  one-fourth,  is 
denoted  by  TT  ;  and  hence  in  the  figure 
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4 

[For  most  practical  purposes  TT  may  be  taken  as  2T2-] 

In  rectilinear  figures  the  periphery  or  circumference 
can  be  directly  measured  ;  but  this  cannot  be  done  in 
curved  figures,  hence  we  require  a  rule. 

RULE. — The  circumference  of  a  circle  is  obtained  by 
multiplying  the  diameter  by  TT. 

Hence  in  figure  5 

Circumference  —  ird  or  2irr. 

The  Ring. — This  may  represent  the  cross-section  of 
a  hollow  shaft,  or  column. 


Fig.  6. 
From  the  preceding  we  obtain 

Area  of  ring  =  TT  (?i2  -  r22)  ( I ), 

=  mean  circumference  x  thickness, 

If  a  table  of  squares  be  available,  use  ( i ),  otherwise 
use  (2). 

It  is  immaterial  whether  the  hole  be  concentric  with 
the  outside  or  not.    The  equations  are  the  same.    But  the 
result  in  words  would  not  be  true  unless  by 
"  thickness  "  mean  thickness  be  understood. 
Sector   of   a  Circle. — ABCD    is    the 
sector.     The  angle  BAD  is  its  angle. 

RULE. — The  area  of  a  sector  is  obtained 
Fig.  7-        by  multiplying  the  area  of  the  whole  circle 
by   the  ratio  of  the  angle  of  the  sector  to  four  right 
angles. 
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Segment  of  a  circle. — BCD  (Fig.  7)  is  the  seg- 
ment. Its  area  is  best  found  by  subtracting  the  triangle 
ABD  from  the  sector  ABCD. 

The  Ellipse. — This  is  the  figure  produced  when  a 
circular  cylinder  is  cut  across  in  any  direction  not  per- 
pendicular to  its  axis.  It  is  not"  of  great  importance  to 
us,  so  we  shall  not  examine  its  properties.  There  are 
several  methods  of  constructing  an  ellipse,  of  which  we 
will  give  one,  which  is  simple,  and  assists  the  student  to 
remember  the  value  of  the  area. 

To  construct  an  ellipse  with  given  axes. 

AB  and  CD  are  the  given  axes,  O  the  centre.      The 
lengths   of  the    semi-axes 
are  a  and  b  respectively, 
a    being    the    major    or 
greater. 

On  AB,  with  centre  O, 
describe  a  circle.  Divide 
AB  into  a  number  of  parts, 
and  draw  ordinates  of  the 
circle  as  shown.  Reduce 
each  ordinate  in  the  pro- 
portion  of  b  to  a.  Then  Fj'g- 

through  the  tops  of  the  reduced  ordinates  draw  a  curve, 
which  is  the  required  ellipse. 

The  method  of  reduction  is  shown  for  the  ordinate 
cd.  The  inner  circle  with  radius  b  is  described,  d  is 
joined  to  O  cutting  the  inner  circle  in  £,  and  ef  is  drawn 
parallel  to  AB,  cutting  cd  in  f,  then  f  is  one  of  the 
points. 

For  cf  \cd\\b  \  a  (similar  triangles). 

Only  one  quarter  need  be  drawn  in  this  manner, 
the  others  are  quite  symmetrical. 

Now  each  ordinate  of  the  circle  is  diminished  in  the 
ratio  fr/a,  hence  evidently  so  is  the  whole  area. 

.'.  Area  of  ellipse  =  TIYT  x  -  =  trab. 
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Hence  one  rule  will  suffice  both  for  ellipse  and  circle  as 
follows. 

RULE. —  The  area  of  an  ellipse  is  ir/4  times  that  of  the 
circumscribing  rectangle.  The  circle  is  then  a  particular 
case,  where  b  =  a,  and  the  rectangle  becomes  a  square. 

The  Parabola. — This  curve  is  the  most  important 
we  have  to  deal  with,  its  construction  enabling  us  to 
solve  graphically  many  problems. 

To  construct  a  parabola  of  given  height  on  a  given 
base.  First  case. 


A  G  B 

Fig.  9. 

Let  AB  be  the  given  base  ;  and  D  the  apex^z  directly 
over  C,  the  middle  point  of  AB.  The  parabola  will  then 
be  symmetrical,  CD  being  the  given  height. 

Complete  the  rectangle  AEFB. 

Divide  DE  into  any  number  of  equal  parts  (in  the 
figure  we  take  five),  and  EA  into  the  same  number. 

Number  the  divisions  i',  2',  etc.,  from  D,  and  i,  2, 
etc.,  from  E  as  shown. 

Join  D  to  i,  2,  3,  and  4. 

Through  i'  draw  a  vertical  cutting  Di  in  I  ;  through 
2'  a  vertical  cutting  D2  in  II  ;  and  so  on,  obtaining  the 
points  I,  II,  III,  IV.  Then  the  curve  is  drawn  through 
A,  the  above  four  points,  and  D. 

Similarly  for  the  other  side. 

DC  is  called  the  axis>  D  the  apex;  and  the  nature 
of  the  curve  is  such  that  the  distance  of  any  point  in  it 
from  DE  varies  as  the  square  of  its  distance  from  DC. 
It  will  be  seen  that  the  construction  fulfils  this  condition. 
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For  example,  IV  is  twice  as  far  from  DC  as  II  is,  but  is 
4,  i.e.  22,  times  as  far  from  DE. 

The  parabola  may  also  be  required  to  have  its  greatest 
height  at  some  point  not  directly  over  C. 


E      4      3'    2 


A  CM  B 

Fig.  10. 

AB  is  again  the  base,  and  D  the  given  highest  point, 
at  a  height  h  say  over  M. 

Join  CD,  and  complete  the  parallelogram  AF. 

The  construction  now  proceeds  exactly  as  in  the  pre- 
ceding case,  the  ordinates  being  drawn  parallel  to  CD. 

The  two  sides  are  now  unsymmetrical,  CD  is  not  the 
axis,  nor  is  D  the  apex.  CD  is,  however,  an  axis. 

The  curve  has  an  important  property,  which  we  shall 
require  to  use  hereafter,  viz.  The  tangent  at  any  point 
bisects  the  abscissa  of  that  point. 

Thus  take  for  example  IV,  in  either  figure,  then  the 
tangent  at  IV  passes  through  2',  i.e.  bisects  04'. 


\ 


234 

87654 

Fig.  IT. 


Another  method  of  constructing  the  curve,  showing 
yet  another  property,  is  illustrated  in  Fig.  1 1. 
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This  method  is  of  use  in  cases  where  the  actual  height 
in  inches  is  not  fixed.  AB  is  divided  into  ten  parts,  and 
they  are  numbered  from  each  end  as  shown.  Then  at 
each  point  set  up  an  ordinate  representing  the  product 
of  the  two  numbers  at  the  point ;  either  vertically,  as  in 
the  figure,  or  all  parallel  in  any  direction. 

The  curve  then  passes  through  the  tops  of  the 
ordinates. 

The  property  which  leads  to  this  method  of  con- 
struction is,  in  words — 

The  ordinate  is  proportional  to  the  rectangle  con- 
tained by  the  segments  into  which  it  divides  the  base. 

For  the  area  we  have — 

RULE. — The  area  of  a  segment  of  a  parabola  is  ~ 
of  that  of  the  circumscribing  parallelogram;  i.e.  |-  of 
the  product  of  base  and  perpendicular  height. 

The  circumscribing  parallelogram  means  the  parallel- 
ogram AEFB  in  Figs.  9  or  10. 

The  Hyperbola. — This  curve  together  with  the 
two  preceding  constitute  the  conic  sections,  which  are 
treated  in  Analytical  Geometry.  For  our  purposes  we 
select  only  those  properties  which  are  directly  useful  ; 
and  we  define  the  curve  by  those  properties,  and  not  as 
it  is  defined  in  geometry. 

For  our  purposes  then  we  define  the  curve  thus  : — 

The  hyperbola  is  the  curve  traced  by  a  point  which 
moves  so  that  the  product  of  its  distance  from  two 
rectangular  axes  is  constant. 

This  is  strictly  a  special  case,  and  is  the  rectangular 
hyperbola.  It  is,  however,  the  only  one  we  concern 
ourselves  with. 

Construction  of  the  hyperbola. 

Let  OX,  OY  be  the  axes,  and  A  one  known  position 
of  the  moving  point.  Through  A  draw  lines  AN  and 
AM,  parallel  to  OX  and  OY  respectively.  Produce  AN 
as  far  as  necessary.  (The  curve  has  no  limits.) 

Mark  off  along  MX  distances  Mi,  12,  etc.,  equal  or 
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not,  so  far  as  the  curve  is  required  to  extend,  and  draw 
the  ordinates  1 1,  22,  etc.  Join  now  the  top  points  I,  2, 
etc.,  to  O,  cutting  MA  in  i',  2',  etc. 


6'   X 


Through  i'  draw  I'l  parallel  to  OX,  cutting  1  1  in 
I  ;  through  2',  2'!  I  cutting  22  in  II  ;  and  so  on  for  III, 
IV,  V,  etc. 

Then  I,  II,  etc.,  are  points  on  the  required  curve, 
and  we  draw  it  through  them. 

By  Euclid  we  easily  prove  that  the  rectangles,  OI, 
Oil,  etc.,  are  equal  to  OA. 

Area.  —  The  particular  area  required  is  that  bounded 
by  the  curve,  two  ordinates,  and  OX  ;  such  as  ABCD  in 
Fig.  13- 

For  this  we  have 


Area  ABCD  =  AD  x  OD  x  loge  ^, 

OC 

or  equally  BC  x  OC  x  loge  p-pr- 


The   log.  is   the  Napierian    or  natural 


log.,    or    from    its    present    property    the 
hyperbolic    log.,    and    is     2.3026    times    the    ordinary 
tabular  log.     The  number  2.3026  being  known  as  the 
modulus. 

Any  Curve. 

To  find  the  area  between  the  irregular  curve  CD,  the 
ordinates  AC  and  BD,  and  the  base  AB  ;  we  proceed  as 
follows  :  — 
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Divide  AB  into  an  even  number  of  small  parts,  and 
draw  ordinates. 


Fig.  14- 

Let  x=  length  of  each  small  part. 
Add  together  separately 


then 


1st.  The  two  extreme  ordinates  =A  say, 
2d.  The  remaining  odd  ordinates  =  B  say, 
3d.  The  even  ordinates  =  C  say, 


Area  ABCD  =  ( A  +  2B  +  4Q  - , 


or  in  words  — 

The  sum  of  the  extremes,  four  times  the  even,  and 
twice  the  remaining  oddj  all  multiplied  by  one-third  of 
the  common  interval. 

For  example  in  Fig.  14  the  lengths  are  given  in 
inches,  the  interval  being  J".  Then 

Extremes  1.1  +  1.225  =  2.325. 

Remaining  odd     1.125  +  1.075  +  .975+  1.225  =4.4. 
Evens  1.075+  1.15  +  .  95  +  i.i  +  I-325  =  5-6- 

5.6)£  so,  ins.  =2.8  sq.  ins. 


Peripheries.  —  These  are  not  of  importance  ;  and  can- 
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not  in  most  cases  be  accurately  found,  hence  we  omit 
them  except  for  the  circle,  which  is  given  on  page  4. 

We  come  next  to  solid  figures.    These  we  treat  briefly. 

Square-edged  Plate. 

RULE. —  The  volume  of  a  piece  of  plate  of  any  shape  is 
eqtial  to  the  product  of  the  area  of  its  face  and  its  thickness. 

Volumes  are  required  chiefly  for  the  determination  of 
weights.  To  determine  this  we  must  know  the  weights 
of  unit  volumes  of  the  particular  materials,  which  will 
for  the  principal  ones  be  found  in  a  table  in  chap.  xxi. 

The  Sphere. 

RULE. — The  volume  of  a  sphere  of  radius  r  is  ^Trr3. 

RULE. — -The  surface  of  a  sphere  of  radius  r  is  4?rr2. 

The  Cylinder. 

Fig.  i  5  shows  two  views  of  a  cylinder.  Side  view 
and  end  view  or  cross-section.  This  is  a  right  circular 
cylinder,  the  two  ends  being  perpendicular  to  the  axis. 


Fig.  15.  Fig.  16. 

Fig.  1 6  shows  a  circular  cylinder,  the  two  ends  not 
being  perpendicular  to  the  axis  but  parallel  to  each 
other.  The  two  cross-sections  are  the  same.  Then  for 
each  case  we  have — 

RULE. — The  volume  of  a  cylinder  is  obtained  by 
multiplying  the  area  of  its  cross  -  section  by  its  length 
measured  along  the  axis. 

Thus  in  each  case 

Volume  —  irr^h. 

RULE. — The  surface  of  a  cylinder  is  obtained  by 
multiplying  the  periphery  of  its  cross-section  by  its  length 
along  the  axis. 

In  each  case  then — 

Surface  —  2-rrr/i. 


12 


APPLIED  MECHANICS 


PRELIM. 


If  the  cylinder  be  hollow  and  thin,  and  cut  through  along 
aft,  then  it  can  be  flattened  into  a  plate  ;  the  area  of 
which  is  evidently  as  above. 

The    Parallelopipedon. — This  is  a   solid,   whose 
cross -section  is    not    circular,   but 
is  the   same    at    all   points    of  its 
length  ;  as  for  example  a  wrought 
Fig.  17-  or  cast-iron  beam  (Fig.  1 7). 

The  rules  for  the  cylinder  apply  exactly. 
Lastly,  though  of  minor  importance,  we  will  take — 
The  Cone. 

RULE. —  The  volume  of  a  cone  is  \  that  of  a  cylinder 
on  the  same  ftase,  and  .of  the  same  height. 


:.  Volume  =  ^irr^k. 

The  curved  surface  can  be  found  by  supposing  the  cone 
hollow,  cutting  it  down  a  line  as  aft,  and  flattening  it  out 
as  shown  in  Fig.  19,  forming  a  section  of  a  large  circle 
of  radius  /. 


Fig.  18.  Fig.  19. 

Then  we  have 

Area  =  area  of  the  whole  circle  x 
,„     Zirr 

=  7T/2  X   --  „ 
27T/ 


27TT 

whole  circumference' 


or  in  words 
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The  curved  surface  is  obtained  by  multiplying  half 
the  slant  side  by  the  pet  iphery  of  the 
base. 

If  the  base  be  not  circular,  but 
any  regular  rectilinear  figure,   the 
solid   is  a  regular  pyramid,  and  j 
the  rule  as  to  volume  applies,  sub-  j^ 
stituting  parallelopipedon  for  cylin- 
der, i.e. 

Fig.  20. 
Volume  —  ^  area  of  base  x  height. 

Each  side  is  a  triangle  and  its  area  can  be  calculated 
separately,  and  hence  the  surface  obtained. 


EXAMPLES. 

1.  Find  the  weight  of  a  boiler  plate,  10  ft.  6  in.  by  4  ft.  9 
in.,  weighing  35  Ibs.  per  sq.  ft.  Ans.  15  cwts.  65!  Ibs. 

2.  A  triangular  piece  of  plate,  sides  3  ft.  6  in.,  4  ft.,  and 
4  ft.  6  in.  respectively,  weighs  i  cwt.      Determine  the  weight 
per  sq.  ft.  Ans.  17  Ibs. 

3.  The  cross-section  of  a  canal  is  a  trapezoid.     Width  at  top 
42  ft.,  at  bottom  28  ft.,  depth  10  ft.     Find  its  area. 

Ans.  350  sq.  ft. 

4.  The  sides  of  a  field  are  AB  150,  BC  42,  CD  130,  DE  72, 
and  EA  50,  all  in  yds.     Also  BE  is  157^,  and  BD  156  yds. 
There  are  no  re-entrant  angles.     Find  its  area.     Ans.  2.4  acres. 

5.  A  boiler   contains   530   tubes,  2f  in.   internal   diameter. 
Find  area  for  draught  through  them.  Ans.  21.87  sq.  ft. 

6.  Each  tube  in  the  preceding  is  7  ft.  long  between  tube 
plates,  and  3  in.  external  diameter.       Find   the  total  heating 
surface.  Ans.  2915  sq.  ft. 

7.  The  tube  plates  in  (6)  are  £  in.  thick,  and  each  tube 
projects  i  in.  outside  each  plate.     The  tubes  are  of  wrought-iron, 
weight  of  a  cubic  inch  T5¥  Ib.     Find  the  weight  of  one  tube. 

Ans.  27  Ibs. 

8.  A  boiler  is  10  ft.  diameter,  12  ft.  long  ;  the  water  surface 
is  at  £  of  the  height.     Find  the  volume  of  the  steam  space. 

Ans.  185  c.  ft. 
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9.  Find   how  many   sq.    yds.    of  non-conducting   covering 
material  will  be  required  to  cover  the  cylindrical  portion,  and 
one  end,  of  the  preceding  boiler.  Ans.  506. 

10.  The  circular  shell  plates  being  I  in.  thick,  and  the  end 
plates  \\  ;  material  mild  steel,  weighing  the  same  as  wrought- 
iron.      Find  the  total  weight  of  the  shell,  not  taking  laps  or 
holes  for  furnaces  into  account.  Ans.  8.65  tons. 

11.  Find  the  weight  of  a  cast-iron  hexagonal  column,  12  ft. 
high,  8    in.    outside    across   the   corners,   circular    hole    5    in. 
diameter.     Weight,  \  Ib.  to  I  c.  in.  Ans.  788  Ibs. 

12.  Construct  a  parabola  on  an  8-in.  base,  3  in.   high.       ist, 
symmetrical ;    2d,  with  greatest  height  at  5  in.  from  one  end. 

13.  Find  the  area  of  the  preceding  curves  ;  by  calculation, 
and  also  by  Simpson's  rule.  Ans.  16  sq.  in. 

14.  An  elliptical   door  is   18  in.  by  16  in. ;    material  cast- 
iron  j  mean  thickness  f  in.     Find  its  weight.  Ans.  42^  Ibs. 

15.  A  hollow  steel  propeller  shaft  is  10  ft.  long  over  all ; 
flange   at   each    end    23   in.    diameter,  4   in.    thick ;    external 
diameter  of  plain  part  14  in.,  diameter  of  hole  9  in.     Find  its 
weight.  Ans.  3593  Ibs. 

1 6.  The  total  depth  of  a  cast-iron  beam  is  12  ins.     The  top 
flange  is  6"  by  £",  the  bottom  9"  by  i",  and  the  web  is  $'  thick. 
Find  its  weight  per  foot  length.  Ans.  55$  Ibs. 


PART    I 
THE  PRINCIPLE  OF  WORK 


CHAPTER  I 

MOTION— SLIDING,    TURNING,    AND    SCREW    PAIRS 

WHEN  two  bodies  shift  their  relative  positions  they 
are  said  to  be  in  motion  relatively  to  each  other.  Thus, 
a  train  shifts  its  position  relatively  to  the  earth  ;  then 
the  earth  and  the  train  are  in  relative  motion. 

The  usual  mode  of  expression  in  the  preceding  case 
would  be  to  say  that  the  train  was  in  motion,  but  a  little 
consideration  shows  that  this  is  not  a  full  statement. 
To  a  spectator  on  the  earth,  the  train  alters  in  position 
while  the  earth  does  not.  Therefore  he  says  the  train 
moves.  But  to  a  traveller  in  the  train  it  is  the  earth 
that  moves  while  the  train  is  still ;  so  that,  to  be  con- 
sistent, he  should  say  the  earth  is  moving.  But  actually 
he  would  still  say  that  the  train  moved.  If  we  examine 
more  closely,  we  see  that  the  reason  of  this  clearly  is 
that  in  each  case  the  earth  is  tacitly  treated  as  if  it 
were  a  fixed  body,  which  for  all  ordinary  purposes  it  may 
be  assumed  to  be.  But  now  when  we  come  to  examine 
larger  motions,  as  those  of  the  heavenly  bodies,  we  know 
that  the  earth  is  not  treated  at  all  as  a  fixed  body,  but 
is  in  motion  relative  to  the  sun  and  to  all  the  other 
bodies.  Questions  relative  to  the  solar  system  are  some- 
times treated  as  if  the  sun  were  fixed  ;  but  this  again 
will  not  do  when  we  have  to  consider  the  motions  of  the 
so-called  fixed  stars. 

We  see  then  that  there  is  in  nature  no  such  a  thing 
as  an  actual  fixed  body.  And  so  we  cannot  speak  of 
c 
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the  motion  of  one  body  only,  but  only  of  its  motion  re- 
lative to  some  other,  the  other  body  being  either  men- 
tioned or  else  understood.  The  body  most  usually 
understood  is  the  earth,  and  this  explains  why  the  spec- 
tator in  a  train  speaks  of  himself  as  moving.  But  he 
would  be  perfectly  correct  if  he  said  that  the  earth  was 
moving  past  him.  For  the  earth  is  moving  past  him 
just  as  really  as  he  is  moving  along  its  surface. 

The  sort  of  relative  motion  which  is  possible  between 
two  bodies  depends  on  the  mode  in  which  they  are  con- 
nected together.  In  some  cases  there  is  no  restriction 
at  all,  i.e.  when  the  bodies  are  entirely  disconnected. 
They  can  then  be  moved  relatively  to  each  other  in  any 
conceivable  manner.  The  bodies  whose  motions  we 
shall  consider  are,  however,  generally  so  connected  that 
only  one  kind  of  relative  motion  may  be  possible,  either 
by  being  directly  fitted  to  each  other,  or  by  being  con- 
nected by  intermediate  pieces.  The  first  kind  of  case 
being  the  simpler  we  take  it  in  the  present  chapter,  and 
we  afterwards  proceed  to  consider  other  cases  in  succeed- 
ing ones. 

Sliding  Motion. — The  simplest  kind  of  relative 
motion  between  two  pieces  is  when  one  moves  in  a 
straight  line  relative  to  the  other.  Such  a  motion  is  called 
Sliding1,  and  the  pair  of  pieces  is  called  a  Sliding 
Pair. 

The  simplest  example  of  this  motion  would  be  the 


(a) 


Fig.  21. 


motion  of  a  rod  of  any  section,  other  than  circular,  in  a 
hole  which  it  exactly  fits,  as  in  Fig.  21,  where  (a)  shows 
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a  side  view,  and  (b\  (<:),  (d}  are  alternative  sections.  The 
bar  in  the  cases  shown  is  incapable  of  any  other  motion 
than  sliding — which  would  not  be  the  case  were  its 
section  circular — and  we  have  therefore  a  sliding  pair. 

A  good  practical  example  is  found  in  the  crosshead  and 
guides  of  a  direct  acting  engine.  The  crosshead  may 
slide  between  two  flat  surfaces,  as  in  Fig.  22,  which  shows 
a  side  view,  the  two  guide  surfaces  being  shaded  ;  or  the 
shoe  may  be  so  shaped,  as  in  Fig.  23,  as  to  fit  into  one 
guide  only.  The  figure  shows  an  end  view.  In  both 
cases  only  the  one  motion — sliding — is  possible. 

Here  we  should  notice  that,  although  there  appear  in 
Fig.  22  to  be  two  guides,  this  is  only  apparent.  For  if 


Fig.  22. 


Fig.  23. 


we  examine  more  closely,  we  find  that  each  of  the  guides 
is  rigidly  attached  to  the  one  frame  of  the  engine,  and 
so  they  are  not  two,  but  are  only  portions  of  one  body, 
that  body  consisting  of  the  whole  of  the  framework  and 
everything  rigidly  connected  to  it. 

The  second  body  in  the  relative  motion  is  also  more 
extended  than  appears  at  first  sight.  For  it  is  not  only 
the  crosshead,  but  consists  also  of  the  piston  rod  and  of 
the  piston  ;  the  three  forming  one  body,  which  slides 
relatively  to  the  other  body,  consisting  of  the  cylinder, 
guides,  framework,  etc.,  which  are  rigidly  connected 
together. 
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So  far  the  sliding  motion  has  been  the  only  possible 
relative  motion,  but  bodies  may  move  with  a  sliding 
motion  even  although  other  motions  are  not  impossible. 
For  example,  a  weight  falling  freely  moves  in  a  straight 
line — i.e.  slides — relatively  to  the  earth,  although  there 
is  nothing  to  prevent  sideways  motion,  because  neither 
is  there  anything  to  cause  it.  More  important  still.  A 
carriage  or  sledge  of  any  description  slides  relatively  to 
the  earth,  being  kept  to  its  proper  direction  by  the  pull 
of  the  traces  or  in  a  railway  by  the  wheels.  In  all  these 
cases  there  is  perfect  freedom  of  motion  away  from  the 
earth  if  sufficient  force  be  applied,  but  such  force  not 
being  applied,  the  weight  of  the  bodies  acts  as  if  a  guide 
were  fitted  to  the  tops  of  the  carriages,  retaining  them  in 
contact  with  the  ground. 

It  may  be  objected  that,  in  the  case  of  a  carriage,  the 
motion  is  not  sliding  but  rolling,  but  this  is  not  correct. 
The  motion  of  the  wheels  is  a  rolling  one,  but  these  are 
not  a  rigid  part  of  the  carriage,  but  are  attached  to  it 
simply  to  lessen  the  friction,  and  could,  if  the  road  were 
smooth,  be  dispensed  with,  as  is  the  case  in  sledges. 
The  motion  of  the  carriage  itself  is  unaffected  by  such 
fittings,  being  identical  with  that  of  a  sleigh,  which  is 
evidently  sliding. 

Velocity. — We  have  in  sliding  a  certain  definite 
direction  of  moving,  determined  as  we  have  seen  ;  but 
we  have  also  to  consider  in  addition  the  rate  at  which 
the  bodies  move  relatively  to  each  other,  or  the  velocity 
of  one  relative  to  the  other — velocity  being  used  to 
denote  rate  of  moving.  The  term  Speed  is  also  used  to 
denote  the  same  thing. 

In  sliding,  all  parts  of  the  moving  body  (assuming 
for  convenience  one  body  as  fixed,  and  the  observer,  in 
all  which  follows,  being  supposed  to  stand  on  that  fixed 
body)  move  in  the  same  direction  at  the  same  speed, 
and  the  velocity  of  the  body  is  measured  by  that  of  any 
point  in  it,  e.g.  in  a  carriage  moving  along  a  straight 
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road  the  shafts  go  exactly  as  far  as  the  body,  and  one 
side  as  far  as  the  other. 

[This  is  only  true  on  a  straight  road,  which  is  the  case  of  slid- 
ing ;  if  the  road  be  curved  it  no  longer  holds,  as  we  shall  see 
farther  on.] 

The  velocity  of  a  body  depends  on  the  space  passed 
over,  in  a  given  time,  by  any  point  fixed  in  the  body  • 
and  its  measurement  depends  on  whether  the  point  passes 
over  equal  spaces  in  equal  times — a  case  of  uniform 
velocity — or  passes  over  unequal  spaces,  when  the 
velocity  is  said  to  be  accelerated,  if  the  successive 
spaces  passed  over  increase  ;  or  retarded,  if  they  dimin- 
ish. Accelerated  velocity  often  includes  both  cases,  the 
acceleration  being  said  in  the  latter  to  be  negative. 

To  measure  the  velocity  of  a  body  moving  uniformly, 
we  note,  at  a  given  time,  the  position  of  a  specified  point 
in  the  body  ;  and  then,  at  the  end  of  a  convenient  time, 
note  again  the  position  of  the  same  point.  Suppose  this 
has  been  done,  and  the  distance  between  the  two  posi- 
tions measured  and  found  to  be  s  feet,  the  time  taken 
being  t  seconds  ;  then  the  distance  moved  in  one  second 
is  sjt  feet,  or  sjt  feet  per  second  is  the  velocity. 

In  the  preceding  paragraph  it  was  not  necessary  to 
specify  any  particular  instant  at  which  to  measure  the 
velocity,  but  in  dealing  with  non- uniform  velocity  we 
cannot  speak  simply  of  the  velocity  of  the  body,  but 
only  of  its  velocity  at  some  particular  instant.  Such  a 
velocity  we  cannot  measure  in  the  manner  described, 
but  we  must  in  some  way  estimate  the  distance  the  body 
would  pass  over  in  one  second,  if  it  moved  itniformly 
during  the  second,  at  the  rate  at  which  it  is  moving  at 
the  particular  instaiit  considered;  if  this  distance  be  v 
feet,  then  we  say  the  velocity  at  the  instant  is  v  feet  per 
second. 

The  manner  in  which  to  make  the  estimate  can  only 
be  determined  with  further  knowledge  than  we  possess 
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at  present,  but  by  anticipating  somewhat,  the  method 
can  be  illustrated. 

For  example — a  body  in  one  second  falls  16  feet, 
required  its  velocity  at  the  end  of  the  second. 

In  this  case,  the  laws  of  Dynamics  tell  us  that  the 
velocity  is  a  gradually  increasing  one,  increasing  at  a 
uniform  rate  from  zero  to  its  final  value,  say  v  feet  per 
second,  which  we  will  for  the  future  abbreviate  thus, 
v/.s. 

Now  in  such  a  case  the  effect,  on  the  whole,  is  the 
same  as  if  the  body  had  moved  during  the  whole  time, 
with  just  half  the  final  velocity. 

Therefore,  the  body  if  moving  at  vj'2  f.s.  for  one  second 
would  cover  16  feet, 

•'•  ^=16,    ^  =  32, 

and  the  final  velocity  is  32  f.s. 

Mean  Velocity. — In  the  preceding  example  we  see 
that — If  for  the  given  time  the  body  had  moved  uni- 
formly with  a  certain  velocity,  it  would  have  covered 
the  same  space  which  it  actually  did  cover.  The  certain 
velocity  in  the  particular  case  above  is  z//2  f.s.,  but  such  a 
velocity  can  be  found  for  all  cases  of  motion,  and  is 
called  the  Mean  Velocity,  its  definition  being  given  in 
the  italics. 

Evidently,  to  determine  the  mean  velocity  during  a 
given  interval,  we  have  only  to  measure  the  space 
traversed  in  feet,  and  dividing  by  the  time  in  seconds, 
we  get  the  mean  velocity  as  above  described  in  f.s. 

Thus  in  the  example  given  we  simply  say — Since  16 
feet  are  traversed  in  one  second  the  mean  velocity  is 
1 6  f.s.,  caring  nothing  what  may  be  the  changes  of 
velocity  during  the  second. 

We  have  now  met  for  the  first  time  with  two  concep- 
tions of  very  great  importance,  viz. — varying  quantities 
and  their  mean  values.  And  we  shall  find  that  consider- 
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able  aid  is  rendered  to  the  correct  comprehension  of 
them  by  means  of  graphic  representation. 

Graphic  Representation  of  Magnitudes. — 
When  we  have  two  magnitudes  bearing  certain  relations 
to  each  other,  we  can  represent  these  relations  by  means 
of  a  plane  curve  ;  values  of  one  magnitude  being  marked 
off  along  an  axis,  and  ordinates  set  up  at  the  points  so 
obtained,  to  represent  the  corresponding  values  of  the 
other.  A  curve  drawn  through  the  tops  of  the  ordinates 
exhibits  to  the  eye  the  relationship  between  the  magni- 
tudes, and  is  often  of  great  use  in  the  solution  of 
problems. 

In  the  example  previously  considered  the  two  magni- 
tudes are  Time  and  Velocity. 


0  a  b 

Fig.  24. 

Take  then  two  axes  OX  and  OY. 

Along  OX  we  will  set  off  time.  Now  it  is  quite  im- 
material at  what  point  of  OX  we  begin.  Suppose  then 
we  let  O,  or  time  zero,  represent  \  sec.  before  the  body 
was  let  go. 

Mark  off  then  Oa  to  represent  on  some  scale  ^  sec., 
Oa  is  in  the  figure  ~  inch,  the  scale  being  I  inch  to  I 
second. 

At  a  the  velocity  is  zero,  so  a  is  a  point  on  the  curve, 
the  ordinate  being  o. 

Now  set  off  ac=  i  second,  ac  will  be  i  inch  long. 

Set  up  at  <:,  ce  to  represent  32  f.s.     It  is  in  the  figure 
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i  inch,  so  the  velocity  scale  is  i  inch  to  32  f.s.      e  is  then 
a  second  point  on  the  velocity  curve. 

We  said  that  the  velocity  varies  uniformly.  This  we 
express  graphically  by  drawing  the  velocity  curve  as  a 
straight  line  from  e  to  a.  For  then  the  height  of  the 
curve  from  OX  varies  uniformly. 

We  can  now  by  means  of  this  curve  determine  the 
velocity  at  any  instant  during  the  second  of  motion,  or 
we  can  determine  the  mean  velocity. 

To  determine  the  mean  velocity  or  the  mean  value  of 
any  magnitude,  when  we  have  in  the  manner  shown 
represented  it  by  a  curve,  we  have  only  to  determine  the 
mean  height  of  the  curve.  In  the  present  case  the 
mean  height  is  plainly  bd,  where  b  is  midway  between  a 
and  c,  and 

.'.  Mean  velocity =M, 

and  bd  being  |-  inch,  and  the  scale  32  f.s.  to  i  inch, 
Mean  velocity  =  16  f.s. 

We  must  be  careful  to  notice  that  b  represents  mid- 
time  of  falling,  not  mid-height ;  so  16  f.s.  is  the  velocity 
at  the  end  of  a  half  second. 

Units  of  Velocity. — We  have  so  far  reckoned 
velocity  in  feet  per  second,  because  the  foot  and  second 
are  the  most  usual  units  of  space  and  time.  But  any 
units  whatever  of  space  and  of  time  may  be  used,  depend- 
ing on  which  are  most  convenient  in  any  particular 
case. 

It  occurs  rarely  that  a  smaller  unit  than  feet  per  second 
is  necessary,  but  if  so  inches  per  second  or  feet  per 
minute  may  be  used.  The  latter  of  these  is  much  used 
for  reckoning  piston  speeds.  In  the  motions  of  trains 
and  ships  it  is  customary  to  use  larger  units,  and  generally 
miles  per  hour  is  the  unit  selected. 

For  trains,  and  bodies  on  land  generally,  the  mile  is 
the  ordinary  mile  of  5280  feet.  Hence,  if  we  wish  to 
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interchange  the  units  in  expressing  a  velocity  we  use  the 
following  relation  : — 

i  mile  per  hour— 5280  ft.  per  hour, 

^-inp  ft-  Per  minute, 
=  88  ft.  per  minute  ; 

which  is  generally  the  other  unit.  If  we  require  the 
velocity  in  f.s.,  then 

i  mile  per  hour  =  §£  =  1.46  f.s. 
In  the  case  of  ships  there  are  two  distinct  miles  used,  viz. — 

The  ordinary  mile  as  above,  or 
The  nautical  mile  of  6080  ft. 

Thus  when  the  speed  of  a  ship  is  given  in  miles  per 
hour,  it  should  be  always  stated  which  kind  of  mile  is 
meant,  since  the  difference  is  considerable.  Working  as 
before  we  have 

i  nautical  mile  per  hour  =  -$§£•=  ioi£  ft.  per  min. ; 
usually  101  is  taken  as  sufficiently  approximate. 

The  expression-  "nautical  mile  per  hour"  is  never 
used  in  practice,  but  is  abbreviated  to  knot.  So  that 
in  the  preceding  we  should  write 

i  knot  =  fi£fa  =  etc- 

It  is  common  to  find  "  knot  "  used  as  if  it  represented 
"nautical  mile,"  so  we  have  speeds  given  as  14,  15,  etc. 
"knots  per  hour."  This  is  erroneous,  and  should  be 
guarded  against,  not  that  in  the  present  case  any  grave 
error  is  caused,  but  because  the  student,  by  never  using 
a  term  in  any  other  than  its  strict  meaning,  will  save 
himself  from  falling  into  numerous  difficulties. 

One  effect  of  the  difference  in  length  of  the  nautical 
and  land  mile  is  to  create  a  false  impression  regarding 
speeds  of  ships.  Thus  if  a  ship  have  a  speed  of  20 
knots,  then 

20  x  6080 

20  knots  =  —  miles  per  hour, 

5280 

=  23  miles  per  hour, 
which  appears  a  much  higher  speed. 
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Turning1. — We  consider  next  another  simple  kind  of 
relative  motion,  viz.  That  in  which  two  bodies  are  so 
connected  that  one  can  only  move  by  turning  round  a 
centre  fixed  in  the  other  and  vice  versa.  The  motion  we 
call  Turning1,  and  the  two  bodies  form  a  Turning- 
Pair. 

The  simplest  example  of  a  turning  pair  is  a  round 
rod  fitting  in  a  hole  (Fig.  25).  The  rod  has  collars 


Fig.  25. 

which  prevent  endwise  motion,  and  thus  turning  is  the 
only  relative  motion  possible.  As  practical  examples  we 
may  take  a  propeller  or  crank  shaft  (Fig.  26)  in  its 


Fig.  26.  Fig.  27. 

bearing,  an  eccentric  and  strap  (Fig.  27),  or  a  wheel  on 
its  axle. 

It  appears  in  the  case  of  a  propeller  shaft  endwise 
motion  is  possible.  But  this  is  prevented  by  the  thrust 
bearing  at  another  part  of  the  shaft.  In  crank  shafts 
the  journals,  or  parts  of  the  shaft  in  the  bearings,  are 
sometimes  turned  smaller  than  the  rest  of  the  shaft,  as 
Fig.  28,  but  it  is  best  in  marine  engines  to  leave  this 
also  to  the  thrust  block,  such  journals  being  nearly 
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always   a  source  of  trouble.      In  turning,  as  in  sliding, 

we  often  meet  cases  in  which  the  motion  is  not  strictly 

defined    by   the    connection    of   the 

pieces.      For  example,  a  heavy  shaft 

with  the  caps  off  the  bearings  would 

still  revolve  in  them,  being  kept  in 

place  by  its  weight,  and  they  form 

a  turning  pair  (compare  page  20). 

The  only  conditions  the  bodies  must 

satisfy  are  that  a  circular  projection  on  one  must  fit  a 

hole  in  the  other ;  and  motion  other  than  turning  must 

in  some,  it  matters  not  what,  way  be  prevented. 

In  estimating  the  motion  of  a  sliding  piece  we  were 
at  liberty  to  select  any  point  on  the  piece,  the  motion  of 
all  points  being  identical.  But  this  is  no  longer  the  case 
in  a  turning  pair.  For  example,  let  C  be  a  point  in  the 
moving  body,  the  paper  representing  the  fixed 
one  ;  O  is  the  centre  of  motion,  i.e.  the  centre 
of  the  pin  on  the  moving  body  and  the  hole 
in  the  fixed  one,  or  vice  versa. 

Then  during  the  motion  C  moves  say  to 
C'  in  the  circular  arc  CC'.  Now  the  motion 
of  C  is  not  sliding,  since  CC'  is  not  a  straight  line. 
But,  taking  for  simplicity  the  case  of  uniform  motion, 
we  can  take  the  curve  as  made  up  of  a  large  number 
of  small  straight  pieces,  along  each  of  which  C  slides 
in  turn  at  a  constant  velocity,  continually  changing  the 
direction  of  the  velocity  but  not  its  magnitude.  Such 
motion,  although  not  sliding,  can  yet  be  measured  in  the 
same  units  as  sliding  ;  and  we  say  the  Linear  Velocity 
of  C  is  given  by  dividing  the  length  of  the  arc  CC'  by 
the  time  occupied  in  describing  it. 

C  then  moves  at  say  v  f.s.,  the  instantaneous  direc- 
tion of  its  motion  at  any  point  of  the  arc  being  along  the 
small  piece  of  arc  at  that  point,  i.e.  along  the  tangent. 

But  now  this  velocity  of  the  point  C  does  not  give  us 
the  velocity  of  the  body.  Because,  for  example,  the 
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Fig.  30. 


point  O  does  not  move  at  all  ;  then  a  point  B,  nearer  to 
O  than  C  is,  moves  slower  than  C  ;  while  one  D  outside 
moves  faster. 

We  require  then  some  different  method,  and  we  pro- 
ceed thus  :— 

Instead  of  considering  the  motion  of  the  point  C,  let 
us  draw  the  line  OC  of  indefinite  length  and  consider 
how  that  moves.  The  line  starts  at 
OC,  and  as  C  moves  to  C'  it  turns 
to  OC',  turning  through  the  angle 
COC'. 

Now  it  does  not  matter  what  line 
in  the  body  we  take,  we  shall  find 
that  they  have  all  turned  through  the 
same  angle. 

Take  first  another  line  OD  through 
the  centre,  then  OD  turns  to  OD',  while  OC  turns  to  OC'. 
Thus  C'OD'  is  only  COD  in  a  new  position, 

/.  <  C'OD' =<  COD, 
add  to  each  <COD',  and  we  have 

<C'OC=<D'OD. 

Next,  take  any  line  whatever,  CD  represents  such  a  line 
— C  and  D  being  any  points  in  OC,  OD. 

Then  the  triangle  C'OD'  is  COD  in  a  new  position  ; 
and  evidently  during  the  motion  each  side  must  turn 
through  the  same  angle. 

We  see  now  then  that  we  can  completely  define  the 
motion  of  a  turning  piece  by  giving  the  angle  turned 
through  by  any  line  in  it. 

Angular  Velocity. — When  a  point  moves  it  traces 
out  a  line,  and  its  velocity  is  measured  by  the  length  of 
line  traced  out  in  a  unit  of  time. 

When  a  line  swings  round  a  point,  as  OC  (Fig.  30), 
it  traces  out  an  angle,  and  so  we  define  its  velocity  by 
the  angle  which  it  traces  out  in  a  unit  of  time.  The 
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.  angle  traced  out  per  unit  time  gives  us  then  the  angular 
velocity  of  the  line,  and  therefore  also  of  the  body  on 
which  it  is  drawn. 

The  relative  velocity  of  a  turning  pair  is  then  an 
angular  velocity,  and  is,  if  uniform,  measured  by  the 
angle  turned  through  per  second.  The  measurement  of 
a  non-uniform  velocity  has  been  fully  explained  in  the 
case  of  linear  velocity,  and  need  not  be  repeated  (pages 
21  and  22). 

Units  of  Angular  Velocity. — Angle  is  measured 
either  in  English  measurement  by  Degrees,  of  which  90 
form  a  right  angle ;  in  French  measurement  by  Grades, 
the  right  angle  being  divided  into  100  parts;  in  prac- 
tical work  by  revolutions  or  whole  turns. 

[In  this  case  the  student  must  remember  that  the  angle  does 
not  simply  refer  to  the  space  between  the  old  and  new  positions 
of  the  swinging  line,  but  to  the  whole  space  which  has  been  swept 
out  by  the  swinging  line  since  it  commenced  swinging.  Thus  in 
Fig.  30  OC  might  go  on  revolving  for  a  number  of  turns  and 
finally  arrive  at  OC',  the  angle  traced  out  would  then  be  C'OC 
plus  the  whole  of  the  turns.] 

Or,  which  is  best  of  all  for  all  purposes,  by  circular 
measure,  which  we  will  now  explain.  Referring  to  Fig. 
30,  let  OC  be  the  swinging  line ;  take  C,  any  point  in  it, 
then  C  moves  in  a  circle  as  OC  swings  ;  let  OC  swing  to 
OC',  tracing  out  the  angle  C'OC.  Then  we  measure 
C'OC  by  the  ratio  which  the  arc  CC  bears  to  the  radius 
OC, 

;.  Circular  measure  of  COC  =  CCQ(^rc). 

This  measure  is  independent  of  the  position  of  C. 
For  evidently 

arc  DP'  _  arc  CC' 

27TXOD~27TXOC' 

Each  denominator  representing  the  whole  circumference  of 
its  own  circle ; 

^  TM~V         ~  C^C^t  ««-* 

generally, 


arcDD'     arc  CC'       arc 


OD  OC        radius 
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and  whether  we  take  D  or  C,  or  any  other  point,  we 
get  the  same  numerical  value  of  the  circular  measure. 

It  must  be  clearly  understood,  however,  that  in  this 
method  of  measuring  angles  we  only  differ  from  the  other 
methods  in  the  size  of  the  unit  angle.  Angles  can  only 
be  measured  in  terms  of  angles,  but  the  unit  chosen 
in  this  case  has  certain  advantages  in  simplifying 
formulae  which  makes  it  superior  to  the  others.  Its  one 
disadvantage,  if  it  be  one,  is  that  it  is  large,  so  that 
fractions  have  to  be  used. 

We  must  now  see  what  this  unit  angle  is. 

Unit  of  Circular  Measure.  —  Being  the  unit,  its 
value  is  i, 

arc 
~  radius' 

so   that  the  unit  subtends  at  the  circumference   an  arc 
equal  in  length  to  the  radius. 

This  properly  defines  it,  and  enables  us  to  compare 
it  with  our  other  units.  For  example  —  1°  or  i  degree 

subtends  an  arc,  whose  length  is  *"  x  ™dmst  there  being 
1  80  degrees  in  the  half  circumference, 

.    Unit  of  degree  _  unit  of  circular  _TTX  rad.  t      -, 

measure        '        measure  180        ^  " 

whence 

Unit  of  circular  measure  =  —  degrees, 


The  name  Radian  has  been  given  to  this  unit. 

Relation  between  Angular  and  Linear  Velo- 
city. —  By  expressing  angular  velocity  in  circular  meas- 
ure we  can  obtain  a  simple  relation  between  the  angular 
velocity  of  a  turning  piece  and  the  linear  velocity  of  any 
point  in  it. 

For,  referring  to  Fig.  30,  let  C  be  the  point  at  a 
radius  OC  =  r  say;  let  V  =  linear  velocity  of  C  ;  A 


CHAP.  I   SLIDING,  TURNING,  AND  SCREW  PAIRS    31 

=  angular  velocity  of  body  in   circular  units.      If  now  / 
be  the  number  of  units  of  time  taken  in  moving  through 

coc, 

CC'  =  V/, 
and 

<COC'=A/. 

But 

CC' 
<COC'=  —  circular  units, 

_Vt 

r 

V/ 

.-.  A/=—  ,      .'.  A 
r 

or 


Thus  we  have  a  simple  relation  between  the  two 
velocities. 

One  important  use  of  the  preceding  is  to  determine 
the  rubbing  velocity  of  a  shaft  in  its  bearing,  r  is  then 
the  radius  of  the  bearing,  and  if  r  be  in  feet  and  A  in 
radians  per  second,  V  gives  in  feet  per  second  the  velocity 
with  which  the  metal  of  the  shaft  rubs  over  that  of  the 
bearing. 

Radius  of  Reference.  —  The  above  also  shows  us 
that  although  the  linear  velocity  of  any  point  C  is  not 
sufficient  to  determine  the  turning  velocity,  yet  when 
combined  with  a  statement  of  the  radius  at  which  C  is, 
it  is  sufficient.  The  velocities  of  turning  pairs  are  often 
stated  in  this  way  by  giving  the  linear  velocities  of  points 
at  a  certain  radius,  the  radius  selected  being  called  the 
Radius  of  Reference.  Evidently  we  can  in  this  way 
compare  the  velocities  of  turning  pairs,  or  even  of  a 
turning  and  a  sliding  pair. 

Degrees  or  grades  are  never  practically  used  to 
measure  angular  velocity,  but  revolutions  per  minute  is 
a  common  unit  of  measurement,  so-  we  must  compare 
this  method  with  the  circular  unit  measurement. 


APPLIED  MECHANICS 


PART  I 


We  have  then — 


i  revolution  = 


circumference 


radius 

=  2Tr  units  of  circular  measure  ; 
.'.  I  revolution  per  minute  =  2-rr  circular  units  per  minute, 

=  ^-  circular  units  per  second  ; 

2.1TII     .        . 

.'.  n  revolutions  per  minute  =  -7—  circular  units  per  second, 

or,  if  A  be  the  circular  measure  of  the  same  velocity 
reckoned  per  second, 


Revolutions  per  second  is  not  a  measure  of  common 
occurrence. 

Screw  Motion.  —  The  two  kinds  of  motion  we  have 
just  investigated  can  be  represented  on  a  plane  ;  because, 
although  the  bodies  dealt  with  have  been  solid,  yet 
parallel  plane  sections  of  them  each  moved  in  its  own 
plane,  and  any  one  plane  section  could  be  taken  to  fully 
represent  the  motion  of  the  whole  solid. 

The  third  simple  case  of  motion,  viz.  Screw  Motion, 
which  we  are  about  to  consider,  consists  of  motions 
in  perpendicular  planes,  for  while  a  section  perpendicular 
to  the  screw  axis  revolves  in  its  own  plane,  it  also 
advances  along  the  axis. 

The  simplest  case  is  that  of  a  common  bolt  and  nut 

shown  in  Fig.  3  1  .  When 
we  turn  the  bolt  head 
in  the  direction  of  the 
arrow  (b\  there  ensues, 
beside  the  turning  mo- 
tion, a  forward  motion, 
i.e.  motion  to  the  right, 


Fig.  31. 


in  (a). 

We  may  state  here  that  we  shall  find  it  convenient 
to  use  terms  which  define   the   direction    of  a   turning 
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velocity,  by  comparing  it  with  the  motion  of  the  hands 
of  a  clock.  The  arrow  in  Fig.  3 1  shows  clockwise 
turning,  or  right-handed  turning,  and  turning  as  here 

shown  (        *   is  called  anti-clockwise  or  left-handed. 

Sk 

Screw  motion  then  is  compounded  of  turning  and 
sliding.  We  know  how  to  measure  each  of  those 
separately,  and  we  want  now  to  consider  what  relation 
holds  between  the  two.  For  this  purpose  we  must  con- 
sider how  a  screw  thread  is  formed. 

To  cut  a  screw,  a  plain  cylinder  is  put  on  the  lathe, 
as  in  Fig.  32,  which  shows  a  plan  and  section,  C  being 


Fig.  32. 

the  cylinder.  This  cylinder  turns  uniformly.  A  tool  B 
is  meanwhile  pressed  against  it,  and  the  saddle  moved 
along  the  bed  of  the  lathe,  carrying  with  it  the  tool,  also 
at  a  uniform  speed. 

The  effect  is  that  the  tool  cuts  a  spiral  groove  as 
shown  in  (a). 

The  operation  is  continued  over  and  over  again,  a 
deeper  cut  being  taken  each  time,  till  we  obtain  the 
shape  shown  in  the  lower  figure  (£),  a  final  smoothing 
cut  being  given  by  a  chaser.  Let  now 

A  =  Angular  velocity  of  C, 
V  =  Velocity  of  tool, 

/  =  Pitch  of  thread,  i.e.   the  distance  between  consecutive 
threads. 

D 
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Then  while  the  cylinder  turns  once,  the  tool  moves  pt 
:.  p  =  V  x  time  of  one  revolution, 


,,       27T, 

=VXA> 


or 


A       27T 

In  cutting  the  thread  we  forcibly  move  the  tool  at 
the  speed  V.  But  if  now,  having  cut  the  thread,  we 
hold  the  point  of  the  tool  in  the  groove,  leaving  it  free 
to  move  along  the  lathe  bed,  and  then  rotate  the 
cylinder  at  the  speed  A,  it  follows  that  the  tool  will 
be  moved  along  at  the  speed  V.  And  evidently  this 
will  still  hold,  if  instead  of  the  solitary  point  of  the  tool, 
we  insert  in  several  threads  of  the  screw  the  corre- 
sponding threads  of  a  nut.  Each  piece  of  the  thread 
moves  as  the  tool  point  would,  and  hence  the  whole  nut 
will  move  at  the  speed  V  given  above. 

We  have  in  the  preceding  assumed  the  cylinder 
rotated,  and  the  nut  to  move  along  its  axis.  Evidently 
if  the  nut  were  held  and  the  cylinder  rotated  it  would 
move  at  the  speed  V  through  the  nut,  V  being  simply 
the  relative  velocity  and  therefore  the  same  whichever  is 
fixed.  V  is  here  called  the  Speed  of  Advance.  Also 
the  cylinder  may  be  left  free  to  rotate,  and  then  if  the 
nut  be  moved  at  the  speed  V,  not  being  allowed  to 
rotate,  the  cylinder  must  rotate  at  the  speed  A. 

[The  last  motion  is  not  always  possible,  on  account  of  friction. 
This,  however,  we  need  not  consider  at  present.] 

Double,  etc.  Threads.  —  In  Fig.  32  the  pitch  p  is 
comparatively  small,  so  that  the  edges  of  the  grooves 
nearly  meet  when  the  one  spiral  is  cut,  without  cutting 
to  any  great  depth.  This  screw  has  then  a  single 
thread  or  spiral. 

If,  however,  we  require  V  to  be  large  compared  to  A, 
or  if  the  screw  be  one  rotated  by  the  endwise  motion  of 
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the  nut,  then  p  will  be  large,  and  since  we  cannot  cut 
the  groove  very  deep  owing  to  the  weakening  effect  on 
the  screw,  the  cylinder  when  one 
spiral  or  thread  had  been  cut  would 
appear  as  in  the  upper  figure  of 
Fig.  33- 

The  screw  would  not,  however, 
be  used  in  this  state,  but  the  tool 
would  be  shifted  to  midway  between 
the  grooves,  and  a  second  groove 
cut,  thus  obtaining  the  shape  shown 
in  the  lower  figure.      The  screw  ap- 
pears at  first  sight  like  Fig.  32,  so  far  as  the  edges  are 
concerned,  but  on  looking  at  the  angle  of  the  threads 
the  difference  is  plain. 

We  have  now  practically  two  screws,  each  of  pitch 
2/,  and  two  threads  must  be  cut  in  the  nut.  The  nut 
moves  as  it  would  do  on  each  alone,  but  there  is  twice 
as  much  bearing  surface  and  hence  less  wear. 

The  screw  thus  cut  is  said  to  have  a  double  thread, 
and  we  may  extend  the  process  to  three  or  more  separate 
threads. 

The  velocity  ratio  is,  as  before, 
V_  pitch 

A~     27T     ' 

the  pitch  being  that  of  either  spiral,  i.e.  in  Fig.  33, 
2p  not  p. 

An  important  example  is  that  of  a  screw  propeller. 

Screw  Propeller.  —  This  consists  of  a  very  short 
piece  of  a  screw,  working,  not  in  a  solid  nut,  but  in  the 
water,  which  acts  similarly  to  a  nut,  though  with  some 
important  differences  not  needful  here  to  consider. 

If  the  propeller  worked  in  an  actual  solid  nut  at  an 
angular  velocity  A,  then  it,  and  consequently  the  ship  to 
which  it  is  attached,  would  advance  at  a  speed  V  given  by 


. 
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But  the  water  being  yielding,  it  is  as  if  the  nut  slipped 
back,  and  the  actual  speed  is  less  than  V  by  a  certain 
amount,  called  the  slip.  This  effect  belongs  to  Hydraulics, 
so  now  we  only  mention  it,  but  shall  not  take  it  into 
account. 

If  now  the  engines  be  revolving  at  N  revolutions  per 
minute,  and  p  be  the  pitch,  in  feet,  of  the  propeller,  we 
have,  neglecting  slip, 
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a  result  which  we  can  also  obtain  directly,  since  at  each 

revolution  the  ship  advances  p  feet. 

The  pitch  being  coarse,  the  propeller  will,  when  the 
ship  is  under  sail  and  the  engines 
not  working,  be  revolved  by  its 
passage  through  the  water  if  it  be 
not  held  fast. 

Another  practical  application 
of  the  screw  is  the  Lifting  Jack. 

This  is  simply  a  screw,  the 
nut  A  of  which  rests  on  the 
ground,  and  the  screw  B  can  be 
revolved  by  a  handle  passing 
through  the  head  C,  which  is 
solid  with  B.  When  the  handle 
is  turned,  B  screws  out  and  lifts 
a  weight  W  placed  on  the  top  of 
the  piece  D,  which  moves  longi- 
tudinally with  B  but  does  not  turn 


Fig.  34- 


with  it,  this  being  effected  by  cutting  a  circular  groove 
in  the  end  of  B  which  fits  in  D,  and  screwing  the  end 
of  a  small  set  screw  into  the  groove.  The  pitch  being 
small  compared  to  the  circumference  of  the  circle 
described  by  the  end  of  the  handle,  the  longitudinal 
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motion  is  slow,  which,  as  we  shall  see  hereafter,  implies 
that  the  screw  can  exert  a  heavy  thrust. 

As  an  example  of  the  reversed  action,  we  may  take 
the  common  Archimedean  Drill. 

A  screw  of  very  long  pitch  is  cut  on  the  spindle  of 
the  drill,  and  the  nut  being  moved  alternately  backward 


Fig.  35- 

and  forward,   the   drill    rotates    alternately  in   opposite 
directions. 


EXAMPLES. 

1.  A  train  is  running  at  20  miles  per  hour.     Find  its  velocity 
in  f.s.  Ans.  29^. 

2.  If  in  (i)  the  train  be  stopped  in  10  seconds,  its  velocity 
being  decreased   uniformly  by  the  brake,  at  how  many  yards 
from  the  stopping  point  were  the  brakes  applied  ?          Ans.  48!. 

3.  The  stroke  of  an  engine  is  2  ft.  3  ins.,  and  it  runs  at  130 
revolutions  per  minute.     Find  the  mean  speed  of  piston,  and  the 
angular  velocity  of  the  crank  shaft  (supposed  uniform). 

Ans.  585  ft.  per  min. ;  13.6  per  sec. 

4.  The  piston  speed  of  an  engine  is  850  feet  per  minute. 
Supposing  the  velocity  curve  (p.  24)  during  the  time  of  one 
stroke  be  a  semicircle,  find  the  maximum  speed  of  piston ;  and 
also  the  speed  when  f  of  the  time  of  a  stroke  from  the  com- 
mencement have  elapsed.         Ans.  1082  and  1067  ft.  per  minute. 

5.  The  stroke  of  an  engine  is  4  ft.,  revolutions  96  per  minute, 
diameter    of   crank    shaft    14   ins.      Determine    the    speed    of 
rubbing  of  the  main  bearings,  and  compare  it  with  the  mean 
value  of  the  rubbing  velocity  of  the  crosshead  guide. 

Ans.  5.87  f.s.;  ratio,  11:24. 

6.  Cast-iron  should  be  cut  at  from  12  to  16  feet  per  minute. 
The  travel  of  a  planing  machine  is  3  ft. ,  and  it  makes  the  return 
stroke  at  twice  the  speed  of  the  cutting  one.     How  many  strokes 
per  minute  should  it  make  when  planing  cast-iron  ? 

Ans.  2§  to  3f . 
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7.  Brass  should  be  cut  at  25,  and  wrought-iron  at  22  feet  per 
minute.     Find  the  revolutions  a  lathe  should  turn  at :   1st,  when 
turning  a  brass  plug  2  inches  diameter ;  2d,  when  turning  a  \- 
in.  wrought-iron  pin. 

Ans.  48  per  min.  nearly ;  168  per  min.  nearly. 

8.  A  thread  is  being  cut  on  a  i-inch  brass  screw.     Find  the 
proper  angular  velocity  of  the  work,  and  also  the  velocity  at 
which  the  tool  should  travel  to  cut  the  thread.     If  the  saddle  be 
moved  by  a  screw  of  |-inch  pitch,  how  many  revolutions  should 
it  revolve  at  ? 

Ans.    10  ;  .2  ins.  per  sec.  very  nearly  ;  23^!  per  minute. 

9.  The  pitch  of  screw  in  a  screw  jack  is  TV  ins.,  and  it  is 
turned  by  a  handle  19  ins.  long.     Compare  the  speed  of  the  end 
of  the  handle  to  that  of  lifting.  Ans.  273  :  i. 

10.  A  ship  moves  at  17  knots.     Find  her  speed  in  f.s.  and 
in  miles  per  hour.  Ans.  28.7  ;   19  very  nearly. 

11.  If  in  ( i o)  the  propeller  pitch  be  16  ft.     Find  how  many 
revolutions  fhe  engines  run  at,  neglecting  slip.  Ans.  ,107.3. 

12.  In  (n)  the  thrust  rings  on  the  shaft  are  2  ins.  wide, 
14!  ins.   external   diameter.       Find   the   maximum   and   mean 
rubbing  velocities  over  the  surface.  Ans.  6.91  and  6.44  f.s. 


CHAPTER  II 

EFFORTS    AND    RESISTANCES — FRICTION 

THE  relative  motion  of  a  pair  is,  in  nearly  all  cases, 
resisted  by  some  force,  which  we  hence  call  the  Resist- 
ance. And  in  order  to  produce  the  motion  a  force  must 
be  applied,  which  we  call  the  Effort. 

For  example,  consider  the  sliding  pair  consisting  of 
the  piston  and  cylinder  of  a  steam  engine. 

Then  the  relative  motion  is  resisted,  the  resistance 
being  supplied  by  the  connecting-rod  end  which  bears 
against  the  end  of  the  piston  rod.  The  relative  motion 
then  will  not  take  place  until  a  sufficient  effort  has  been 
applied  to  the  piston  by  the  steam. 

We  therefore  now  inquire  into  the  sources  from 
whence  we  derive  our  Efforts  and  Resistances  in  nature, 
and  also  into  the  way  in  which  we  are  going  to  measure 
these  magnitudes. 

A  source  of  effort  or  energy  must  be  capable  of 
exerting  a  force  and  of  following  it  up.  Of  such  sources 
the  principal  is — 

Elasticity  of  Fluids. — By  fluids  we  must  not  be 
understood  as  meaning  liquids,  the  term  fluid  includ- 
ing liquids,  gases,  and  vapours.  It  is  of  the  latter  two 
we  speak,  and  they  may  be  spoken  of  as  elastic  fluids,  in 
distinction  to  liquids. 

The  elasticity  of  a  fluid  is  the  name  by  which  we 
denote  the  power  it  possesses  of  exerting  pressure  on 
the  sides  of  the  vessel  in  which  it  is  contained.  If  this 
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pressure  be  greater  than  that  on  the  outside,  then  the 
sides,  if  elastic,  will  expand  ;  or,  more  usually,  the  fluid 
is  contained  inside  a  vessel,  as  a  cylinder,  in  which  fits 
a  piston,  free  to  move,  as  Fig.  36. 

If  now  the  elasticity  of  the  gas  be  greater  than  the 
outside  pressure,  the  difference  of  the  two 
supplies  an  effort,  which  will  move  the  piston 
out  against  a  resistance,  the  effort  exerting 
energy,  and  work  being  done  on  or  against 
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the  resistance. 

If  we  have  simply  a  cylinder  containing 
a  definite  quantity  of  fluid,  then  this  process 
will  come  to  an  end  by  gradual  decrease  of 
the  elasticity  till  it  becomes  only  just  sufficient 
to  balance  the  outside  pressure.  But  if  now 
Flg<  3&'  we  apply  heat  to  the  fluid,  then  its  elasticity 
will  be  kept  up,  and  it  will  continue  to  exert  an  effort  and 
drive  the  piston  forward  to  an  extent  limited  only  by  the 
length  of  the  cylinder  and  the  supply  of  heat.  Here  then 
we  see  such  elasticity  is  one  of  our  chief  sources  of  effort, 
being  the  means  by  which  the  energy  called  Heat  is 
utilised.  For  a  study  of  the  actual  processes  the  student 
must  consult  treatises  on  heat  engines. 

The  elasticity  of  solid  bodies  can  also  furnish  us  with 
efforts.  For  example,  a  spring  wound  up  furnishes  the 
effort  which  drives  a  watch. 

Gravitation  is  our  other  great  source  of  effort. 
Thus  water  falling  on  high  ground  gravitates  downward, 
and  may  be  used  to  give  an  effort ;  either  by  its  weight 
being  collected  in  an  elevated  reservoir,  and  allowed  to 
descend  on  to  the  buckets  of  a  water  wheel ;  or  by  its 
motion  in  a  stream  driving  the  vanes  of  a  wheel  dipping 
in  it ;  or  where  a  great  fall  is  available  it  may  drive  a 
turbine. 

The  original  source  of  the  effort  is,  in  these  cases, 
traceable  to  the  heat  of  the  sun,  which  originally  raised 
the  water  in  the  form  of  vapour,  and  this  is  why  water 
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is  nearly  always  the  medium  whence  gravitation  efforts 
are  derived.  If  the  effort  be  derived  from  the  action 
on  a  solid  body  we  must  first  have  lifted  that  body  up, 
e.g.  the  weights  of  a  clock  or  a  pile  driver.  A  similar 
remark  also  applies  in  the  case  of  the  elasticity  effort 
when  derived  from  a  solid  body,  e.g.  the  watch  spring 
must  first  have  been  wound  up. 

Again,  the  sun  heat  produces  air  currents,  which 
exert  efforts  on  the  sails  of  windmills. 

Lastly,  we  have  the  muscular  efforts  of  living  beings. 

In  all  cases  the  effect  is — We  have  a  force  exerted 
driving  a  piece  of  some  kind  before  it,  producing  relative 
motion  between  that  piece  and  some  other  which  forms 
a  pair  with  it.  The  motion  may  be  sliding,  as  in  the 
piston  and  cylinder,  or  turning,  as  in  the  water  wheel 
and  its  bearings. 

Next,  what  are  the  chief  resistances  we  meet  with  ? 

The  first  answer  to  this  is  that  the  sources  of  effort 
are  also  sources  of  resistance,  for  taking  them  in 
order — 

Elasticity  of  a  fluid  or  of  a  solid  body  furnishes  the 
resistance  when  the  work  to  be  done  is  the  alteration  of 
volume  of  the  fluid,  or  of  shape  of  the  solid  body  ;  e.g. 
the  compression  of  air  in  a  cylinder,  the  elasticity  of  the 
air  resisting  the  sliding  of  the  piston  in  the  cylinder ;  or 
the  elasticity  of  a  safety-valve  spring  resisting  the  up- 
ward movement  of  the  valve  relative  to  its  seating. 

Gravitation  again  is  perhaps  the  chief  source  of  resist- 
ance, since  in  nearly  all  work  the  lifting  of  weights  forms 
a  large  part,  and  in  the  raising  of  a  weight  gravitation 
directly  resists  the  motion.  It  also  is  a  great  indirect 
source  of  resistance  by  causing  friction. 

The  forces  then  whose  sources  we  have  considered 
may  be  equally  well  efforts  causing,  or  tending  to  cause, 
relative  motion  ;  or  resistances,  tending  to  stop  it.  And 
hence  they  are  classed  as  Reversible  Resistances. 

One  kind  of  resistance,  viz.  that  due  to  inertia,  we 
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mention  for  completeness,  but  for  the  present  leave  out  of 
account. 

But  there  is  now  an  important  class  of  resistance 
which  differs  essentially  from  the  preceding,  viz.  Fric- 
tion or  Frictional  Resistances. 

Let  us  consider  the  motion  of  a  sliding  pair,  consist- 
ing of  a  heavy  body  A  on  a  horizontal  table  C,  the 
body  sliding  in  a  guiding  groove. 

First,  let  a  spring  B  bear  against  A  and  against  a  stop 
on  the  table. 

If  now  we  move  A  towards  the  stop  the  elasticity  of 
B  supplies  the  resistance  to  the  relative  motion  of  A  and 
C.  But  when  we  have  thus  com- 
pressed  B  its  elasticity  can  supply 
an  effort  causing  relative  motion  of 
A  and  C.  Elasticity  then  is  reversi- 
ble, and  can  supply  either  the  effort 
causing  or  the  resistance  resisting  the  relative  motion 
of  the  pair  of  bodies  on  each  of  which  it  acts.  But  now 
let  there  be  no  spring  B,  but  suppose,  which  we  have 
neglected  in  the  preceding,  that  the  table  is  rough. 
Then  we  know  that  if  we  move  A  towards  the  stop,  the 
friction  between  A  and  C  will  supply  a  resistance  to  the 
motion.  But  if  now,  having  moved  A,  we  let  it  go, 
the  friction  will  never  move  it  back.  And,  moreover,  if 
we  now  try  to  move  A  back  the  friction  will  offer  just  as 
much  resistance  to  the  return  motion  as  it  did  to  the 
first. 

The  friction  then  between  two  pieces  of  a  sliding 
pair  never  tends  to  produce  relative  motion  of  the  pair, 
but  always  to  prevent  it.  The  same  holds  true  for  all 
kinds  of  pairs,  and  hence  we  term  friction  an  Irrever- 
sible Resistance. 

Measurement  of  Force. — We  have  next  to  con- 
sider how  to  measure  our  efforts  and  resistances,  i.e. 
forces,  generally. 

Force,  like  all  other  magnitudes,  can  only  be  meas- 
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ured  in  terms  of  a  magnitude  of  the  same  kind,  so  that 
among  our  known  forces  we  must  pick  out  one  in  terms 
of  which  to  measure  all  the  rest. 

The  force  which  we  select  for  this  purpose  is  one  due 
to  gravitation,  and  the  system  of  measurement  is  accord- 
ingly called  the  Gravitation  System — the  unit  force  being 
called  the  Gravitation  Unit. 

Gravitation  Unit. — This  unit  force  is  the  force 
exerted  by  gravity  on,  or  the  weight  of,  a  certain  lump  of 
platinum  kept  in  the  Exchequer  Office  in  London,  and 
defined  as  one  pound. 

Our  unit  force  then  is  the  weight  of  one  pound,  and 
we  measure  forces  in  terms  of  this  unit,  or  in  ordinary 
language,  in  pounds.  Thus,  for  example,  if  we  hang  up 
to  a  peg  a  piece  ten  times  as  heavy,  we  should  say  the 
pull  on  the  peg  is  I  o  ppunds. 

Now,  there  is  a  theoretical  drawback  to  the  use  of 
the  gravitation  unit,  which  is,  that  the  force  exerted  by 
gravity  on  the  lump  of  metal  is  not  a  constant  one  at 
different  parts  of  the  earth's  surface,  being  at  the  poles 
i^-J  times  as  much  as  at  the  equator.  We  thus  have  a 
variable  unit,  and  we  should,  for  definiteness,  insert  the 
particular  position  on  the  earth's  surface  at  which  the 
force  is  to  be  measured.  If  this  be  done  we  have  a  quite 
definite  unit. 

For  scientific  purposes  this  may  be  done,  but  usually 
for  such  purposes  another  unit  is  used,  depending  on  the 
known  laws  governing  matter  and  motion.  For  the  pur- 
poses of  the  engineer,  however,  it  is  quite  unnecessary 
to  consider  such  refinements,  since  that  absolute  accuracy 
which  must  in  scientific  matters  be  attained,  is  not  only 
not  necessary,  but  cannot  possibly  be  obtained  in  results 
which  depend  for  their  accuracy  on  that  of  the  instru- 
ments by  which  they  are  obtained. 

Suppose,  for  instance,  a  column  4  inches  in  diameter 
to  be  sufficient  to  support  certain  material  at  the  equator, 
what  difference  should  there  be  at  the  pole  ? 
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The  area  should  be  increased  in  the  ratio  y|-jj-,  or  the 
diameter  in  the  square  root  of  this  ratio, 

.'.  Correct  diameter  at  equator  =  4  x  V|f  £, 
=  4.012. 

Now  it  is  not  at  all  unlikely  that  such  a  column 
though  intended  to  be  4  inches  in  diameter,  would  be 
quite  4.012  inches,  this  being  quite  within  ordinary  limits 
of  accuracy,  and,  even  if  not,  there  would  have  been  an 
ample  margin  of  strength  allowed  in  the  original  design 
to  admit  of  such  a  small  increase  of  load  without  pre- 
judicial effect. 

For  absolute  accuracy  of  expression  also  we  should 
not  speak  of  a  force  of  10  or  20  pounds,  but  of  10  or  20 
pounds'  weight,  since  the  unit  is  not  the  lump  of  platinum 
but  its  weight.  No  harm,  however,  will  ensue,  and  time 
is  saved  by  the  abbreviation,  so  long  as  the  student 
clearly  comprehends  that  the  unit  is  the  force  or  weight, 
and  not  the  lump  of  metal. 

We  will  now  see  then  how  to  measure  the  various 
forces  in  order. 

Elasticity  of  a  Fluid  is  measured  by  allowing  it 
to  push  out  a  piston  of  known  area,  com- 
pressing a  spring  before  it. 

We  then  measure  the  compression  of 
the  spring,  and  knowing  by  experiment  the 
weight  which  will  compress  it  to  the  same 
extent,  we  know  the  amount  of  the  effort 


or  pressure  on  the  piston. 


Fig.  38-  For  example — let  the  piston  be  2  sq.  ins. 

in  area,  and  let  the  spring  be  found  compressed  to  the 
same  extent  as  would  be  done  by  a  force  of  60  Ibs. 
Then 

60  Ibs.  =  total  force  on  piston. 

The  force  on  any  other  part  of  the  surface  is  propor- 
tional to  the  area,  and  we  most  easily  find  it  by  first 
finding  the  pressure  on  each  square  inch.  The  elasticity 
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is  then  measured  by  the  pounds  pressttre  on  a  square 
inch. 

In  the  present  example 

Pressure  on  i  sq.  in.  =  A^0-  =  30  Ibs. 

and  we  say  the  fluid  is  at  30  Ibs.  per  sq.  in.  pressure. 

Then  the  pressure  on  any  number,  say  n  sq.  in.  of 
the  surface,  is  30  n  Ibs. 

EXAMPLE. — Steam  is  admitted  to  a  cylinder  20  ins.  diameter 
at  a  pressure  of  30  Ibs.  by  gauge ;  what  is  the  effort  on  the 
piston?  The  pressure  is  ''30  Ibs.  by  gauge";  here  "per  sq. 
in."  is  omitted,  which  is  common  in  actual  practice  ;  also  we 
must  ask — Does  "30  Ibs.  by  gauge"  mean  that  the  actual 
pressure  of  the  steam  on  a  surface  in  contact  with  it  is  30  Ibs.  on 
the  sq.  in.  ?  The  answer  is  that  it  does  not.  For  a  boiler 
pressure  gauge  is  so  marked  as  to  show,  not  the  pressure,  but  the 
difference  between  the  steam  pressure  inside  and  the  air  pressure 
outside.  This  is  common  to  most  pressure  gauges.  For  another 
case  we  have  so-called  vacuum  gauges,  which  are  attached  to 
spaces  in  which  the  pressure  is  less  than  that  of  the  atmosphere  ; 
these  show  the  amount  by  which  the  inside  pressure  falls  short  of 
the  outside. 

The  actual  pressure  on  the  inside  surface  is  called  the  Absolute 
Pressure.  We  have  then 

Absolute  pressure  per  sq.  in.  =  30  +  atmospheric  pressure. 

The  latter  varies,  and  must  for  any  given  case  be  measured 
by  the  barometer  at  the  particular  time  considered.  It  does  not, 
however,  vary  much  from  14.7  Ibs.  per  sq.  in.,  which  value  can 
generally  be  taken  as  quite  accurate  enough, 

.'.  Absolute  pressure  =  44. 7  Ibs.  per  sq.  in. 
and 

Effort  =  area  in  sq.  in.  x  44. 7, 

=  ^x  400x44. 7, 

4 
=  14,043  Ibs. 

When  we  have  large  forces  as  here  to  deal  with,  we 
often  use  a  larger  unit,  viz.  the  Ton  of  2240  Ibs. 
Thus  in  above 

Effort  =  V&4/ = 6. 027  tons. 
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Gravitation  Efforts,  'etc. — These  are,  of  course, 
the  easiest  of  measurement,  although  we  took  Elasticity 
of  Fluids  first,  as  we  had  before  given  it  the  first  place. 

To  determine  the  resistance  gravity  offers  to  the  lift- 
ing of  a  body,  we  can  either  actually  weigh  it  in  a  weigh- 
ing machine,  or  if  this  be  not  convenient  or  possible,  e.g. 
when  we  have  to  estimate  the  weight  of  a  body  from  the 
drawing  of  it  before  it  is  made,  we  calculate  its  volume  ; 
and  then  knowing  the  weight  of  a  known  volume  of  the 
material  of  which  it  is  composed,  we  can  easily  deduce 
its  weight.  Thus  the  resistance  offered  to  the  lifting  of 
a  boiler  plate  1 2  ft.  by  6  ft.  by  I  inch  is  found  thus — 

Volume  =  12  x  6x^5- c.  ft., 
=  144  x  72  x  I  c.  in. 
Now  i  c.  in.  weighs  -^  Ibs., 

'    «  t 

;.  Weight  =  *&x  72  x^|, 

=  2880  Ibs. 

[The  work  is  facilitated  by  leaving  all  the  arithmetic  to  the 
last,  unless  the  intermediate  results  be  required.  For  example, 
the  volume  above  is  10368  c.  ins.,  but  since  we  do  not  require 
it  we  shorten  the  work  by  not  calculating  it  out.] 

Laws  of  Resistance — Spiral  Spring. — The  re- 
sistance offered  by  a  spiral  spring  to  extension  or  com- 
pression can,  for  any  given  spring,  be  determined  for  any 
given  alteration  of  length  by  determining,  by  actual 
experiment,  the  weight  which  will  cause  the  particular 
alteration.  Similarly  during  the  compression  of  a  given 
volume  of  fluid  behind  a  piston,  the  resistance  at  any 
instant  can  be  determined  by  a  pressure  gauge.  It  is 
found,  however,  that  the  resistances  so  found  are,  in  the 
first  example,  connected  by  a  certain  law  with  the  altera- 
tions in  length  of  the  spring,  and  in  the  second  connected 
by  a  similar  law  with  the  change  of  volume. 

Thus  knowing  one  value  of  the  resistance  we  can  deter- 
mine any  others  we  require.  Take  first  the  spiral  spring. 
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The  figure  shows  a  spring  in  three  positions.      In  the 
centre  it  is  in  its  natural  state,  length 
/,  while  in  the  other  two  it  is  repre-  ,    p\ 

sented   as  compressed    and    extended 
respectively  through  a  distance  x. 

The  law  then  is — 

If  x  be  small  compared  to  /,  then 
the  force   P  required,   either  to  com-  Flgi  39- 

press  or   extend  the  spring,  varies  directly  as  x.     We 
may  say 


where  P0  is  the  force  which  would  double  the  length  or 
compress  it  to  zero,  if  the  law  held  good,  but  this  it  does 
not  do  when  x  becomes  large. 

We  can  conveniently  represent  the  law  graphically 
thus — 

Take  OA  =  /  and  produce  it. 

[The  line  is  broken  since  we  want  to  use  a  fairly  large  scale.  ] 
Take  points  I,  2,  i',  2',  etc.,  and  at  each  point  set 
up  an  ordinate  representing, 
on  a  selected  scale,  the  force 
0  required  to  compress  or  ex- 
tend the  spring  to  the  said 
D  point. 

Figt  4°'  We  thus  get  a  curve  DAE 

through  the  tops  of  the  ordinates,  and  the  law  says  that 
so  long  as  we  do  not  go  too  far  from  A  the  curve  is  a 
straight  line.  What  its  shape  is  farther  away  we  do 
not  discuss.  To  prove  that  this  agrees  with  the  law,  we 
have  by  similar  triangles 

AB=2A='  '  '=A?=i  '   '=AC' 

i.e.  the  force  varies  as  the  extension  or  compression  in 
each  case. 

Elastic  Fluid. — The  magnitude  of  the  effort  exerted, 
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or  the  resistance  offered  by  a  certain  mass  of  elastic 
fluid  during  expansion  or  compression,  varies  according 
to  the  circumstances,  and  the  law  can  only  be  determined 
by  aid  of  the  principles  of  Thermodynamics,  and  then 
only  for  certain  simple  cases.  There  is,  however,  one 
law  which  by  reason  of  its  simplicity  is  most  used,  and 
which  applies  very  nearly  to  many  actual  cases. 

The  law  just  mentioned  is  known  as  Boyle's  Law, 
and  is  as  follows  :  The  pressure  per  sq.  in.  exerted  by  a 
given  quantity  of  a  fluid  on  the  sides  of  the  containing 
vessel  varies  inversely  as  the  volume  of  the  vessel. 

By  quantity  we  mean  weight,  not  volume,  because 
any  quantity  of  an  elastic  fluid,  however  small,  will,  if 
allowed,  expand,  and  fill  any  volume  however  large. 

Thus  if  we  have  in  a  cylinder  fluid  at  90  Ibs.  pres- 
sure, then  by  moving  the  piston  till  the  volume  is 
halved,  the  pressure  will  be  doubled  and  vice  versa. 

This  law  also  is  well  suited  for  graphic  represen- 
tation. 

The  original  pressure  and  volume  being  given,  we 
proceed  as  follows  :  — 

Choose  a  scale  for  volumes,  i.e.  i  inch  to  represent 
say  n  cubic  feet  ;  and  a  scale  for  pres- 
sures, i.e.  i  inch  to  say  m  Ibs.  per 
square  inch. 

Set  off  OA  on  the  volume  scale 
to  represent  V1}  the  original  volume 
in   cubic    feet,  then  OA  =  V1//z    ins. 
And  also   Ai    to  represent    P15    the 
B     ~x  original  pressure,  then  Ai  =  Pj/w*  ins. 
~Vl  p.      ^  Let  now  the  piston  move  until  the 

volume    is    V2   cubic    feet,    and    the 
pressure  P2  Ibs.  per  square  inch.      Set  off 


and  so  on  for  a  number  of  other  volumes. 

We  shall  thus  obtain  a  number  of  points  similar  to 
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i  and  2,  and  we  then  draw  a  curve  through  these  points 
as  shown. 

The  curve  so  drawn  represents  the  relation  between 
the  pressure  and  volume  of  the  given  quantity  of  fluid. 

Now  the  law  is 

PiV1  =  P2V2  =  any  P  x  the  corresponding  V, 
i.e. 

A  i  x  OA  =  B2  x  OB  =  any  ordinate  x  the  corresponding  abscissa. 

Looking  back  to  the  Preliminary  Chapter,  we  see 
that  this  is  a  known  curve,  viz.  the  Hyperbola. 

Hence,  then,  we  need  only  know  one  point,  say  i, 
on  the  curve,  and  we  can  then  construct  it  by  the 
method  given  (page  8),  and  thus  determine  graphi- 
cally the  pressure  at  any  given  point  of  the  expansion 
or  compression. 

The  law  then  gives'  us,  at  any  point,  the  pressure 
per  square  inch,  and  we  calculate  the  effort  as  already 
explained. 

In  an  actual  steam  engine  cylinder,  we  cannot  find 
the  law  of  effort,  yet  we  can  by  means  of  an  instrument 
called  an  Indicator  make  the  pressure  register  itself, 
and  actually  draw  a  curve  of  the  nature  of  the  one  we 
have  just  been  considering.  We  shall  return  to  this 
important  question  in  the  next  chapter. 

Friction. — We  will  now  see  in  what  way  to  cal- 
culate the  values  of  resistances  due  to  friction. 

We  shall  treat  for  the  present  only  the  sliding  pair, 
leaving  the  turning  pair  until  we  have  inquired  into  the 
peculiar  character  of  the  efforts  and  resistances  in  that 
kind  of  pair.  Also,  we  leave  the  case  in  which  one  of 
the  bodies  is  a  fluid — e.g.  a  ship  sliding  relative  to  the 
water — to  the  section  on  Hydraulics. 

Whenever  we  move  one  element  of  a  pair  relative  to 

the  other,  the  surfaces  being  pressed  together,  a  certain 

resistance  is  offered  to  the  motion  ;  which  resistance  we 

know  varies  with  the  state  of  the  surfaces,  and  also  with 

E 
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the  force  with  which  they  are  pressed  together.     This 
resistance  is  called  Friction. 

The  foregoing  facts  are  matters  of  common  know- 
ledge. For  example,  let  us  take  a  sledge  loaded  with 
a  certain  load ;  then  if  the  road  be  fairly  smooth,  the 
sledge  can  be  drawn  along;  and  the  greater  the  load 
the  greater  the  force  required  to  draw  it.  If  the  road, 
however,  exceed  a  certain  amount  of  roughness  the 
sledge  would  not  move  at  all ;  while,  on  the  other  hand, 
if  we  smooth  the  road,  less  and  less  effort  is  required, 
till,  when  we  come  to  a  smooth  surface  such  as  ice,  the 
effort  becomes  very  small  indeed. 

Now  we  do  not  in  this  country  use  sledges,  but  the 
example  is  taken  because  the  surfaces  rub  on  each 
other,  and  the  sliding  friction  is  evident.  The  friction 
in  the  case  of  a  wheeled  carriage  is  of  a  more  compli- 
cated nature  if  we  examine  it  thoroughly  ;  but  just  as 
the  motion  is,  on  the  whole,  sliding  ;  so,  on  the  whole, 
will  the  friction  follow  much  the  same  law  as  sliding 
friction. 

The  surfaces  we  shall  principally  have  to  deal  with 
are  not  like  that  of  a  road,  but  are  of  metal,  and  made 
as  smooth  as  circumstances  will  admit  of. 

What  we  wish  to  know  now  then  is,  What  is  the  law, 
if  any,  which  connects  together  the  resistance  offered 
and  the  pressure  between  the  surfaces  ?  And  how  does 
it  vary  for  different  surfaces  ? 

Experiment  only  can  furnish  the  answer  required,  and 

•  accordingly   experiment  has  been 

w B     used  with  the  following  results  : — 

C\ \P, ,,,,„,, ,,.,bL\  Let  CD  represent  a  small  sledge, 

which  can  be  loaded  as  required, 
this  sledge  slides  on  a  path  on 
a  horizontal  bed.  Attached  to 
CD  is  a  cord  passing  over  a  pulley 
Fig-  42-  at  B,  and  having  on  its  end  a  box 

E,  which  can  be  loaded.     Suppose  now  the  sledge  be 
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loaded  with  weights  which,  together  with  its  own  weight, 
come  to  W  Ibs.  Then  to  keep  the  sledge,  moving  uniformly 
along  its  path  a  certain  load,  P  Ibs.  say,  is  required  in  the 
box  E.  The  effort  causing  sliding  is  the  tension  of  the 
cord,  which,  omitting  certain  small  corrections  with  which 
we  need  not  concern  ourselves,  is  P  Ibs.  Our  results  will 
refer  to  the  corrected  value,  i.e.  the  load  in  the  box 
would  not  be  exactly  P  Ibs.  but  a  little  more,  so  that 
P  Ibs.  is  the  pull  of  the  cord  on  CD. 

The  ratio  of  P  to  W  is  called  the  Coefficient  of 
Friction,  and  we  shall  see  on  what  the  value  of  it 
depends.  Calling  the  coefficient  f  we  have 

P=/W. 

First,  keeping  the  surfaces  in  contact  the  same,  how 
does  P  vary,  when  we  alter  W  by  altering  the  load  in 
the  sledge  ? 

Result. — P  varies  directly  as  W,  so  that  so  far  f  is 
constant. 

Next. — Is  the  force  P  altered  by  altering  the  area  of 
the  bearing  surfaces,  still  keeping  the  same  materials 
and  load  ? 

Result. — P  does  not  alter. 

The  coefficient  then  is  independent  of  the  area  of 
contact. 

Next. — Does  the  speed  of  sliding  affect  ft 

Result— The  sledge  being  set  in  motion  at  various 
speeds,  P  was  the  same  for  all.  Therefore,  the  coefficient 
is  independent  of  the  speed. 

Next. — Does  P  alter  when  we  alter  the  condition  of 
the  bearing  surfaces  as  regards  smoothness  or  lubri- 
cation ? 

To  this  of  course  we  should  expect  an  affirmative 
answer,  and  this  answer  the  experiments  gave. 

Thus  —  The  value  of  the  coefficient  depends  on  tJie 
nature  of  the  surfaces. 

There  is  only  one  thing  left  to  vary,  viz.  the  material 


52  APPLIED  MECHANICS  PARTI 

of  the  surfaces  ;  and  here  we  must  notice  that  it  is  diffi- 
cult to  say  that  two  surfaces  of  different  materials 
are  in  exactly  the  same  condition,  since  condition 
cannot  be  measured,  but  only  judged.  It  is  evidently 
difficult  to  compare  the  smoothness,  for  example,  of 
metals  generally  with  that  of  wood;  or  even  that 
of  wrought-iron,  with  that  of  cast-iron,  the  grain  being 
different. 

Allowing  for  this,  we  find  from  experiment  that  the 
material  also  affects  the  value  of  P,  which  differs  for  dif- 
ferent materials,  even  although  each  is  finished  in  the 
best  manner. 

We  combine  all  the  foregoing  results  together  in 

The  Ordinary  Laws  of  Friction,  viz.  —  The 
amount  of  friction  between  the  elements  of  a  slid- 
ing pair  is  equal  to  the  total  pressure  between  the 
surfaces  multiplied  by  the  coefficient.  This  coefficient 
being — 

Dependent  on  the  material  and  condition  of  the 
rubbing  surfaces,  but  independent  of  the  extent  of  the 
surfaces  in  contact  and  of  the  sliding  velocity. 

The  experiments  proving  the  above  laws  were  carried 
out  by  Morin  in  1831-33  in  the  manner  we  have  roughly 
sketched,  and  they  proved  the  truth  of  the  laws  within 
the  limits  of  pressure  and  velocity  which  he  used,  viz. 
from  o  to  10  f.s.,  and  from  J  to  128  Ibs.  per  square 
inch. 

In  much  modern  machinery  these  limits  are  far 
exceeded,  and  the  methods  of  lubrication  are  so  perfect, 
that  the  friction  is  in  many  cases  that  of  a  fluid  between 
the  surfaces  of  two  solid  bodies,  but  for  the  effect  of 
these  circumstances  we  must  refer  to  more  advanced 
treatises. 

The  experiments  involved  the  measurement  of  P  and 
W,  and  hence  gave  the  values  of  f.  Some  of  the  more 
important  of  these  values  are  to  be  found  in  the  ap- 
pended table. 
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Nature  of  Surfaces. 

Condition  of  Surfaces. 

Coefficient  of  Friction. 

Wood  on  wood 

f  Perfectly  dry  and  \ 
\      clean                 J 

•25  to  -5 

Metal  or  wood  on  \ 
Metal  or  wood  / 

Slightly  oily       .     . 

'IS 

Do.         do.        .     . 

Well  lubricated      . 

•07  to  -08 

Do.         do.        .     . 

j  Lubricant     con-  1 
\  stantly  renewed  / 

'OS 

The  coefficient  of  friction  of  a  carnage,  looked  at  as 
forming  an  element  of  a  sliding  pair,  is  generally  called 
the  Draught,  and  its  value  is  usually  expressed  in  Ibs. 
per  ton  weight.  It  varies  of  course  considerably  with 
the  state  of  the  roads,  so-  only  mean  values  will  be  given. 
These  may  be  taken  at 

55  Ibs.  on  a  macadamised  road 
20  Ibs.  on  a  stone  tramway 
8  Ibs.  on  a  railroad  (very  slow  speeds). 

In  the  case  of  a  train,  however,  the  air  offers  a  great 
resistance  which  increases  very  rapidly  with  the  speed, 
so  that  at  60  miles  per  hour  the  resistance  is  believed  to 
exceed  50  Ibs.  per  ton.  The  laws  of  this  resistance  are 
outside  our  limits. 

Friction  of  Best  —  Limiting  Friction.  —  The 
friction  we  have  dealt  with  is  that  existing  between 
moving  bodies,  or  the  friction  of  motion.  When,  how- 
ever, we  consider  the  process  of  starting  a  body,  a 
different  law  of  frictional  resistance  exists.  There  is 
then,  at  any  instant,  as  we  gradually  apply  the  effort,  an 
amount  of  friction  called  into  play  just  sufficient  to 
balance  the  effort.  As  the  effort  increases  so  does  the 
friction,  until  it  reaches  a  certain  limiting  value,  beyond 
which  it  cannot  go  ;  any  further  increase  of  effort  then 
causes  motion.  This  limiting  value  is  called  the  Friction 
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of  Rest  or  Limiting  Friction,  and  its  value  follows  the 
same  laws  as  the  Friction  of  Motion,  with,  however,  a 
slightly  greater  coefficient  in  most  cases.  Its  value  is 
not  of  importance  to  us  ;  more  especially  because  any 
slight  jar,  during  the  starting,  causes  the  body  to  start 
directly  the  effort  is  greater  than  the  value  found  for  the 
friction  of  motion,  so  it  would  never  be  safe  to  reckon 
on  the  friction  of  rest  to  prevent  motion. 


EXAMPLES. 

1.  The  diameter  of  the  piston  of  an  indicator  is  |  in.,  the 
steam  pressure  under  it  is  30  Ibs.   absolute  ;    the  atmosphere 
presses  on  the  top,  and  it  is  kept  down  by  a  spring  which  re- 
quires a  force  of  32  Ibs.  to  compress  it  I  inch.     Find  how  much 
the  spring  is  compressed.  Ans.  .  147". 

2.  The  piston  of  a  steam  cylinder  is  90  ins.  diameter,  the 
piston  rod  diameter  is  8£  ins. ,  and  there  is  no  tail  rod  ;  the 
cylinder  is  horizontal.     Find  the  effective  effort  of  the  steam — 
1st,  when  the  pressure  at  the  back  of  the  piston  is  16  Ibs.  abso- 
lute, and  that  in  front  3^  Ibs.  absolute ;   2d,  when  these  are 
reversed.  Ans.  79746  and  78654  Ibs. 

3.  The  steam  pressure  in  a  boiler  is  120  Ibs.  by  gauge.     One 
safety  valve  is  3^-  ins.  diameter,  and  the  spring  keeping  it  in 
place  is  compressed  3^-  ins.  from  its  original  length.     Find  the 
increase  of  pressure  necessary  to  lift  the  valve  \  in. ,  which  is  the 
ordinary  lift  allowed.     Also  if  a  stop  be  fitted  which  prevents 
the  valve  rising  more  than  one  fourth  of  its  diameter.     Find 
what  pressure  would  force  it  up  against  the  stop. 

Ans.  4f-  and  150  Ibs.  per  sq.  in. 

4.  The  diameter  of  a  piston  is  54  ins.>  stroke  3  ft.     The 
piston  approaches  within  I  in.  of  the  end  of  the  cylinder  when 
at  the  end  of  its  stroke,  and  the  steam  is  cut  off  at  half  stroke. 
The  boiler  pressure  is  130  Ibs.  by  gauge,  and  there  is  a  drop  of 
10  per  cent  on  the  absolute  pressure  between  the  boiler  and  the 
cylinder.     Find  the  pressure  in  the  cylinder  at  each  TV  of  the 
stroke,  assuming  the  simple  hyperbolic  law  of  expansion. 

Ans.   130.5  to  half  stroke,  109.7,  94-6>  83.2,  76.5,  67.  Ibs.  per 

sq.  in. 

5.  The  spring  ring  in  the  preceding  is  6  ins.  wide,  and  the 
pressure  between  it  and  the  cylinder  is  3  Ibs.  per  square  inch. 
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Find  the  factional  resistance  to  motion,  the  surfaces  being  well 
lubricated.  Ans.   214  Ibs. 

6.  Draw  by  graphic  construction  a  curve  of  effort  for  (4),  and 
show  how  to  represent  on  it  the  effect  of  (5)  in  reducing  the 
effective  effort. 

Ans.  The  friction  is  equivalent  to  a  loss  of  .1  Ibs.  per  sq. 
in.  on  the  piston,  therefore  the  curve  is  lowered  by  229 
Ibs. 

7.  A  horse  walking  at  2  miles  per  hour  can  exert  a  pull  of 
1 66  Ibs.,  and  at  4  miles  per  hour  a  pull  of  83  Ibs.  Find  the  total 
load  he  can  move  at  those  speeds  on  a  road. 

Ans.  3  tons  and  i£  ton. 


CHAPTER    III 

WORK   AND   ENERGY 

THE  effect  produced  by  the  movement  of  a  pair  is  the 
overcoming  of  a  resistance  through  a  certain  distance, 
and  it  is  for  the  production  of  this  effect  that  the  pair  is, 
in  the  great  majority  of  cases,  required.  This  effect  is 
spoken  of  as  doing  Work,  and  we  say  ivork  is  done 
against  the  resistance. 

The  general  meaning  of  the  word  Work  is  of  course 
well  understood  ;  but  it  is  not  in  this  general  sense  we 
use  it  in  Mechanics,  but  strictly  in  the  limited  sense 
defined  above. 

Let  us  consider  a  simple  case  of  sliding,  viz.  the  raising 
of  a  weight,  then  the  weight  slides  relatively  to  the  earth 
against  the  resistance  of  gravity.  Work  then  is  done 
against  gravity. 

Now  let  us  consider  how  the  motion  is  caused ; 
some  effort  is  required,  and  we  may  take  this  to 
be  the  muscular  effort  of  a  man.  The  man  then 
exerts  an  effort  through  the  distance  the  weight  is 
raised.  In  ordinary  language  we  say  "the  man  is 
doing  work,"  but  in  Mechanics  we  say  he  is  exert- 
ing energy,  which  causes  work  to  be  done  against  the 
resistance. 

The  action  of  lifting  the  weight  or  generally  of  moving 
a  sliding  pair  against  a  resistance  has  then  two  descrip- 
tions ;  according,  we  may  say,  to  the  point  of  view  from 
which  we  regard  it.  Looked  at  from  the  effort  side  it  is 
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called  exerting  energy,  from  the  resistance  side,  doing 
ivork. 

In  order  that  energy  be  exerted,  or  work  done,  we 
must  have  the  combination  of  force  and  motion.  For 
example,  no  work  is  done  when  the  man  stands  simply 
holding  the  weight,  although  it  may  be  his  duty  to  do 
so,  and  he  would  in  ordinary  language  undoubtedly  be 
working  since  he  would  suffer  fatigue  ;  but  there  is  no 
motion,  and  hence,  according  to  our  definition,  no  work 
done,  or  energy  exerted.  Again,  in  the  sliding  of  a  weight 
along  a  perfectly  smooth  horizontal  table,  if  such  a  thing 
could  be,  no  work  would  be  done,  because  there  would 
be  no  resistance,  although  there  is  motion. 

In  all  cases  of  doing  work,  we  shall  find  there  are  at 
least  three  bodies  to  be  considered. 

One  supplies  the  effort  causing  the  motion,  and  thus 
exerting  energy — e.g.  the  man  lifting  the  weight. 

One  is  moved,  by  the  effort,  against  the  resistance — 
e.g.  the  weight  itself. 

The  third  resists  the  motion,  being  the  source  of  re- 
sistance— e.g.  the  earth,  which  is  the  source  of  the  gravita- 
tion resistance. 

In  the  case  we  have  considered,  the  first  and  third 
are  natural  sources  of  effort  and  resistance,  but  we  shall 
see  as  we  advance  that  this  is  not  necessary ;  but  what 
is  necessary  is,  that  the  first  be  connected  in  some  way 
to  a  natural  source  of  effort,  and  the  third  to  one  of 
resistance. 

We  have  defined  doing  work,  or  working,  but  we 
cannot  give  any  particular  definition  of  the  term  Work 
by  itself,  but  of  Energy  this  is  not  the  case. 

A  source  of  effort  in  nature  can  exert  energy,  and  we 
say  it  possesses  energy ;  now  what  it  does  possess  is  the 
power  of  causing  work  to  be  done,  so  that  by  using  the 
term  energy  we  make  it  mean  power  of  causing  work  to  be 
done;  and  this  therefore  is  the  definition  of  energy.  The 
source  then  exerts  energy  when  it  puts  forth  this  power. 
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Conservation  of  Energy. — There  is  now  a  law  of 
nature  which  tells  us  that  energy  can  never  be  destroyed 
or  lost ;  it  can  be  transformed,  can  be  transferred  from 
one  body  to  another ;  but  no  matter  what  transforma- 
tions are  undergone,  when  the  total  effects  of  the  exertion 
of  a  given  amount  of  energy  are  summed  up,  the  result 
will  be  exactly  equal  to  the  amount  originally  expended 
from  the  source.  This  law  is  called  the  Conservation  of 
Energy,  and  it  will  be  our  task  to  apply  it  and  trace  its 
action  in  cases  commencing  with  the  simplest  and  going 
on  to  others  of  a  more  complex  nature,  and  we  must  first 
consider  how  to  measure  amounts  of  energy  exerted  or 
of  work  done. 

Unit  of  Work. — Both  the  quantities  just  mentioned 
being,  as  we  have  seen,  only  different  views  of  the  same 
actions,  and  each  consisting  of  the  same  components, 
viz.  force  and  distance — will  accordingly  be  measured 
by  the  same  unit,  which  we  may  therefore  call  the  Unit 
of  Energy  or  of  Work. 

The  simplest  kind  of  work  we  are  acquainted  with  is 
the  lifting  of  a  weight,  and  we  are  thus  led  to  select  from 
this  our  unit.  The  unit  weight  being  i  Ib.  and  unit  force 
i  ft.,  the  work  done  in  lifting  i  Ib.  through  \  ft.  is  taken 
as  the  Unit  of  "Work,  and  is  called  i  foot-pound  or 
i  ft.-lb. 

We  may,  of  course,  if  we  please,  take  other  units,  say 
i  ton  lifted  through  I  inch  ;  which  we  call  i  inch-ton, 
and  so  on.  But  in  all  cases  the  idea  involved  is  that  of 
lifting. 

We  have  defined  the  unit  as  the  work  done  in  lifting, 
but  we  might  equally  well  define  it  as  the  energy  exerted 
to  cause  the  lift  of  i  Ib.  through  i  ft.,  and  thus  it  is  the 
unit  also  of  energy.  . 

The  idea  of  distance  is  the  same  in  each  way  of  look- 
ing at  the  action  ;  but  the  difference  is,  that  the  i  Ib.  is 
in  the  one  case  resistance,  and  in  the  other  effort ;  but 
these  are  in  this  case  exactly  equal,  each  being  the  i  Ib. 
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We  have  so  far  used  the  idea  of  lifting.  But  now  we 
know  that  it  will  take  exactly  the  same  amount  of  energy 
to  push  a  piece  through  I  ft.  in  any  direction  against  a 
direct  resistance  of  i  Ib.  as  to  lift  it  against  the  pull  of 
the  earth  of  i  Ib.,  in  fact  the  last  statement  is  included 
in  the  preceding  one.  We  can  then,  if  we  please,  dis- 
sociate the  unit  from  the  idea  of  lifting,  and  define  it 
simply  as  the  work  done,  or  energy  exerted  in  overcom- 
ing a  resistance  of  i  Ib.  through  i  ft. 

It  is  quite  immaterial  which  way  we  state  the  defini- 
tion. But  we  must  clearly  realise  that  the  direction  of 
motion  is  of  no  consequence,  so  long  as  the  resistance  is 
directly  opposed  to  the  motion.  The  importance  of  this 
last  qualification  we  see  in  the  next  chapter. 

We  can  then  now  measure  the  energy  exerted  or 
work  done  in  moving  a  sliding  piece  through  a  given 
distance  against  any  given  resistance.  For  let 

R  =  resistance  in  Ibs. 
s— distance  moved  in  ft. 
Then 

Work  done  =  R  x  s  ft.  Ibs.  ( i ). 

Or  equally 

R  =  effort  in  Ibs., 
and 

Energy  exerted  =  R  x  s  ft.  Ibs.  (2). 

Whence  we  see  that  in  this  case 

Energy  exerted = work  done  (3). 

We  have  here  our  first  example  of  the — 
Principle  of  "Work — Balanced  Forces. — The 
equation  (3)  we  have  derived  from  the  equality  of  effort 
and  resistance.  These  we  have  taken  to  be  equal, 
which  we  can  also  express  by  saying  that  the  forces 
acting  on  the  piece  balance,  each  being  R  Ibs.,  and  thus 
we  call  this  a  case  of  Balanced  Forces. 

The  balance  is  in  this  case  plain,  effort  and  resist- 
ance being  directly  opposite  and  equal  in  amount.  But 
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it  will  not  in  all  cases  be  so  evident,  and  we  may  have 
a  balance  without  such  equality  of  effort  and  resistance  in 
Ibs.  as  \ve  have  here  (see  turning  pair,  page  64).  To 
all  such  cases,  however,  the  principle  of  work,  in  its 
simplest  of  all  forms  as  just  given,  will  apply.  And  we 
are  not  to  look  upon  this  statement  as  derived  from 
other  principles,  but  as  in  itself  a  first  principle,  which 
we  can  in  any  instance  verify,  but  which  must  not  be 
taken  to  require  proof. 

The  principle  of  work  is  only  a  statement,  for  this 
case,  of  the  conservation  of  energy,  and  we  will  now  see 
how  that  doctrine  reduces  to  its  present  simple  form. 

The  case  to  which  we  say  it  applies  is  that  of 
Balanced  Forces.  Now,  if  the  forces  are  balanced, 
there  is  no  excess  left  to  produce  changes  in  the.  body 
moved.  The  body  moved  is  the  agent  by  which  the 
energy  causes  the  doing  of  the  work,  and  we  can  also 
then  group  all  these  cases  under  the  heading  of — No 
change  produced  in  the  agent  used.  Using  this  defini- 
tion, there  is  no  effect  produced  by  the  energy  exerted 
except  the  doing  of  work.  Hence  by  conservation  of 
energy 

Energy  exerted  =  sum  of  all  effects  produced, 
—  work  done  only. 

For  example  : — A  railway  truck  weighs  2  tons,  resist- 
ance 20  Ibs.  per  ton.  Find  the  energy  exerted  in 
keeping  it  moving  at  a  constant  speed  through  50  yds. 

This  is  a  case  of  balanced  forces,  and  we  have 

Energy  exerted  =  effort  x  distance, 
—  40  Ibs.  x  150  ft., 
=  6000  ft.  Ibs. 

Had  the  question  been  set  us  to  move  the  truck  50 
yds.  instead  of  "  keeping  it  moving  at  a  constant  speed," 
we  should  not  have  a  case  of  balanced  forces,  because 
the  process  would  involve  starting  and  stopping,  during 
which  processes,  as  we  shall  see  hereafter,  the  forces 
would  not  be  balanced. 
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But  the  larger  statement  of  "  no  effect  on  the  agent " 
would  hold  good,  because  the  state  of  the  truck  would 
have  been  on  the  whole  unaltered,  and  the  principle  of 
work  in  its  simplest  form  applies.  There  is,  on  the 
whole,  a  balance,  but  not  at  each  instant.  This  we  shall 
not  now  inquire  into,  but  only  note  it  to  show  that  the 
simple  statement  of  the  principle  applies  to  such  cases, 
i.e.  motion  from  rest  to  rest  again. 

In  the  two  cases  of  sliding  we  have  so  far  considered, 
one  body  has,  in  each  case,  been  the  earth ;  but  this  is 
not  at  all  necessary.  For  in  any  case  whatever 

Energy  exerted,  or  work  _  Resistance  to  relative  motion  x 
done,  distance  moved  relatively. 

For  example  : — To  plane  a  piece  of  material  we  may 
use  a  machine,  in  which  the  piece  is  fastened  to  a  moving 
bed,  the  tool  being  still  (Fig.  43)  ;  or  one  in  which 
the  tool  moves,  the  work  being  still  (Fig.  44). 

///.  *S/  /V/V/VV/VJ 


Fig.  43- 


Fig.  44. 


If  now  R  be  the  resistance  offered  by  the  metal  to 
the  point  of  the  tool,  and  /  be  the  length  of  the  work,  in 
Ibs.  and  ft.  respectively.  Then  evidently,  in  each  case, 

Work  done  in  one  cut  =  R  x  /  ft.  -Ibs. , 

quite  irrespective  of  which  moves.  But  there  is  this 
difference,  that  the  energy  is  exerted  in  opposite  manners 
in  the  two  cases.  In  the  first  case  the  effort  moves  the 
work  against  the  resistance  of  the  tool.  In  the  second 
the  effort  moves  the  tool  against  the  resistance  of  the 
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work.     Both  require  the  same  amount  of  energy,  but  it 
must  be  applied  to  a  different  part  of  the  machine. 

["The  work"  above  means  the  piece  of  material,  that  being 
the  usual  workshop  term.] 

In  addition  to  the  examples  we  have  already  con- 
sidered, the  principal  examples  of  sliding  pairs,  in  which 
energy  and  work  require  calculation,  are  engine  pistons 
and  pump  plungers. 

With  regard  to  the  first,  all  we  need  notice  is  that  it 
is  immaterial  whether  the  cylinder  be  still  or  whether  it 
oscillate,  the  calculation  of  energy  is  unaltered. 

In  pumps  the  work  to  be  done  is  the  lifting  of  water, 
and  we  can  simplify  the  calculation  in  such  cases  by  the 
following  methods  :  — 

Lifting  of  a  Number  -of  Weights.  —  Let  W15 
W2,  etc.,  be  the  weights,  and  let  them  be  initially  at 
heights  Yj,  Y0,  etc.,  above  a  given  datum  level. 

Let  now  Wj  be  lifted  a  distance  y^,  W9  a  distance 

y^  etc- 

Their  new  heights  are  then  YJ+JI/J,  Y2+j2,  etc., 
which  we  will  call  Y^,  Y'2,  etc.  Then 


Work 

=  W1(Y'1-Y1)  +  W2(Y'2-Y2)+.  .  ., 

=  {WiY'i  +  W2Y'2+.  .  .}-{W1Y1  +  W2Y2+.  .  .}. 

Now  let 

Y=  height  of  C.  G.  originally, 

Y7^  height  of  C.  G.  finally. 
Then 

-7_WiY' 


- 

/.  Work  done  = 

=  total  weight  x  lift  of  C.  G. 

In  the  case  now  of  a  shaft  full  of  water,  we  need  not 
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consider  the  separate  lifts  of  the  pump,  but  only  the 
total  lift  of  the  C.  G.  of  the  whole  body  of  fluid ;  or 
equally,  in  calculating  the  energy  which  the  water  stored 
in  an  elevated  reservoir  could  exert  by  descending. 

Motion  in  a  Curve — Turning. — It  is  not  necessary 
that  the  relative   motion   of  two    pieces   be   rectilinear 
sliding  for  the  preceding  calculations  to  apply,  so  long  as 
the  resistance  is  directly  opposed  to  the  motion.       For 
consider  such  a  motion  as  a  piece  along  a  curve  AB, 
the    paper    representing    the    other 
piece.      Then,  by  dividing  the  curve    JUr*-%  \6  »   <i£f-^ 
up   into   a    large    number    of   small  4 
portions  as  ab>  of  length  .r,  we  have 
a  number  of  rectilinear  slidings  each  giving 

Work  done  =  R.r, 
and  finally,  for  the  whole, 

Work  done  =  R  x  sum  of  x's, 

—  R  x  curved  length  AB, 

but  the  italics  above  must  be  carefully  attended  to. 
We  will  now  consider  the  turning  pair  balanced. 
The  turning  pair  consists   of  a  shaft,  turning  in  a 
bearing,  and  having  arms  to  which  efforts  and  resist- 
ances can  be  applied. 

We  must  first  determine  the  necessary  conditions  for 
balance.      If  there  be  only  one  arm,  as  in  Fig.  46,  and 
the  effort  and  resistance  be  applied  to  it 
R    exactly  opposite   to  each   other,  then  evi- 
"-  dently  P  =  R,  i.e. 

Effort  =  resistance. 

But  if,  as  is  generally  the  case,  the  re- 
sistance  be  not  applied  to  the  same  arm, 
or  if  to  the  same  arm  not  directly  opposite, 
we  must  have  some  different  condition.  In  Fig.  47 
P  and  R  are  applied  to  arms  of  different  lengths. 
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Now  we  can  determine  the  condition  of  balance, 
either  from  Statics  or  by  the  principle  of  work.  We 
will  select  the  latter  method. 

Let  the  crank  move  to  the  new  position  as  shown, 


ft 

Fig.  47- 

B  to  B',  C  to  C'  (Fig.  48),  the  centre  lines  only  being 
shown,  then 

Energy  exerted  =  P  x  arc  BB', 
Work  done  =  R  x  arc  CC', 
whence 

Pxarc  BB'  =  Rxarc  CC'  (i). 

But 

BB'  =  OB  x  angle  BOB'    (circular  measure), 
and 

CC'  =  OCx  angle  COC'. 
Also 

Angle  BOB'  =  angle  COC'. 
Whence,  from  (i), 

PxOB  =  RxOC. 

This  then  is  the  condition  of  balance,  or  in  words 

Moment  of  effort  =  moment  of  resistance. 

But  this  is  the  principle  we  know  in  Statics  as  the  Prin- 
ciple of  the  Lever,  and  we  have  thus  proved  this  principle 
by  means  of  the  Principle  of  Work.  Or  we  may  say,  if 
we  please,  that  we  have  verified  the  Principle  of  Work. 

We  have  in  Fig.  47  drawn  both  P  and  R  at  right 
angles  to  the  cranks  on  which  they  act.  This  was  for 
simplicity,  but  we  shall  now  see  that  there  is  no  necessity 
for  this  to  be  the  case. 

For  example,  let  the  turning  body,  outside  the  bearing, 
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be  of  any  irregular  shape  (Fig.  49),  turning  about  O  the 
centre  of  the  bearing. 

Further,  let  P  and  R  be  applied  at  A  and  B,  but  not 
at  right  angles  to  OA  and 
OB  ;  keeping,  however, 
always  at  the  same  angles 
to  OA  and  OB  during  the 
motion. 

Draw  OM  and  ON  per- 
pendicular respectively  to 
the  directions  of  P  and  R. 

Then  because,  during 
the  motion,  P  will  always  Fig- 49- 

act  along  the  line  AM  in  the  moving  body  ;  P  may  just 
as  well  be  applied  to  M  as  to  A. 

For  example,  let  it  be  applied  by  a  rod  LA,  then  LA  always 
lies  along  MA,  and  we  may  as  well  fasten  the  part  MA  of  the 
rod  to  the  body.  The  remaining  part  then  pushes  at  M. 

Similarly  R's  effect  is  exactly  the  same  as  if  it  were 
applied  at  N  instead  of  B. 

Moments. — The  condition  of  balance  then  will  be 

PxOM  =  RxON, 
i.e. 

Moment  of  effort  =  moment  of  resistance. 

It  appears  then  that  we  do  not  need  to  know  either 
the  effort  or  resistance  in  pounds,  but  only  their  moments ; 
a  force  of  i  Ib.  acting  on  an  arm  of  2  ft.,  for  example, 
being  identical  in  its  effect  on  the  motion  of  a  turning 
pair,  with  a  force  of  2  Ibs.  at  an  arm  of  i  ft.,  or  4  Ibs. 
at  6  inches,  and  so  on. 

Since  a  moment  consists  of  force  multiplied  by  dis- 
tance, it  must  be  measured  in  terms  of  the  product  of 
feet  and  Ibs.,  or  of  inches  and  tons,  etc.  But  work  is 
measured  in  foot-lbs.  or  inch-tons  ;  and  so,  in  order  not 
to  confuse  the  essentially  different  magnitudes  of  moment 
and  work,  we  will  express  moment,  not  as  ft. -Ibs.,  etc., 
F 
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etc.,    but    as    Ibs. -feet,    tons-inches,  etc.,   inverting  the 
order. 

Moment,  we  may  say,  bears  the  same  relation  to  a 
turning  pair  that  a  pull  or  push  does  to  a  sliding  pair, 
since  by  moment  only  can  the  motion  of  a  turning  pair 
be  caused  or  be  resisted.  Now,  in  the  case  we  have 
taken  of  a  shaft  with  an  arm  to  which  P  the  effort  is 
applied,  the  effect  of  P  is  not  simply  to  produce  the 
turning  motion,  but  also  to  produce  a  pressure  between 
the  shaft  and  its  bearing ;  let  us  see,  then,  what  is  neces- 
sary simply  to  produce  turning  and  nothing  else. 

The  answer  to  this  is  that  we  must  have  two  arms 
equal  and  opposite,  to  each  of  which  we  apply  an  effort 
P,   Fig.    50.     Then  there   will   be   no 
effect  produced  between  the  shaft  and 
bearing  but  pure  turning. 

We  act  naturally  in  this  way  in  many 
cases.      For  example,  to  turn  a  person 
round,  we  should  take  hold  say  of  one 
arm  in  each  hand,  and  then  push  with 
one  hand  and  pull  with  the  other ;  but 
if  we  only  took  hold  of  one  side  and 
pulled  say,  we  should  not  only  turn,  but  also  pull  him 
towards  us.      Or  in  using  a  rimer  to  enlarge  a  circular 
hole,  if  we  wish  to  make  the  hole  true  we  use  a  double 


(a)  \  I  (b) 


Fig.  51. 

handle,  Fig.  51  (a\  because  if  we  used  a  single  one, 
Fig.  5  1  (£),  we  should  have  to  take  hold  of  the  rimer 
with  the  other  hand  to  hold  it  upright  If  not  it  would 
topple  over  when  we  pushed  the  end  of  the  handle,  if  not 
entered  far  in  the  hole  ;  and  although  if  it  were  entered 
some  distance  in  the  hole  it  would  not  topple  over,  the 
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effect  would  still  appear  in  the  untruthfulness  of  the 
hole. 

Turning  then  can  be  caused  by  a  pair  of  forces 
as  Fig.  50.  Such  a  pair  we  call  a  couple,  and  their  only 
effect  is  a  turning  moment.  A  single  effort  produces 
a  turning  moment  and  also  a  pressure  on  the  bearing, 
but  the  latter  we  do  not  at  present  care  about,  because 
it  has  not  directly  any  effect  on  the  turning.  It  has 
an  indirect  effect  by  producing  friction,  which  we  shall 
discuss  later. 

The  calculation  of  energy  and  work  then  leads  us 
to  the  problem — To  find  the  work  done  in  moving  a 
turning  pair  through  a  given  angle  against  a  given  re- 
sisting moment. 

Turning  back  to  page  64  we  have  (Fig.  48), 

Energy  exerted  =  P  x  arc  BB', 

=  PxABx  angle  BAB'. 
But 

P  x  AB  =  moment  of  effort, 

BAB' =  angle  turned  through, 
and  hence 

Energy  exerted  =  moment  of  effort  x  angle  turned  through, 
or  equally 

Work  done  =  resisting  moment  x  angle  turned  through. 

Comparing  with  the  sliding  pair  (page  59)  we  see 
that  moment  takes  the  place  of  force,  and  angle  that 
of  distance. 

Wasted  "Work. — In  the-  motion  of  a  sliding  or 
turning  pair  it  is  usually  the  case  that  the  resistance 
which  balances  the  effort  is  not  one  but  two  forces,  viz. 
the  useful  resistance,  and  the  friction  of  the  pair. 

For  example,  take  the  piston  of  a  steam  engine  in  a 
horizontal  cylinder.  Then  if  the  weight  be  W,  the  forces 
balancing  the  effort  of  the  steam  on  the  piston  are  two, 
viz.  the  resistance  of  the  piston  rod  and  the  friction  of 
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the  piston  in  the  cylinder.     This  friction  depends  on  two 
things,  first  on  W ;  the  piston  resting  on  the  solid  piece 


r 


Fig.  52. 

A,  this  in  turn  bearing  on  the  spring  ring,  and  this  again 
on  the  cylinder  bottom  ;  due  to  W  we  shall  have  friction 
of  amount  /W.  Also  we  have  the  ring  pressed  out 
against  the  cylinder  by  the  springs,  and  if  their  total 
pressure  be  S,  we  have  additional  friction  /S  due 
to  this  cause.  In  each  /  is  the  coefficient  of  friction 
between  the  ring  and  cylinder.  If  then 

P  =  effort  of  steam, 
Q  =  resistance  offered  by  piston  rod,  or  useful  resistance. 

We  have 

P  =  R  =  Q+/W+/S, 

R  representing  total  resistance.      If 

j  — stroke, 
Work  done  per  stroke  =  RJ  =  QJ  +/(W  +  S)s. 

Now  these  two  terms,  Qs  and  /(W  +  S)j,  are  essenti- 
ally different  in  their  nature.  Movement  of  the  piston  rod 
is  what  we  wanted  to  produce,  and  QJ  is  then  the  useful 
effect.  But  the  second  term  we  do  not  want  at  all,  it  is 
inseparable  from  working,  yet  we  try  always  to  decrease 
it  as  much  as  possible ;  and  this  we  do  because  it  pro- 
duces no  useful  effect.  We  know  what  it  does  do,  viz. 
heat  up  the  bearing  surfaces,  but  this  is  an  effect  we  would 
rather  if  possible  be  without.  The  Principle  of  Energy 
forbids  us  to  say  that  energy  or  work  is  lost ;  but  since 
the  energy  exerted  in  overcoming  the  friction  is  changed 
into  a  form,  viz.  Heat,  in  which  we  cannot  utilise  it,  we 
say  that  amount  is  wasted,  and  we  call  it  Work  Wasted. 
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We  get  then  now  a  second  form  of  the  Principle  of 
Work  for  Balanced  Forces,  viz. — 

Energy  exerted = useful  work  done  +  work  wasted, 
or  we  generally  omit  useful  and  say  simply 

Energy  exerted = work  done  +  work  wasted. 

The  calculation  of  work  wasted  during  the  motion  of 
a  sliding  pair  we  have  seen,  therefore  if 

S= total  pressure  between  the  pieces, 

/S  =  frictional  resistance, 
and 

Wasted  work=/S  x  space  moved  relatively. 

Axle  Friction. — For  the  turning  pair  we  have  not 
yet  seen  how  the  friction  is  reckoned,  this  we  will  now 
consider. 

We  have  seen  that  Moment  is  the  form  taken  by  re- 
sistance to  turning  motion,  and  we 
express  then  the  frictional  resistance 
as  a  Moment. 

The  friction  of  axles,  as  turning 
friction  is  generally  called,  can  be 
connected  with  sliding  friction,  and 
the  ordinary  law  is  taken  as  the  same, 
very  heavy  pressures  and  velocities  Fi£-  53* 

not  being  here  considered,  and,  as  before,  the  lubrication 
being  supposed  imperfect. 

Let 

S  =  the  resultant  pressure  forcing  the  turning  piece  into  its  bearing. 

Then  the   rubbing  friction  produces   a  resisting  move- 
ment M  given  by 

M  =/'S  .  r,     r—  radius  of  bearing. 

The  coefficient  f  we  take  to  follow  the  same  laws  as 
yfor  sliding,  but  it  has  not  the  same  value,  being  de- 
termined from  independent  experiments  on  axles.  An 
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average  value  under  ordinary  conditions  for  metal  bear- 
ings is  from  -^  to  -^g-. 

We  can  now  at  once  determine  the  work  wasted  in 
turning  through  any  angle  ;  generally  we  reckon  per  revol- 
ution.     Thus 
Work  wasted  per  revolution  =  friction  moment  x  angle  turned, 


where 

d=  diameter  of  bearing. 

Graphic  Representation.  —  Graphic  construction 
enables  us  to  represent  very  simply  quantities  of  energy 
or  work.  Let 

P  =  effort  in  Ibs. 
s  =  space  moved  in  feet. 

On  a  scale  of  x  inches  to  i  foot  make  AB  to  represent 
s  ft.      AB  is  then  sx  inches,     x  may  be  a  whole  number 
c  D 


Fig.  54- 

or  a  fraction.      On  a  scale  of  y  inches  to  I  Ib.  make  AC 
to  represent  P  Ibs.     AC  is  then  Pj  inches. 
Complete  the  rectangle  AD.     Then 

Area  of  AD  =  ACxAB, 

=  Pyx  sx  sq.  ins., 
=  Ps  x  xy  sq.  ins. 

Thus  the  area  AD  represents  P.y  ft. -Ibs.  on  a  scale  of 
xy  sq.  ins.  to  i  ft.-lb.  AD  then  represents  the  energy 
exerted  by  P,  on  a  scale  compounded  of  the  scales  of 
length  and  force  originally  chosen.  For  example  : — 
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Let   P   be    2000   Ibs.   pressure    on    a   piston,   s  the 
stroke  being  3  ft. 

Then  the  scales  would  be  say  : 

\  in.  to  i  ft.     Thus  AB  =  \  x  3  =  \\  in. 
and 

in.  to  i  Ib.     Thus  AC  =  2000  x  -         =  I  in. 


These  are  the  dimensions  of  Fig.  54.  The  com- 
pound scale  is  then 

4x7«ftnr  sq-  in.  to  i  ft.-lb. 
Then 

Area  AD  =  i^  sq.  in., 
=  6000  ft.  -Ibs. 

which  is  the  energy  exerted. 

In  this  method  the  path  of  s  ft.  may  be  either  straight 
or  curved.  If  it  be  straight  AB  is  an  actual  representa- 
tion of  it,  but  if  curved  then  AB  represents  it  straightened 
out. 

We  can  in  this  manner  represent  the  work  done  in  a 
turning  pair.  For  let 

R  =  resistance, 
r=  radius  at  which  R  acts. 

Then  for  one  revolution,  we  make  AB  to  represent 
2.irr  ft.,  and  AC  to  represent  R  Ibs. 

But  now  the  work  done  is  also  given  by  the  moment 
Rr  overcome  through  277-,  and  we  shall  see  that  exactly 
C  D 


Fig.  55. 

the  same  diagram  will  also  represent  the  energy  or  work 
when  reckoned  in  this  way.      For  let 
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R  =  8olbs.,     r=3ft. 

Then  draw  AB  on  a  scale  of  i    in.  to  4?r  ft.  or  1/4  TT 
in.  to  i  ft.  to  represent  27rr,  i.e.  6rr  ft. 


and  AC  on  a  scale  of  yig-  in.  to  i  lb.,  to  represent  R, 

•••  AC  =  T8A  =  f  in. 
Then 

Work  done  =  area  AD  =  |  xf  =  £  sq.  in. 

And  the  scale  is 

^x-Lsq.in.toift.-lb. 
.  '  .  Work  done  =  |  x  4?r  x  100  =  480^  ft.  -Ibs. 

Next  Method.  —  Resisting  moment  =  Rr=  240  Ibs.- 
ft,  and  AC  above  will  represent  this  on  a  scale  of  i  in. 
to  240  lbs.-ft,  i.e.  -g-J-o  m-  to  l  !b.-ft.     Also 
Angle  turned  =  27r, 

and  AB  will  represent  this  on  a  scale  of  ij  in.  to  27r, 
i.e.  3/47T  in.  to  unit  angle.     And  then 

Work  done  =  Rr  x  2?r, 

=  ACxAB  =  area  AD, 
as  before. 

And  for  the  scale  we  have  -^  J^-  in.  x  3/4?r  in.  to  i  lb.- 
ft.  xunit  angle,  i.e.  i/4oo7r  sq.  in.  to  i  ft.-lb.  of  work, 
which  is  exactly  the  scale  on  which  we  measured  AD 
before  ;  which  of  course  should  be,  as  the  result  must  be 
the  same. 

The  same  diagram  then  which  we  use  for  a  sliding 
pair  represents  work  done  in  a  turning  pair  ;  only  we  use 
a  scale  of  moment  and  a  scale  of  angle,  instead  of  a  scale 
of  force  and  a  scale  of  distance.  The  compounded 
scale  gives  in  each  case  the  scale  of  energy,  or  of  work 
done. 

There  is  no  gain  in  such  simple  cases  as  we  have 
just  taken  in  graphic  representation,  but  the  method  is 
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best  understood  in  simple  cases,  and  the  gain  will  be 
seen  when  we  come  to  more  complicated  ones. 

Power — Horse  Power. — The  definitions  of  Energy 
and  of  Work  done  contain  no  reference  to  the  speed  at 
which  the  operations  considered  have  to  be  carried  on ; 
thus  to  lift  one  Ib.  through  one  ft.  requires  the  same 
amount  of  energy  to  be  exerted  whether  it  be  done  in 
one  second,  or  one  minute,  or  one  hour. 

[The  speed  of  a  certain  operation  has  an  effect  generally  on 
the  energy  required,  because  it  affects  the  values  of  the  useless 
resistances,  i.e.  those  which  waste  energy ;  but  this  does  not 
affect  what  is  stated  above  where  we  take  the  resistance  as  given.] 

But  to  compare  the  value  of  different  working  agents, 
we  must  consider  the  energy  they  ca?t  respectively  exert 
in  a  given  time.  This  quality  of  an  engine,  or  other 
energy  exerting  agent,  we  call  its  Power.  The  Power 
of  an  engine,  for  example,  then  means  the  energy  it  can 
exert  in  a  given  time. 

To  measure  power  we  require  some  Unit  Power, 
and  this  we  take  as  the  capacity  for  exerting  33,000 
ft.-lbs.  in  one  minute.  The  unit  is  called  a  Horse 
Power,  and  is  due  to  Watt ;  being  introduced  by  him, 
so  that  purchasers  of  engines  should  be  able  to  compare 
their  values  with  those  of  horses.  The  unit  is  much 
above  the  power  of  any  horse  in  continuous  work ;  but 
the  extra  margin  was  allowed  to  prevent  any  possibility 
of  a  mistake  in  the  other  direction. 

The  Horse  Power  then  of  any  agent  is  equal  to  the 
number  of  ft.-lbs.  of  energy  it  can  exert  in  a  minute 
divided  by  33,000. 

If,  for  example,  a  steam  engine  work  with  constant 
steam  pressure  p  Ib.  per  sq.  in.,  piston  area  A  sq.  ins., 
stroke  s  ft.,  revolutions  per  minute  N.  The  calculation 
of  the  Horse  Power  proceeds  thus — 

Effort  =/  x  A=/A  Ibs. 
Distance  moved  in  one  revolution  =  2s  ft. 
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. '.  Energy  exerted  in  one  revolution  =/A  x  2s  ft.-lbs. 

„  ,,      minute      =/A  x  2s  x  N  ft.  -Ibs. 

TT  pK  x  25  x  N 

.'.   Horse  power  =  - — . 

33,000 

and  similarly  for  any  other  agent. 


EXAMPLES. 

1.  A  man  weighing   150  Ibs.  carries  loads  of  144  Ibs.  to  a 
height  of  30  ft.     Find  the  work  done  in  each  journey.     If  the 
man  exerted  the  same  amount  of  energy  in  lifting  the  weights 
by  means  of  a  winch,  which  wasted  one-third  of  the  energy 
applied,  how  much  more  useful  work  could  he  do  ? 

Am.  8820  ft. -Ibs.;   .3  times. 

2.  Iron  pigs  six  inches  square  lying  originally  on  the  ground, 
are  built  into  a  stack  6  ft.  by  5  ft.  by  4  ft.  high.     Find  the  work 
done.  Ans.  90720  ft.  -Ibs. 

3.  A  bicyclist  and  machine  weigh  180  Ibs.     Find  the  H.  P. 
he  exerts  when  riding  at  20  miles  per  hour,  on  a  track  the  resist- 
ance of  which  is  I  per  cent  of  the  weight.  Ans.  .096. 

4.  A  colliery  engine  raises  loads  weighing  21  cwt.  from  a 
depth  of  1200  ft.  in  45  seconds.     Find  the  H.  P.  required. 

Ans.   114. 

5.  Compute  the  nett  II.  P.  required  to  pump  out  a  basin  with 
vertical  sides  in  48  hours,  the  area  of  the  water  surface  being 
50,000  sq.  yds.,  and  depth  of  water  20  ft.,  the  water  being  de- 
livered at  a  height  of  26  ft.  above  the  bottom  of  the  basin.     (35 
c.  ft.  of  sea  water  weigh  I  ton.)  Ans.  97. 

6.  A  boiler  12  ft.  diameter,  10  ft.  long,  full  of  water,  is  to  be 
pumped  out,  the  water  being  delivered  at  the  sea  level.     The 
ship's  draught  is  21   ft.,  and  the  bottom  of  the  boiler  is  4  ft. 
above  the  keel.     Find  how  long  two  men  each  capable  of  exert- 
ing 2500  ft.-lbs.  per  minute  would  take,  using  a  hand  pump  in 
which  T37j  of  the  energy  is  wasted.  Ans.  3  hrs.  28  min. 

7.  A  pumping  engine  9  ins.  diameter,  6  ins.  stroke,  making 
80  revolutions  per  minute,  is  fitted  in  the  above  ship.    Assuming 
a  constant  steam  pressure  (effective)  of  40  Ibs.  per  sq.  in.  ;  find 
how  long  the  engine  would  take  in  pumping  out  the  boiler,  as-x 
suming  that  engine  and  pump  together  waste  one  half  the  energy. 

Ans.  8  minutes. 
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8.  The  resistance  of  a  ship  at  15  knots  is  70,000  Ibs.     Of  the 
energy  exerted  by  the  steam  1 5  per  cent  is  wasted  before  reaching 
the  crank  shaft,  and  50  per  cent  altogether.     Find  the  H.  P.  of 
the  engines.     There  are  two  propellers,  and  the  revolutions  are 
80  per  minute.     Find  the  moment  exerted  on  each  shaft. 

Am.  6430,  960  tons-ins. 

9.  Each  engine  in  the  preceding  has  three  cylinders,  the  work 
being  equally  divided  between  them.     The  stroke  is  3  ft.  6  ins. , 
and  the  diameters  are  70  ins.,  48  ins.,  and  32  ins.     Find  the 
effective  steam  pressure  in  each  cylinder. 

Ans.  7.73,  16.44,  36  Ibs.  per  sq.  in. 

10.  An  anchor  weighs  5f  tons,  and  the  cable  I  ton  per  8 
fathoms.     The  ship  is  anchored  in  9  fathoms,  and  the  deck  is 
10  ft.  above  the  water  line.     The  cable  hangs  in  the  quadrant 
of  a  circle,  touching  the  ground  where  the  anchor  lies.     Find  the 
work  done, — ist,  while  hauling  in  the  slack ;  2d,  while  lifting 
the   anchor.      Neglect  the   buoyancy  of  the  water.      Distance 
of  the  C.  G.  of  the  arc  of  a  quadrant  from  either  bounding 

radius  =-  times  the  radius.  Ans.  33.58,  474.66  ft. -tons. 

11.  A  water-power  engine  of  10  H.  P.  is  supplied  from  a  tank 
12  ft.  by  8  ft.  by  6  ft.,  at  a  height  of  120  ft.    Supposing  the  tank 
be  full  but  no  supply,  find  how  long  the  engine  could  run. 

Ans.   13  minutes. 

12.  A  locomotive  weighing  30  tons  draws  a  train  weighing 
65  tons  at  50  miles  per  hour,  resistance  33  Ibs.  per  ton.     Find 
the  II.  P.  required.     If  the  train  became  detached,  the  engine 
still  exerting  the  same  power,  what  speed  would  it  attain,  assum- 
ing the  resistance  to  vary  as  the  speed  squared. 

Ans.  418,  73.5  miles  per  hour. 

13.  In  question  8,  assume  the  resistance  to  vary  as  the  cube 
of  the  speed,  and  find  the  H.  P.  required  to  propel  the  ship  at 
1 8  knots.  Ans.   13,300. 

14.  A  crank  shaft,  diameter  12^  ins.,  weighs  12  tons,  and  is 
also  pressed  against  the  bearings  by  36  tons  horizontal.     Find 
the  H.  P.  lost  in  friction  at  90  revolutions.     Coefficient  .06. 

Ans.  45.6. 


CHAPTER  IV 

OBLIQUE   AND    VARIABLE    FORCES  —  INDICATOR 
DIAGRAMS 

IN  the  preceding  chapter  the  efforts  and  resistances  con- 
sidered have  been  constant,  and  in  the  line  of  motion. 
We  now  proceed  to  consider  more  general  cases. 

Oblique  Action.  —  In  the  motion  of  a  sliding  pair 
as  A  and  B  (Fig.  56),  the  resistance 
may  not  be  directly  against  the  motion, 
but  inclined,  as  R  at  an  angle  0. 

To  find  the  effect  of  this  we  resolve 


p.      6  R,  by  the  laws  of  Statics,  into  two  com- 

ponents, R  cos  6  and  R  sin  0,  then  the 
effect  of  R  is  the  same  as  the  effect  of  two  separate 
forces,  as  in  Fig.  57. 

In  considering  these  forces  separately,  we  see  first 
that  the  magnitude  of  R  sin  0  can,  in  the 
absence  of  friction,  have  no  effect  on  the 
effort  required  to  move  A  along  B.      We 
can  never  of  course  practically  get  rid  of 
the  effect  of  R  sin  0,  but  we  can,  by  sue-        B 
cessive     improvements    in    smoothness    of        Flgl  57> 
surface  and  in  lubrication,  continually  diminish  it  ;  and 
the  only  obstacle  to  complete  elimination  of  its  effect  is 
imperfection  of  surface  and  of  lubrication.     We  can  thus 
conceive  that,  in  itself,  it  is  incapable  of  offering  any 
resistance  at  all  to  the  motion,  but  can  only  do  so  by 
the  friction  it  can  excite. 
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Neglecting  friction  then 

Effort  =  R  cos  e, 
and  for  a  movement  j, 

Energy  exerted  =  R  cos  6  x  s, 

=  Resolved  resistance  x  distance  moved. 

We  can   express  this  in  a  slightly  different  manner, 
which  will  be  found  useful. 

For  let  ab  be  the  movement  (Fig.  58).      From  b  let 
fall  be  perpendicular  to  R's  direction,  then 

Energy  exerted  or  work  done  =  R  cos  6  x  s=  R  x  s  cos  6, 


=  Resistance  x  resolved 
distance, 

because    the    motion     ab    consists    of    a    motion    ac 
directly  against  R,  and  a  motion  cb  at 
right  angles  to  R, 

Thus  we  can  either  resolve  the  re- 
sistance  in  the  direction  of  the  motion,  "<i 
or  the  motion  in  the  direction  of  the  Fis-  58. 

resistance. 

We  can  now  apply  this  to  the  case  in  which  motion 
takes  place  in  any  curve,  against  a  resistance  constant 
in  direction.  Such  a  resistance  would  be,  for  example, 
the  pull  of  the  earth  on  a  weight. 

Let  a  weight,  W  Ibs.,  be  lifted  along  the  path  shown 
fl  from  A  to  B. 

The   constant   resistance  is   W  Ibs. 
vertically. 

Draw   now    BC    vertical    and    AC 
horizontal. 


Fi  Then,  whatever  be  the  shape  of  AB, 

the  total  motion  is  composed  simply  of 
AC  and  CB,  and  from  the  preceding  we  say 

Energy  exerted  or  work  done  =  W  x  BC. 
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We  have  not  strictly  followed  the  preceding  because 
ab  there  was  a  straight  line  ;  but  we  can  do  that  by 
dividing  AB  into  a  large  number  of  small  parts  as  ab, 
each  of  which  is  straight  if  we  take  them  small  enough. 

Then  for  ab 

Energy  or  work  =  W  x  be, 

.'.  Total  energy  or  work  =  W  x  sum  of  all  the  small  heights, 
=  WxBC. 

We  are  now  able  to  examine  in  another  way  the  case 
of  turning,  which  we  considered  in  the  last  chapter,  viz. 
when  the  resistance  or  effort  is  not  at  right  angles  to 
the  radius. 

The  figure  (Fig.  49)  on  page  65  is  here  reproduced 
(Fig.  60). 

Now  resolve  P  along,  and  at  right  angles  to,  the  radius 
OA.  Then  the  part  along 
OA  is  always  at  right 
angles  to  the  motion,  this 
being  at  the  instant  along 
the  tangent  to  the  circle  in 
which  A  moves.  There- 
fore, as  we  have  seen,  it 
can  exert  no  energy,  and 
therefore  the  Effort  is 
Fi  6o  x  simply.  P  sin  OAM  at  right 

angles  to  OA. 

/.  Turning  moment  =  P  sin  OAM  x  OA, 

which  is  of  course  identical  with  P  x  OM,  the  result 
obtained  on  page  65. 

The  part  P  cos  OAM  will,  of  course,  practically  affect 
the  motion,  because  it  will  pull  the  shaft  against  its 
bearing,  and  thus  create  friction.  So  actually  it  becomes 
a  source  of,  not  effort,  but  resistance.  Whether  there  be 
friction  or  no  then,  the  Effort  will  be  only  P  cos  OAM. 

Similarly  we  can  treat  the  resistance  R,  and  obtain 
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as  the  resistance  against  which  work  is  done^  the  force 
R  cos  OBN. 

Variable  Forces. — In  all  practical  cases,  the  forces 
are  not  constant,  but  they  vary.  We  require  then  to 
calculate  the  Work  done  against  a  varying  resistance,  or 
Energy  exerted  by  a  varying  effort. 

Let  now  AB  represent  the  path  of  one  piece  of  a 
sliding  pair  against  a  direct  resistance. 


A    a 


b  c  d  e  f  g  h 

Fig.  61. 


j  k  I  B 


Divide  AB  into  a  number  of  parts  as  shown,  A<z, 
a&,  .  .  .,  /B,  and  let  the  resistance  given  be  constant 
during  each  small  movement ;  its  values  being  Rj  during 
A<2,  R2  during  ab,  etc.,  to  Rn  during  /B.  Then 

Work  done  =  RI  x  Aa+  R2  x  ab+   .   .  .    +  Ru  x  /B. 

Now  we  will  apply  the  graphic  method  of  the  pre- 
ceding chapter. 

To  do  this  set  up  ordinates  on  A#,  ab,  etc.,  to  repre- 
sent Rp  R2  etc. 

We  thus  obtain  a  number  of  rectangles  Ca,  etc.,  to 
/D,  each  representing  the  work  done  during  the  move- 
ment represented  by  its  base.  Therefore 

Total  work  done  =  sum  of  areas  of  rectangles         (i). 

The  tops  of  the  rectangles  constitute  a  stepped  curve 
CD,  and  this  curve  has  the  property  that — at  any  point 
of  the  movement  its  ordinate  represents  the  value  of  the 
resistance.  This  we  know  by  the  manner  in  which  we 
constructed  it.  Hence  then  we  call  CD  the  Curve  of 
Resistance. 

In  the  above  the  variations   of  R  occur   at  definite 


t 
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intervals.  But  the  magnitude  of  the  intervals  does  not 
affect  the  truth  of  the  result  ( i ).  And  hence  it  follows 
that  the  variations  may  follow  each  other  as  quickly  as 
we  please. 

We  shall  still  have 

Work  done  =  area  between  CD,  the  base  AB,  and  the 

end  ordinates.  (2). 

[We  have  here  written  the  result  (i)  in  different  words,  but  it 
is  a  statement  of  the  same  fact.  ] 

But  when  the  variations  follow  one  another  with 
great  rapidity,  the  steps  of 
the  curve  CD  become  inde- 
finitely short,  and  the  curve 
becomes  continuous  as  Fig. 
62,  still  keeping  the  pro- 
perty stated  in  the  italics 
F[s- 62-  above. 

We  have  now  then  come  to  a  case  of  continuously 
varying  resistance,  and  we  still  have  as  before, 

Work  done  =  area  of  curve  of  resistance  between  end  ordinates 
and  base. 

The  case  of  varying  moment  is  treated  quite  similarly, 
the  base  now  representing  angle  turned  through,  and 
the  ordinate  representing  the  moment  corresponding  to 
the  given  angular  position. 

Mean  Resistance. — We  can,  by  the  graphic 
method,  determine  the  mean  resistance  during  any  given 
motion. 

In  chap,  ii.,  page  22,  the  general  sense  of  mean 
value  was  explained  ;  and  from  it  we  see  that  by  Mean 
Resistance  or  Mean  Effort  we  understand  that  resistance 
or  effort  which,  acting  uniformly  through  the  same  dis- 
tance, would  produce  the  same  effect,  i.e.  absorb  the 
same  amount  of  work,  or  exert  the  same  amount  of 
energy  as  is  actually  produced  by  the  varying  resistance 
or  effort. 


A' 
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If  then,  in  Fig.  62,  we  draw  a  rectangle  whose 
area  =  area  of  curve,  the  height  of  this  rectangle  gives 
the  mean  resistance,  or  by  calculation 

Rmean  x  space  moved  =  work  actually  done, 
•o         _  work  clone 
Kmean~ space  moved* 

We  use  whichever  of  the  two  methods,  graphic  or  cal- 
culation, is  simpler. 

We  will  illustrate  the  methods  by  investigating  some 
cases  of  varying  force. 

The  Elastic  Spring. — In  Fig.  63,  AB  the  broken 
line,  represents  the  length  /  of  an 
elastic    spring.      It   is   compressed 
to  the   length    A'B    by    an    effort 

applied    to  the  end  A.      To  find    %\jy. 

the  work  done  in  compressing  it, 

set  up  A'C  equal  to  R,  the  final 

value  of  the   resistance,  and  join  Fig.  63. 

AC. 

Then  from  page  47  the  resistance  at  any  point  of  the 
motion  is  represented  by  the  ordinate  of  AC  ;  so  that 
AC  is  the  curve  of  resistance.  Hence 

Work  done  =  area  AA'C, 
_RxAA' 

~^~' 
=  %  final  resistance  x  compression. 

An  exactly  similar  value  holds  for  extension. 

The  height  of  a  rectangle  equal  to  AA'C  is  evidently 
A'C/2,  i.e.  R/2, 

•o 

.'.  —  is  the  mean  resistance. 
2 

It  is  important  to  notice  that  the.  work  done  in  com- 
pressing the  spring  is  independent  of  the  nature  of  the 
effort  by  which  the  alteration  of  length  is  effected. 
G 
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For  again  from  chap.  ii. 

A  A' 
R  =  Po-~    (page  47), 

— -T     it  T-»     A.  A.        A^A. 

/.  Work  done  =  P0'  ~/~X ' 

PO      A   A  '2 
=  — -./i/V    . 

2/ 

Now  P0  depends  only  on  the  size  and  material  of  the 
spring  (see  page  47),  and  not  at  all  on  the  force  acting 
on  it.  Hence  our  statement  is  proved.  It  matters  not, 
then,  whether  the  Effort  be  such  as  to  exactly  balance  the 
Resistance  at  every  point  or  no.  If  on  the  whole  it  just 
compress  the  spring  to  A'  and  have  no  other  effect,  then 

Energy  exerted  =  work  done. 
_  R  x  A  A' 

2 

and 

Mean  effort  =  mean  resistance, 

each  being  R/2  (compare  page  60).  The  Resistance 
here  dealt  with  is  reversible,  and  the  spring  can  give  out 
again  by  expanding  an  amount  of  energy  equal  to  the 
work  done  on  it. 

[The  expression  "  work  done  on  it "  is  the  common  way  of  ex- 
pressing the  work  done  against  the  resistance,  we  say  the  work 
is  done  on  the  body  moved.  ] 

The  spring  is  now  a  source  whence  effort  can  be 
derived,  but  not  exactly  a  natural  source,  since  we  can 
only  derive  what  we  have  originally  put  in.  It  is  a 
simple  example  of  an  Accumulator,  which  is  the  name 
given  in  Mechanics  to  an  apparatus  in  which  energy  is 
stored  up,  and  from  whence  it  may  be  drawn  at  will. 

[The  amount  of  energy  we  can  obtain  is  not  strictly  equal  to 
the  work  done,  because  there  is  an  internal  friction  of  the  particles 
of  metal,  which  wastes  some  of  the  energy  or  work,  turning  it 
into  heat.  Thus,  whenever  a  spring  is  forcibly  extended  or  com- 
pressed it  is  heated.  This  effect  is,  however,  of  small  magnitude.] 
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Lifting  of  a  Rope  or  Chain.  —  Fig.  64  represents 
a   rope  being  drawn  up  and   coiled   on   a 
barrel. 

The  resistance  to  motion  is,  at  any 
instant,  equal  to  the  weight  of  rope  then 
hanging  —  that  already  coiled  having  no 
effect.  A 

The  point  of  the  chain   which   we   will 
use  to  define    the    motion   is   the   hanging 
end,  because  that  keeps  to  a  rectilinear  path  A 
during  the  whole  motion. 

Let  A  represent  the  original  position  of  the  end,  and 
AB  the  length  =  /  feet. 

Let  iv  =  weight  in  Ibs.  of  I  ft.  length.     Then 

Initial  resistance  =  wl  Ibs. 
Now,  when  A  is  raised  to  A', 

Resistance  =  weight  of  BA'^w.BA'  Ibs, 
Set  off  now,  on  a  scale  selected, 

AC  =  wl  Ibs.  ,     A'C'  =  w  .  B  A'  Ibs. 
Then  we  have 

A/C_'_     _AC_AC 
A'B~  /   ~AB' 

Thus,  wherever  we  take  A',  C'  lies  on  the  line  BC, 

/.  BC  is  the  curve  of  resistance, 
and 

Work  done  during  lift  from  A  to  A'  =  area  ACC'A', 


A  A' 
=  («;/+  w.A'B)  — 

For  the  whole  lift  A'B  =  o  and  AA'  =  AB, 

a;/2 
.*.  Work  done  =  —  . 
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This  result  could  also  have  been  obtained  directly  by 
use  of  the  method  of  page  62.  Thus 

Total  weight  lifted  =  ivl. 
Lift  of  C.G.  is  from  the  centre  of  AB  to  O,  i.e.  IJ2  ft. 

/     ivfi 
:.  Work  done  =  wl~x-  =  -- 

2         2 

We  can  also  treat  the  question  in  still  another  way. 
For  the  chain  barrel  and  its  bearing  form  a  turning 
pair. 

Let,  then,  r  =  radius  of  barrel,  and  neglect  the  thick- 
ness of  the  rope. 

Then  when  the  end  is  at  A' 

Resisting  moment  —  10  .  A'B  x  r. 

Therefore  the  moment  varies  as  A'B,  just  as  the  re- 
sistance did  ;  and  the  curve  of  moment  is  a  straight  line. 

Let  us  then  keep  the  same  graphic  figure  and  see 
what  are  the  scales  of  it  for  this  case. 

AB  now  represents  the  total  angle  turned  through. 
But  to  coil  /ft.  on  the  barrel  we  must  turn  it  through 

an  angle  -, 

.'.  AB  represents  —  of  angle, 

whereas  it  formerly  represented  /  feet.  But  AC  now 
represents  wlxr  lbs.-ft,  whereas  it  only  before  repre- 
sented ivl  Ibs.  So  that 

AB  x  AC 
Work  done=  -  > 

-  x  wlr 


as  before. 

Elastic  Fluid.  —  A  vessel  contains  a  certain  quan- 
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tity  of  elastic  fluid  at  a  pressure  P2  Ibs.  per  sq.  ft.,  its 
volume  being  V2  c.  ft.  Find  the  work  done  in  com- 
pressing it  to  a  volume  V1  and  corresponding  pressure 
Pj ;  or  vice  versd^  find  the  energy  exerted  by  the  gas  in 
expanding  from  P1  and  V1  to  P2  and  V2. 

The  work  done  depends  on  the  curve  of  resistance, 
and  this,  as  explained  in  chap,  ii.,  page  49,  we  will  take 
to  be  a  hyperbola.  For  balanced  forces  this  will  also 
be  the  curve  of  effort. 

In  Fig.  65,  i   and  2  then  represent  the  initial  and 
final   states  of  the  fluid,  taking  expan- 
sion  as    the  process   to  be  considered  Y 
(compare  Fig.  41,  page  48). 

We  will  suppose  the  fluid  confined 
in  a  cylinder  under  a  piston — this 
being  always  the  case  in  practice. 


0     A  B       X 

[This  simplifies  the  work,  but  is  not  neces-  F;g  6s 

sary  to  the  truth  of  the  result  obtained.] 

Now  i  A  represents  P1  Ibs.  per  sq.  ft.  on  a  scale  of 
say  x  ins.  to  i  Ib.  per  sq.  ft.  The  effort  or  resistance, 
however,  is  not  P1  Ibs.  but  Pl  x  A  Ibs.  where 

A  =  area  of  piston  in  sq.  ins. 

But  if  the  curve  of  P  is  a  hyperbola,  so  also  will  the 
curve  of  P  x  A  be,  because  A  is  a  constant.  But  instead 
of  x  ins.  representing  i  Ib.  per  sq.  ft.  they  will  now  re- 
present i  Ib.  per  sq.  ft.  x  A  sq.  ft.  or  A  Ibs. 

Therefore  12  is  the  curve  of  resistance  on  the  above 
scale. 

Again,  distances  from  O  represent  in  the  original 
state  of  the  figure,  i.e.  Fig.  41,  page  48,  volumes  in  c. 
ft.,  i.e.  OA  represents  Vl  c.  ft.  on  a  scale  of  say  y 
ins.  to  -i  c.  ft.,  so  that  OA  is  V^y  ins.  long. 

But  OA  will  equally  represent  Vj/A  ft.,  i.e.  the  distance 
of  the  piston  from  the  end  of  the  cylinder,  if  we  take  for 
our  scale 
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Vi y  ins.  to  Vj/A  ft. , 
or 

y  ins.  to  I/A  ft., 

and  then  OB,  on  the  same  scale,  repre- 
sents  V2/A  ft.,   for   OB  =  V2j/  ins.      But 
V2/A    ft.    is   the   distance   of  the  piston 
V2_  from    the    end    of    the     cylinder,    when 
A    the  volume  is  V2  (Fig.  66). 

It    follows,   then,   that  AB  represents 
Fig.  66.          the  path  of  the  piston, 

.   Energy  exerted  during  expansion  _    .  j, 
"or  work  done  during  compression" 

=  OAxAi  loge^-r-    (p.  9), 


V2 


_  j[ 


(r  being  the  ratio  of  ex- 
pansion or  compression), 

=  P1V1loger, 
or  equally 

=  P2V2loger, 
or  generally 

=  PVlog.r, 

P  and  V   referring  to  any  point   whatever   during   the 
expansion. 

Indicator  Diagrams.  —  Steam  expanding  in  a 
cylinder  does  not  follow  the  simple  law  just  considered, 
nor  can  we  determine  the  law  of  Effort,  so  that  we 
are  obliged  to  actually  measure  the  effort  at  every  point 
of  the  stroke.  We  have  seen  (page  44)  how  the 
pressure  of  an  elastic  fluid  can  be  measured  by  allow- 
ing it  to  press  on  a  small  piston,  thus  compressing  a 
spring. 

Let  now  (Fig.  67)  the  end  of  the  cylinder  be  in  com- 
munication with  such  a  small  piston  A,  working  in  a 
cylinder  b,  and  bearing  against  a  spring  confined  between 
it  and  the  cover  of  b,  this  cover  being  however  perforated, 
so  that  the  atmosphere  has  free  access  to  the  upper  part. 
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To  the  piston  a  small  rod  is  attached,  passing  through 
the  cover,  and  having   on   its 
end  a  pencil. 

If  now  we  cause  to  pass 
along,  in  contact  with  the  pencil 
point,  a  piece  of  paper,  the 
motion  of  the  paper  being  an 
e.ract  copy,  on  a  reduced  scale, 
of  the  motion  of  the  piston; 
then  the  pencil  point  will  trace 
on  this  paper  a  curve  which 


Fig.  67. 


gives  the  pressure  of  the  steam  at  all  points  of  the  stroke. 
For  example,   AB   (Fig.    68)   represents  the    piston 
-  stroke,  ab  the  movement 

of  the  paper,   EFG   the 
curve  traced  by  the  pencil. 
Then  to  find  the  pres- 
sure when  the  piston  is  at 
-fc  C,  take  c  in  ab  as  C  is  in 
AB,     and    measure    the 


Fig.  68. 


ordinate  P  from  ab,  the  line  of  no  pressure,  and  the 
same  for  any  other  point  of  the  stroke. 

ab  then  represents  the  movement  of  the  piston,  and 
EF  is  the  curve  of  effort,  i.e.  of  P  x  A,  equally  as  of  P, 
as  in  the  preceding  investigation.  Whence  the  area  of 
the  curve  gives  the  energy  exerted. 

We  will  now  examine  further  into  the  question. 

First,  the  paper  is  not  moved  straight  along  parallel 
to  the  piston,  but  is  coiled  on  a  barrel,  which  barrel  is 
driven  by  a  cord  connected  with  the  piston,  so  that  the 
periphery  of  the  barrel  travels  at  a  velocity  bearing  a 
constant  ratio  to  that  of  the  piston.  Then  at  every 
instant  the  piece  of  paper  which  is  being  marked  is 
travelling  past  the  pencil  with  a  motion  bearing  a  con- 
stant ratio  to  that  of  the  piston  at  the  same  instant. 
Evidently  it  does  not  matter  where  the  remainder  of  the 
paper  is. 
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Now,  how  do  we  determine  the  line  of  no  pressure  or 
the  pressure  axis  ?  This  is  done  by  closing  the  connec- 
tion between  the  small  cylinder  and  the  steam  cylinder, 
and  admitting  the  atmosphere  below  as  well  as  above 
the  piston.  The  piston  then  has  atmospheric  pressure 
below  it,  the  amount  of  which  we  determine  by  the 
barometer.  The  paper  barrel  or  drum  is  now  rotated, 
and  the  pencil  traces  a  straight  line  mn.  Now  mn 
represents  say  14.7  Ibs.  per  sq.  in.  This  pressure 
corresponds  to  a  given  amount  of  extension  or  compres- 
sion of  the  spring,  this  being  known  for  each  Ib.  pressure, 
being  from  y1^",  TV>  up  to  T|-o",  or  less  still,  according 
to  the  magnitude  of  the  pressures  to  be  measured.  We 
calculate  then  the  amount  the  spring  would  be  extended 
by  the  14.7  Ibs.  pressure;  and  then  setting  off  ab  that 
amount  below  mnt  ab  is  the  line  which  would  be  drawn 
if  there  were  no  pressure  at  all  in  the  cylinder,  i.e.  ab  is 
the  zero  line,  mn  is  called  the  atmospheric  line. 

The  steam  exerts  energy  during  the  forward  stroke, 
but  the  piston  must  then  return  and  drive  out  the  steam 
behind  it  into  the  condensers,  or  atmosphere,  if  there  be 
no  condenser ;  and  there  is  always  a  steam  pressure, 
called  the  back  pressure,  resisting  this  return.  Thus 
the  pencil  will,  during  a  whole  stroke,  i.e.  forward  and 
back,  trace  a  closed  curve  as  EFGH,  the  paper  still 
moving  with  the  steam  piston.  During  the  forward 
stroke  then  the  steam  exerts  energy  represented  by 
EF<fo,  while  during  the  back  stroke  it  absorbs  a  part 
G&zH.  Thus  on  the  whole  the  effective  energy  exerted 
is  represented  by  the  area  of  the  figure  EFGH. 

The  figure  EFGH  is  called  an  Indicator  Diagram, 
the  instrument  used  being  called  an  Indicator.  The 
actual  indicator  differs  from  the  simple  form  we  have 
here  described,  the  pencil  not  being  directly  attached  to 
the  rod,  but  to  a  multiplying  gear,  so  as  to  increase  the 
height  of  the  diagram  for  a  given  travel  of  the  indicator 
piston.  Also  the  steam  is  admitted  alternately  on  each 
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side  of  the  main  piston,  and  a  connection  is  made  from 
the  indicator  to  each  end  of  the  cylinder,  a  three-way 
cock  being  fitted,  so  that  each  end  may  be  in  turn  con- 
nected to  the  indicator.  A  diagram  is  drawn  from  each 
end  on  the  same  sheet  of  paper,  and  we  thus  obtain  a 
card  as  shown  in  Fig.  69. 

We  do  not  directly  determine  the  area  of  the  diagram, 
and  then,  knowing  the  scales  of  length  and  of  height, 
directly  determine  the  energy ;  but  we  proceed  by  using 
the  diagram  to  give  us  the  Mean  Effective  Pressure. 
Strictly  this  would  entail  finding  the  area,  but  practically 
we  proceed  thus :  Divide 
mn  the  length  (Fig.  68)  into 
ten  equal. parts,  leaving  half 
a  part  at  each  end  (Fig.  69). 
(This  is  done  because  the 
shape  at  the  ends  is  liable 
to  distortion.)  We  thus  ob- 
tain the  ordinates. 

Measure  these  ordinates 
on  the  scale  proper  for  the 
particular  indicator  spring, 
by  10. 

The  result  is  called  the  Mean  Effective  Pressure,  be- 
cause it  allows  for  the  loss  of  energy  during  the  back 
stroke.  Call  it/m.  This  is  a  pressure  per  sq.  inch. 

.'.  Effort  =pm  x  area  of  piston  in  sq.  ins., 

-pm  x  A  say, 

.'.  Energy  exerted  during  whole  stroke  _  pm  x  A  x  s  ft.  -Ibs. 
on  the  one  side  of  the  piston  ~  (^  =  stroke  in  feet). 

Then  for  the  other  side  let  p'm  be  the  mean  effective 
pressure,  and  we  get  on  that  side 

Energy  exerted  during  whole  stroke  =/'m  x  A  x  s  ft.  -Ibs. 


Fig.  69. 
add   them   up    and    divide 


Total  energy  exerted   by  steam  _ 


during  a  double  stroke 


=  (/»+/ro)Ajft.-lbs. 


In  practice  pm  and  p'm  are  added  together,  and  their 
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mean^m .-.-•£-*?  is  called  the  mean  effective  pressure  of  the 

card  as  a  whole. 

This  mean  effective  pressure  is  to  be  supposed 
exerted  through  the  whole  double  stroke.  Whence 

Total  energy  in  double  stroke  =  ±^—±-™ A  x  2s  ft.-lbs., 

as  before. 

Notice  that,  if  P  be  per  sq.  ft.,  A  must  be  in  sq.  ft. 
if/  be  per  sq.  in.,  A      ,,       ,,     sq.  ins. 

Comparing  now  with  chap,  iii.,  page  74,  we  have 

2 

Horse  power  = • 

333ooo 

[It  is  often  now  the  practice  to  measure  the  area  directly  by 
means  of  an  instrument  called  a  Planimeter,  but  it  is  doubtful 
whether  this  gives  any  increase  in  accuracy,  because  there  is 
often  a  difficulty  in  determining  exactly  the  length  of  the 
diagram,  which  is  of  course  necessary  so  as  by  division  by  it  to 
obtain  the  mean  breadth  or  mean  effective  pressure.] 

EXAMPLES. 

1.  In  question  3,  page  74,  if  the  throw  of  the  pedals  be  5  ins., 
and  the  driving  wheel  54  ins.  diameter.     Find  the  mean  pressure 
the  rider  exerts,  assuming  that  he  presses  vertically  during  the 
downward  half  revolution  of  each  crank.  Ans.    15.27  Ibs. 

2.  Assuming  the  resistance  to  a  cutting  tool  to  vary  as  the 
depth  of  cut.     Compare  the  work  done  in  planing  a  flat  2  ins. 
wide  on  an  iron  cylinder  4  ins.  diameter,  12  ins.  long,  with  that 
done  in  planing  it  down  to  the  middle,  and  also  with  the  work 
done  in  reducing  its  diameter  to  3^  ins.  Ans.   1.82:32:15. 

3.  A  spring-loaded  safety-valve  is  3!  ins.  diameter,  loaded  to 
135  Ibs.  per  sq.  inch.     The  original  length  of  the  spring  was  24 
ins.,  and  it  is  compressed  to  20  ins.  when  fully  loaded.    Find  the 
work  done  in  lifting  the  valve  through  I  inch. 

Ans.    122  ft.-lbs. 
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4.  A  cylinder  6^  ft.  long,  2  sq.  ft.  sectional  area,  contains  I 
Ib.  of  air  at  atmospheric  pressure.     Find  the  work  done  in  com- 
pressing it  to  four  atmospheres  according  to  the  hyperbolic  law. 

Ans.  44,240  ft.-lbs. 

5.  In  question  10,  page  75,  draw  a  curve  showing  the  resist- 
ance  at   any  point   of  the  lift   of  the  anchor — 1st,  neglecting 
buoyancy  ;   2d,  taking  account  of  the  buoyancy  of  the  water. 
S.G.  of  the  iron  7.5.      Calculate  in  each  case  the  work  done 
during  each  half  of  the  lift. 

Ans.  216,194!  ;  192.45;  1 80. 1 2  ft. -tons. 

6.  If  the  engine  of  question  4,  page  74>  drive  a  pair  of  drums 
so  that  the  rope  unwinds  from  one  while  winding  on  the  other. 
Draw  a  curve  of  resistance  for  one  lift,  assuming  equal  lengths 
of  rope  to  wind  and  unwind  in  the  same  time.     Weight  of  rope 
8  Ibs.  per  yard.     Find  the  work  done  in  each  third  of  the  lift. 

Ans.  674,420,  1 66  ft. -tons. 

7.  The  drums  in  the  preceding  are  conical,  varying  from  20 
ft.  diameter  to  30  ft.,  so  that  the  winding  and  unwinding  are  not 
actually  equal.     Draw  a  curve  of  resisting  moment  due  to  the 
rope  and  coals  lifted,  and  also  a  curve  of  the  moment  exerted  by 
the  descending  rope ;   and  by  combining  these  obtain  a  curve 
showing  the  moment  exerted  at  any  point  by  the  driving  engine. 
Hence  calculate  the  work  done  during  each  quarter  lift.     For 
simplicity  take  only  the  complete  turns  made. 

Ans.  There  are  15  complete  turns,  so  take  15  equal  distances 
on  the  base  line,  on  a  scale  of  angle  each  representing 
27T.  The  ordinates  are  then  in  order — 

(21  cwt.  +  f  x  3757T  Ibs. )  20  ft. , 

(21  cwt.  +| x  355?r  Ibs.)  20  ft.  for  ist  turn. 

(21  cwt.  +  f  X355?r  lbs.)20f  ft., 

(21  cwt.  + 1  x  334| TT  Ibs.)  20f  ft.  for  2d  turn, 
etc.  etc. 

thus  giving  a  stepped  curve,  assuming  the  rope  wound 
in  parallel  circles  of  diameter  20  ft,  2O§  ft.  etc.,  the 
moment  changing  suddenly  at  the  commencement  of 
each  turn.  Actually,  the  rope  being  wound  continu- 
ously, the  curve  would  be  continuous,  but  the  investi- 
gation is  outside  our  present  limits.  The  results  are 
practically  unaffected.  A  similar  curve  is  obtained 
for  the  other  rope,  omitting  the  21  cwt. 
Results — 

1st  quarter,  618  ;  2d,  412  ; 

3d,  206  ;  4th,  o  ft.  -tons. 
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8.  A  steam  engine  is  supplied  with  steam  of  45  Ibs.  absolute, 
and  discharges  into  the  atmosphere,  the   back  pressure  being 
17  Ibs.  absolute,  and  steam  admitted  during  the  whole  stroke. 
Estimate  the  gain  of  work  per  cent :   1st,  by  fitting  a  condenser 
so  that  the  back  pressure  is  reduced  to  3  Ibs. ;   2d,  by  further 
cutting  off  the  steam  at  half  stroke,  so  as  to  use  only  half  the 
quantity  per  stroke,  assuming  expansion  according  to  the  hyper- 
bolic law.  Ans,   50 ;  70. 

9.  The  ordinates  of  an  indicator  diagram  are — 

Front  end  1.5,  1.48,  1.45,  i.i,    .9,    .75,  .64,  .6,  .5,    .3  ins. 

Back  „  1.6,1.5,  i-3»  LI.  -85>  -7,  .66,  .6,  .45,  .2  „ 
The  indicator  spring  is  compressed  I  inch  by  16  Ibs.  Diameter 
of  cylinder  45  ins.,  stroke  3  ft.  9  ins.,  revolution  65.  Calculate 
the  I.H.P.  If  the  piston  rod  be  5  ins.  diameter,  and  there  be 
no  tail  rod,  find  what  correction  should  be  made  in  the  pre- 
ceding result.  Ans.  341.7;  2.13. 

10.  The  curve  of  stability  of  a  vessel  is  a  segment  of  a  circle 
of  radius  twice  the  ordinate  of  maximum  statical  stability,  which 
is  2500  tons-feet ;  estimate  the  total  dynamical  stability  of  the 
vessel,  the  angle  of  vanishing  stability  being  85°. 

Ans.  When  a  ship  is  forcibly  heeled  over,  the  water  offers  a 
resisting  moment,  commencing  at  zero,  increasing  to 
a  maximum,  and  then  decreasing  again  to  zero,  as  the 
ship  is  heeled  through  an  increasing  angle ;  any 
heel  will  capsize  her  altogether.  The  curve  of 
stability  is  a  curve  whose  base  shows  angles  of  heel 
and  ordinates  corresponding  resisting  moments,  so  it 
is  the  curve  of  resistance  to  rotation ;  the  resisting 
moment  at  any  angle  is  called  the  Statical  Stability, 
and  the  work  done  in  heeling  the  ship  to  that  angle 
the  Dynamical  Stability ;  the  angle  at  which  the 
statical  stability  vanishes  is  called  the  angle  of  vanish- 
ing stability.  Hence  the  required  dynamical  stability 
is  the  total  area  of  the  curve  of  stability,  viz.  2630 
ft.  -tons. 

11.  Calculate  the  H.P.  of  a  turbine  working  for  10  hours  a 
day,  supplied  from  a  reservoir  at  an  elevation  of  50  feet,  con- 
taining 100,000  cubic  feet,  which  is  emptied  at  the  end  of  10 
hours'  work.     The  reservoir  is  continuously  supplied  by  a  stream 
which  is  capable  of  just  filling  it  during  the  period  of  14  hours 
rest.     Assume  .  3  of  the  energy  wasted.  Ans.  20. 5. 


CHAPTER    V 

SIMPLE   MACHINES 

IN  order  to  do  work  we  must  have  some  source  of 
energy,  and  in  some  instances  the  source  can  supply 
energy  of  exactly  the  nature  required.  For  example, 
to  draw  a  waggon  we  require  say,  a  pull  of  100  Ibs.  on 
the  traces,  this  being  the  resistance  offered  by  the  road  ; 
then  a  horse  is  capable  of  exerting  such  a  pull,  and  will 
move  the  waggon.  In  such  a  case 

Energy  exerted  — work  done, 
[In  the  actual  case  above  it  is  all  work  wasted.] 

and  also 

Effort  =  resistance. 

But  often  the  energy  which  the  source  can  exert  is  of 
a  different  character  to  the  work  to  be  done.  For 
example,  to  lift  i  ton  through  i  foot, 

Work  done  =  I  ft. -ton. 

Now  a  man  is  capable  of  exerting  i  ft.-ton  of  energy 
if  he  have  time,  but  he  cannot  exert  it  in  the  form  of  an 
effort  of  i  ton,  but  of  say  only  i  cwt.  And  then  to  do 
the  above  work  an  effort  of  i  cwt.  must  be  exerted 
through  20  ft.  For  the  man  therefore  to  lift  i  ton  he  must 
apply  his  effort  to  some  part  of  an  intermediate  agent — 
say  to  the  end  of  the  rope  of  a  set  of  pulleys — which 
agent  is  capable  of  changing  the  form  of  the  energy  to 
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that  of  the  work,  then  the  ton  weight  must  be  attached 
to  some  other  point  of  the  agent — in  the  case  above  to 
the  other  end  of  the  rope — and  the  agent  must  be  such 
as  to  magnify  the  effort  20  times,  and  also  to  reduce  the 
velocity  20  times.  Then  will 

i  cwt.  exerted  through  20  ft.  lift  I  ton  through  i  ft. 

We  say  then  that  the  man  has  to  use  a  machine,  and 
in  most  cases  of  doing  work  we  have  to  use  a  machine, 
hence  the  necessity  of  the  task  which  we  now  commence, 
i.e.  an  examination  of  the  working  of  various  machines. 

The  steam  engine,  for  example,  is  a  machine,  trans- 
mitting the  energy  of  the  steam  to  the  point  at  which  we 
require  work  to  be  done,  e.g.  in  a  colliery  winding  engine, 
to  the  rope  which  lifts  the  cage  or  coals  up  the  shaft, 
and  in  the  transmission  altering  the  character  or  nature 
from 

Steam  pressure  x  distance  moved  by  piston 
to 

Weight  of  coals  x  distance  through  which  they  are  lifted. 

This  of  course  implies  that  there  is  no  waste  of 
energy  in  transmission,  which  is  never  the  case  in 
practice ;  actually  some  will  be  wasted  and  the  re- 
mainder transmitted. 

The  effect  which  the  man  seeks  in  using  a  set  of 
pulleys  is  the  magnifying  of  his  effort,  an  effect  which  is 
expressed  by  saying  the  machine  gives  or  has  a  Mechani- 
cal Advantage  ;  the  magnitude  of  the  mechanical  advan- 
tage being  measured  by  the  number  of  times  the  effort 
is  increased,  i.e.  by  the  ratio  of  resistance  to  effort. 

In  old  treatises  on  machinery  these  latter  are  called 
generally  weight  and  power,  but  we  have  already  given 
a  definite  meaning  to  power,  and  the  resistance  is  not  in 
all  cases  a  weight,  so  we  will  keep  to  the  terms  resist- 
ance, effort. 

'  Now  although  the  mechanical  advantage  is  what  is 
sought,    yet    there    is    another    effect   which    invariably 
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accompanies  this,  i.e.  the  alteration  of  velocity.  We 
may  not  desire  this  but  we  cannot  avoid  it,  and  thus  the 
consideration  of  the  changes  of  velocity,  or  generally  of 
the  motion  of  the  machine,  becomes  a  part  of  our  subject. 
In  some  cases,  e.g.  a  watch,  motion  only  is  the  requirement. 

We  shall  commence  now  to  examine  certain  machines, 
both  as  regards  motion  and  as  regards  the  forces  to 
which  the  parts  are  subjected,  due  to  the  performance 
of  work.  We  begin  as  usual  with  the  simplest ;  and 
shall  also  in  each  case  omit  in  the  first  place  the  influence 
of  friction  and  take  the  case  of  Balanced  Forces. 

The  Inclined  Plane. — If  we  have  a  weight,  say  a 
waggon  of  weight  W  at  A,  which  we  wish  to  move  to  C, 
we  might  effect  this  by  moving  it  hori- 
zontally to  B  and  then  lifting  it  direct 
to  C. 

To    do   this,   however,    we   require 
an   effort   to   be    exerted  through   CB  / 
equal  to  the  weight  W,  and  such  an 
effort  may  not  be  available. 

We  then  proceed  by  making  an 
inclined  plane  from  A  to  C,  and  we  shall  now  see  that 
an  effort  much  less  than  W  will  be  sufficient  to  effect 
the  movement. 

Let  now  the  horse  pull,  exerting  an  effort  in  the 
direction  AC.  Let 

P  =  effort  of  horse. 

Because  the  forces  are  balanced,  or  because  we  sup- 
pose the  only  effect  produced  to  be  the  movement  of 
the  waggon  (compare  page  60). 

Energy  exerted  =  work  done. 
But 

Energy  exerted  =  P  x  AC, 

work  done  =  W  x  CB     (paee  77), 
.•.P.AC  =  W.CB, 

.'.  P  =  w£5 
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The  mechanical  advantage  then  is 

W  AC 

-jr-  =  cosec  CAB  or  -^-. 
I  CB 

This  we  also  call  the  Force  Ratio. 
Now  to  examine  the  motion.      Let 

V  —  speed  of  waggon  along  the  plane. 
[V  may  be  uniform  all  along  AC,  or  simply  the  velocity  at  D.] 

Then  V  is  the  velocity  of  the  effort. 

fi  Now  V  is  compounded  of  a  hori- 
zontal velocity  V  cos  CAB  and  a  verti- 
cal velocity  V  sin  CAB. 

The  velocity  of  motion  then  against 
the  resistance,  or  the  velocity  at  which 
Fig.  71.  the  waggon  is  rising,  is  V  sin  CAB. 

Velocity  against  resistance  _V  sin  CAB 
Velocity  of  effort  ~~V ' 

=  sin  CAB. 

This  is  called  the  Velocity  Ratio,  and  we  get  the 
relation, 

Velocity  ratio  •=.-=. — . 

Force  ratio 

An  equation  which  is  equally  true  for  all  cases  of 
balanced  forces,  and  is  in  fact  only  another  mode  of 
expressing  the  Principle  of  Work.  For — 

Energy  exerted  =  work  done 
.'.  P  x  movement  of  P  =  R  x  movement  of  R, 

whence  it  directly  follows. 

The  work  done  will  be  the  same,  whether  we  start 
from  rest  and  end  up  at  rest,  or  start  with  a  velocity 
which  is  kept  uniform  during  the  whole  motion.  The 
only  condition  necessary  is  that  we  leave  off  at  C  with 
the  same  velocity  with  which  we  commenced  at  A. 
The  effort,  however,  would,  for  all  cases  except  uniform 
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motion,  vary,  and  instead  of  P  we  should  have  PuuaH  in 
the  equations. 

[The  student  must  keep  the  preceding  statement  carefully  in 
mind,  as  it  applies  to  all  cases  of  the  present  chapter,  and  we 
shall  therefore  not  specifically  state  it  for  each  case.] 

The  results  obtained  have  been  derived  by  use  of 
the  Principle  of  Work.  We  will  now  verify  them  by  the 
use  of  other  principles  which  will  be  found  explained  in 
all  treatises  on  Statics. 

The  waggon  W  at  D  being  in  uniform  motion,  the 
actions  on  it  of  bodies  which  tend  to  increase  its  motion 
must  be  exactly  balanced  by  the  actions  of  those  bodies 
which  tend  to  retard  the  motion. 

The  statement  here  made  differs  somewhat  in  word- 
ing from  that  commonly  made,  which  is  that  .the  forces 
must  be  in  equilibrium.  Now  it  is  absolutely  essential 
that  the  student  recognise  fully  from  the  beginning  that 
forces  can  only  result  from  the  actions  of  other  bodies 
on  that  of  which  we  consider  the  motion,  and  we  have 
therefore  stated  the  principle  as  above. 

We  proceed  then  to  question  ourselves  as  follows  : — 

(1)  What  is  the  body  acted  on,  and  whose  motion  is 
to  be  considered  ? 

Answer — The  waggon. 

(2)  What  other  bodies  act  on  it  ? 

The  answer  to  this  in  the  first  instance  is  always  the 
same,  viz.  all  bodies  which  touch  it.  So  we  put  the 
question  in  the  form — What  other  bodies  touch  it  ? 

Answer — The  traces  which  pull  it,  and  the  plane. 

But  we  must  always  include  in  addition  a  body 
which  acts  on  it  without  touching  it,  viz.  the  Earth. 

[We  do  not  know  how  the  Earth  acts,  but  we  do  know  it  does 
by  gravitation  give  rise  to  effort  and  resistance.  Other  bodies, 
as  magnets,  also  can  exert  actions  without  touching,  but  such 
actions  as  these  are  outside  our  present  scope.  ] 

The  full  answer  to  (2)  is  then — 
H 
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The  traces,  plane,  and  whole  earth.  The  actions  of 
these  bodies  are,  in  order, 

P,  R,  and  W. 

Of  these  actions  or  forces  R  has  no  effect  on  the 
motion,  being  at  right  angles  to  it 
(compare  page  76), 

.'.  P's  effect  =  W's  effect. 

B  But  P's  effect  is  due  to  the  whole 
of  P,  while  W's  is  only  due  to  the 
part  of  W  acting  in  the  line  of 
motion,  i.e.  W  cos  EDA, 

.• .  P  =  W  cos  EDA  =  W  sin  CAB, 

which  verifies  the  result  before  obtained. 

Here,  in  all  probability,  the  student  will  think  that  a 
great  deal  of  time  has  been  spent  in  arriving  at  a  result 
which  could  have  been  obtained  in  one,  or  at  the  most 
two  lines  by  "  resolving  along  AC." 

But  it  is  just  by  failing  to  put  the  questions  we  have 
considered  that  very  many  errors  are  made  in  the 
treatment  of  this  subject.  No  doubt  in  the  present 
simple  case  a  correct  result  would  be  arrived  at ;  but, 
in  the  most  complicated  questions  possible,  the  student 
will,  by  putting  these  questions  in  order,  necessarily 
arrive  at  a  correct  result,  allowing  of  course  for  over- 
sights or  errors  of  calculation. 

It  is  instructive  to  examine  two  different  ways  in 
which  we  might  have  answered  question  (i). 

ist.  We  might  answer — The  waggon  and  traces.  This 
is  equally  a  body  whose  motion  we  can  consider. 

Then  the  answer  to  (2)  becomes — The  collar,  plane, 
and  earth;  or,  to  (i),  The  waggon  and  all  the  harness  ; 
then  to  (2),  The  horse,  plane,  and  earth. 

It  is  perfectly  immaterial  which  of  the  three  methods 
of  answering  the  questions  we  adopt,  but  we  must  take 
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one  of  the  sets  given  complete.  It  would  for  instance 
not  be  correct  to  say  in  answer  to  ( i )  The  waggon  ;  and 
then  to  (2)  The  horse,  because  the  horse  does  not  touch 
the  waggon,  although  he  is  of  course  in  each  case  the 
natural  source  of  the  effort. 

The  student  must  clearly  understand  that  it  is  only 
by  thorough  examination  of  the  details  of  a  question  that 
we  can  arrive  at  a  full  understanding  of  it.  And 
although  such  examination  may  in  the  present  simple 
example  appear  even  trivial,  there  are  many  cases  in 
which  neglect  of  such  detailed  examination  leads  to  the 
most  serious  errors.  We  shall  not  be  able  from  want  of 
space  to  give  this  detailed  process  in  every  case,  and 
shall  use  the  ordinary  expression  "  resolving  the  forces." 
But  in  every  case  the  process  will  have  been  mentally 
gone  through,  which  is  the  chief  point ;  although,  at 
any  rate  during  the  first  study  of  the  subject,  the  student 
will  find  it  advantageous  to  actually  write  the  process 
in  full  for  each  question. 

There  is  one  quantity  which  we  have  not  found  the 
value  of  because  we  could  obtain  our  chief  result  without 
it,  viz.  the  value  of  R.  This  is  sometimes  required,  and 
to  obtain  "  resolve  in  the  direction  of  R  "  (see  preceding). 
Then 

R=WcosCAB. 

Case  II. — Next  let  the  effort  be  horizontal  instead 


cos  CAB 


Fig-  73- 

of  along  the  plane.      This  is  not  a  practical  case  in  an 
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ordinary  inclined  plane,  but  we  shall  use  it  for  a  partic- 
ular case  in  the  next  chapter. 

We  have  then  P,  W,  and  R — the  effort,  resistance, 
and  reaction  of  the  plane.     Then 

Energy  exerted  — Work  done, 
.-.  PxAB  =  WxBC    (page  77), 

.       W    AB        t_AT> 

. ' .  Force  ratio  =  -^  =        =  cot  CAB, 

and  the  inverse  is  the  velocity  ratio,  for — 

Velocity  of  P  in  its  own  line  of  action  =  V  cos  CAB, 
W        „  „  =V  sin  CAB, 

.,  .     v        ..       V  sin  CAB     t      n .  _ 
. \   Velocity  ratio  =..    _^AT.  =  tan  CAB, 


force  ratio' 
To  obtain  R  we  resolve  vertically,  which  gives 

RcosCAB  =  W, 
.•;  R  =  W  secCAB, 

so  that  R  is  in  this  case  greater  than  in  Case  I.,  the 
reason  being  that  P  helps  to  pull  the  slider  or  carriage 
against  the  plane. 

The  "Wheel  and  Axle. — In  this  machine  we  utilise 
the  turning  pair  to  magnify  an  effort,  which  effect  we 
produced  in  the  inclined  plane  by  the  use  of  a  sliding 
pair. 

The  motion  has  been  already  fully  investigated  in  the 
preceding    chapters,    so    we 
need    little    further    descrip- 
&?  tion. 


In     Fig.     74    A    is    the 
wheel,    B    the    axle,     these 
forming  one  solid  piece,  the 
fixed   frame,   containing  the 
P        W       bearings,  forming  the  other. 
The  effort  P  acts  on  the 
end  of  a  rope,  coiled  round,  and  fastened  to  a  point  in 
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the  wheel.     The  resistance  W  acts  en  a  rope  similarly 
connected  to  the  axle. 

If  r^  r<i  be  the  radii  of  the  wheel  and  axle  respectively, 
the  condition  for  balanced  forces  is  (page  65), 
Pr1=Wr2, 

.'.  Force  ratio  =-Tr  ——. 
P      ra 

For  the  velocity  ratio  take  one  revolution,  then 

Lift  of  W  =  length  of  rope  coiled  on  axle, 

=  2Trr%. 

Fall  of  P  =  length  of  rope  uncoiled  from  wheel, 
=  27r;i. 

-IT  i  A.-       Zirr?,     r<>  I 

.'.  Velocity  ratio  =  •  —   =  —  = 
-- 


7  —    —  — 
force  ratio 

If  the  axis  be  horizontal  we  have  the  common  wind- 
lass (Fig.  75),  if  vertical  the  capstan  (Fig.  76).      In  the 


Fig.  75- 


Fig.  76. 

first  the  effort  is  applied  to  a  handle,  which  takes  the 
place  of  the  wheel,  but  comparing  with  chap,  iii., 
page  64,  we  see  that  the  shape  of  the  piece  does  not 
affect  the  motion. 

In  the  capstan  the  effort  or  efforts  is  applied  to  bars 
radiating  from  the  head,  as  shown  in  the  plan  ;  the  rope 
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lifting  the  weight  passes  away  horizontally,  and  its 
direction  is  changed  to  vertical  or  any  other  required 
by  passing  it  over  guiding  pulleys. 

These  two  cases  supply  fresh  examples  of  the  appli- 
cation of  a  single  force  and  of  a  couple.  The  windlass 
requires  stout  bearings,  but  the  capstan  being  moved  by 
forces  applied  in  pairs  at  the  ends  of  opposite  bars,  i.e. 
by  couples,  can  do  without  any  bearing  at  all  at  the  top 
(compare  page  66). 

The  Screw. — To  use  this,  the  third  simple  pair,  as 
a  machine,  we  apply  a  moment  to  effect  the  turning 
motion,  either  to  the  screw  or  nut,  the  other  piece  being 
prevented  from  turning ;  and  we  apply  the  resistance  to 
resist  the  sliding  motion  of  one  piece,  the  other  being 
prevented  from  sliding,  i.e.  the  effort  causes  the  relative 
turning  and  the  resistance  resists  the  relative  sliding. 

The  double  nature  of  screw  motion. makes  this  case 
a  little  more  complicated  than  the  preceding  ones.  In 
the  inclined  plane  we  generally  regard  the  plane  as  a 
fixed  body,  since  it  is  connected  to  the  earth  in  nearly 
all  practical  cases.  Also  in  the  wheel  and  axle  the 
bearings  are  considered  as  fixed ;  in  the  case  of  the 
windlass  generally  to  the  earth,  and  in  the  case  of  the 
capstan  to  the  earth  or  to  a  ship  ;  in  either  case  they  are 
fixed  relatively  to  the  observer. 

But  in  the  screw  motion  not  only  may  either  be 
actually  fixed  relatively  to  the  observer,  but  one  may  be 
fixed  against  turning  yet  free  to  slide,  while  the  other  is 
fixed  against  sliding  while  free  to  turn,  or  vice  versa; 
the  turning  and  sliding  here  mentioned  being  relative  to 
the  observer. 

None  of  these  considerations,  however,  will  affect  the 
relative  motion,  and  hence  we  can  at  once  apply  the 
Principle  of  Work  to  give  us  the  relation  between  the 
effort  and  resistance,  and  then  examine  some  practical 
cases  showing  the  different  ways  in  which  the  pair  is 
used. 
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Let  then 

M  =  turning  moment, 

and  for   definiteness  we  will  take   the   nut  to  be  fixed 
relatively  to  ourselves,  the  observers. 

R  =  resistance  to  sliding. 
Then,  taking  a  period  of  one  revolution, 

Energy  exerted  =  M  x  2ir, 
Work  done  =  Rx/, 

where  p  =  pitch  of  screw,  and  therefore  is  the  amount  of 
sliding  against  R  (page  34), 


This  then  is  the  general  equation,  and  is  quite  inde- 
pendent of  which  piece  is  fixed,  depending,  as  it  does, 
entirely  on  relative  motion. 

We  can  now  if  we  please  suppose  M  to  be  applied 
by  an  effort  P,  acting  at  a  radius  r.  Then 


We  may  then  say 

R     2-rrr 

Porce  ratio  =  —  =  -  , 
P       / 

and 

Velocity  ratio  =  -•£-    (page  34)  . 


The  value  of  the  force  ratio  shows  that  these 
machines  are  suitable  where  the  effort  requires  to  be 
much  magnified,  for  example,  in  a  screw  jack  (page 
36). 

Let  a  man  apply  an  effort  of  40  Ibs.  to  the  end  of  a 
handle  2  ft.  long,  then  to  find  the  resistance  he  can 
overcome  we  have 


^  (p  in  ft.  since  r  is). 


p  p 
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will  be  say  J  in.,  i.e.  ~±  ft. 

.'.  R  =  24x  i6o7r  Ibs., 

=  i2,ooolbs.  about. 

[Of  course  friction  will  greatly  modify  this  in  an  actual  case, 
see  next  chapter.] 

We  considered  the  screw  jack  in  chap,  ii.,  page 
36  ;  looking  back  we  see  it  is  a  case  where  the  nut  is 
fixed — since,  though  not  actually  fastened  to  the  ground, 
its  weight  keeps  it  practically  so — while  the  screw  both 
turns  and  advances,  R  is  W  the  weight  lifted,  and  M  is 
applied  to  the  screw. 

Screw  Press. — The  screw  press  is  another  example 


of  the  same  type.  The  moment  is  applied  to  the  handle 
A,  which  is  fixed  to  B  the  screw,  while  the  article  to  be 
pressed  lies  between  the  piece  C  which  slides  in  the 
frame  D,  and  the  bottom  of  D. 

R  is  then  the  pressure  applied  to  the  article  pressed. 

In  both  the  screw  jack  and  the  press  there  is  a  part 
which  will  repay  a  little  examination.  It  is  practically 
identical  in  each,  so  we  will  take  the  case  we  have  just 
considered,  viz.  the  press. 

The  source  of  resistance  is  some  body  between  C  and 
D,  and  this  body  offers  its  resistance  to  C,  which  it 
touches,  not  to  B,  the  screw.  We  have  then  strictly  no 
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right  yet  to  say  that  R  is  the  pressure  applied  to,  or  the 
resistance  offered  by,  the  body  pressed. 

But,  considering  the  motion  of  the  sliding  pair  CD, 

we  have 

Effort  =  resistance. 

But  the  effort  on  C  is  exerted  by  the  end  of  B,  and 
is  therefore  exactly  equal  and  opposite  to  the  resistance 
which  C  offers  to  the  end  of  B, 

.  • .  If  R  =  resistance  to  advance  of  B, 
R  =  effort  acting  on  C, 

and  therefore  also 
R  =  resistance  offered  by  the  body  pressed  to  the  sliding  of  C. 

Btit  the  resistance  which  the  body  offers  to  C  is  egttal 
and  opposite  to  the  pressure  which  C  exerts  on  the  body; 
and  hence  then  the  value  of  this  pressure  is  R,  as  we 
have  stated  it  to  be. 

The  effect  then  of  C  is  nothing  so  far  as  ratio  of 
pressure  to  moment  is  concerned ;  C  being  fitted,  not 
for  any  reason  connected  with  energy  or  work,  but 
simply  to  prevent  the  end  of  B  rubbing,  by  its  turning 
motion,  the  body  to  be  pressed.  Although,  therefore,  we 
have  in  reality  a  machine  containing  three  pairs,  viz.  a 
screw  pair  BD,  a  turning  pair  BC,  and  a  sliding  pair 
CD — yet  we  may  practically  treat  it  as  if  it  were  a 
simple  screw  pair  only. 

We  have  just  been  using,  for  the  first  time,  a  very 
important  principle  ;  which,  while  practically  self  evident, 
is  yet  liable,  if  not  thoroughly  comprehended,  to  cause 
confusion.  The  principle  we  refer  to  is  that  ordinarily 
stated  in  the  form 

Action  and  Reaction  are  equal  a7id  opposite. 

We  have  used  the  principle  twice  in  proving  that  R, 
the  resistance  to  the  screw  motion,  is  also  the  pressure 
on  the  body  pressed.  We  will  take  the  one  case  which 
we  have  italicised  above  for  further  consideration. 
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Stress — Force. — Now  what  we  really  know  about  C 
and  the  body  pressed  is  that  there  is  a  mutual  action  be- 
tween them  where  they  touch.  This  is  only  one  action,  but 
it  has  two  aspects,  according,  we  may  say,  to  our  point  of 
view  ;  we  can  say  C  exerts  a  pressure  on  the  body — or, 
the  body  exerts  a  pressure  on  C.  Each  of  the  preceding 
statements  is  true,  and  moreover  neither  can  exist  alone, 
so  that  they  are  not  two,  but  one  as  we  have  said. 

The  action  being  one  has  one  name,  which  applies 
to  it  as  a  whole,  and  we  say  a  Stress  exists  between 
the  surfaces  of  C  and  the  body.  But  since  there  are 
two  ways  of  looking  at  the  action,  we  have  also  a  name 
for  each  of  its  aspects,  viz.  Force.  So  we  say  C  exerts 
a  force  on  the  body,  and  the  body  exerts  a  force  on  C. 

The  true  and  full  statement  of  the  action  between  C 
and  the  body  then  is  that  a  stress  of  magnitude  R  Ibs. 
exists  between  them,  and  since  no  way  of  looking  at 
the  action  can  alter  its  value,  it  follows  that  the  force 
exerted  by  C  on  the  body,  and  that  exerted  by  the  body 
on  C,  are  each  R  Ibs. 

The  two  forces  just  mentioned  are  those  which  are 
sometimes  called  Action  and  Reaction.  The  reason  for 
giving  the  name  Action  to  the  first  more  than  the 
second  being  that  C  is  generally  the  moving  or  acting 
body,  while  the  pressed  body  lies  still.  But  so  long 
as  we  deal  with  relative  motion,  and  treat  the  two  bodies 
as  on  an  equal  footing  as  regards  motion,  we  need  not 
distinguish  between  the  two. 

[There  is  no  difficulty  in  making  C  the  passive  body  if  we  like ; 
we  have  only  to  fix  it,  in  a  vice  say,  and  then  we  should  screw 
the  pressed  body  up  against  it.  We  should  certainly  in  no  way 
affect  the  mutual  action  between  them  by  doing  this.] 

It  is  not  only  between  bodies  which  actually  touch 
that  a  stress  can  exist.  For  we  shall  find  that  every 
case  in  which  one  body  exerts  a  force  on  another  is  a 
case  of  stress  between  the  two.  Take  gravity  for  in- 


CHAP,  v  SIMPLE  MACHINES  107 

stance.  We  say  the  earth  exerts  a  pull  on  a  falling 
weight,  but  what  we  really  know  is  that  they  have  a 
mutual  tendency  to  approach  each  other,  i.e.  there  is  a 
mutual  action,  a  stress,  between  them.  The  stress  we 
can  describe  either  as  the  earth  pulling  the  weight,  or 
the  weight  pulling  the  earth  ;  and  it  is  impossible  to  say 
that  one  of  these  is  more  or  less  correct  than  the  other. 

Similarly  for  a  magnet  and  a  piece  of  iron,  or  any 
instance  whatever  of  what  we  call  forces. 

We  can  now  define  strictly  a  term  which  we  have 
hitherto  used  without  defining,  viz.  Force.  We  have 
not  as  yet  attempted  this,  because  the  meaning  is  quite 
sufficiently  understood  for  all  the  work  we  have  done, 
and  the  introduction  of  too  many  definitions  at  the  com- 
mencement of  a  subject  is  as  likely  to  confuse  as  to  clear 
our  ideas. 

We  say  then 

Force  is  one  part  of  the  mutual  action  or  stress  be- 
tween two  bodies,  either  in  contact  or  not. 

The  reasons  for  this  statement  have  just  been 
given. 

[It  is  not  necessary  for  us  to  consider  the  cause  of  force, 
or  how  the  earth  can  exert  force  on  a  body  it  does  not  touch. 
There  is  no  doubt  that  force  is  present,  and  it  is  quite  time 
enough  to  inquire  the  cause  when  we  have  fully  investigated  all 
the  effects  which  follow  from  its  presence.] 

The  Screw  Propeller. — This  is  a  similar  case  to 
the  one  just  considered.  The  screw  is  turned,  the  nut, 
viz.  the  water,  being  fixed.  The  water,  however,  as  well 
as  taking  the  place  of  the  nut  D,  also  supplies,  by  friction 
and  otherwise,  the  resistance  to  the  ship's  motion.  The 
ship  and  thrust  block  take  the  place  of  C,  and  the  pro- 
peller with  its  shafting  that  of  B. 

The  ship,  being  in  uniform  motion,  is  acted  on  by 
the  resistance  of  the  water  R,  and  by  an  equal  force 
applied  to  the  thrust  block  by  the  shaft.  This  force  is 
called  the  Thrust. 
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So  the  equation  of  energy  becomes 
Turning  moment  on  shaft  x  2ir  =  thrust  x  pitch  of  propeller. 

Other  Examples. — As  an  example  of  a  fixed  screw 
and  moving  nut  we  may  take  an  arrangement  used  by 
Whitworth  in  making  compressed  steel  shafts. 

A  is  the  mould,  BB  are  screws,  and  the  cross-piece 
C  is  run  down  by  turning  the  nuts 
DD  at  about  500  revolutions  per 
minute.  The  projection  on  the 
cap  fits  into  the  top  of  the  mould, 
and  when  the  mould  has  been 
filled  and  C  run  down,  the  com- 
pression is  produced  by  hydraulic 
pressure  in  the  space  inside  the 
vessel  E,  forcing  the  mould  up 
against  C.  The  mould  shown  is 
for  a  piece  of  hollow  shaft. 

In  the  motion  of  the  saddle  of 
a  screw-cutting  lathe  we  have  each 
piece  partially  fixed,  for  the  leading 
screw  can  turn  in  its  bearings  but 
not  move  lengthways,  while  the 
saddle  can  slide  along  the  bed  of 

the  lathe  but  not  turn.  The  effort  is  applied  to  the 
screw,  and  the  resistance  to  the  point  of  the  tool  which 
is  rigidly  attached  to,  and  therefore  is  for  the  time  a  part 
of,  the  saddle. 

The  Screw  as  an  Inclined  Plane. —  Looking 
back  to  page  103  we  have  the  equation 

Px27rr=Rx/. 

Now  this  equation  is  the  same  as  that  for  an  inclined 
plane  of  height  /,  base  27rr,  the  effort  acting  horizontally 
(page  95). 

Hence  the  velocity  ratio  also  must  be  the  same,  which 
is  easily  seen  to  be  the  case,  and  in  fact  the  cases  are 
identical,  except  that  the  horizontal  motion  of  the  resist- 
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ing  body,  i.e.  the  slider  in  one  case  and  nut  in  the  other, 
is  in  the  plane  all  in  one  direction,  while  in  the  screw  it 
is  in  a  circular  path.  Now  this  alteration  can  be  effected 
by  coiling  the  plane  round  in  a  cylinder  of  radius  r 
(Fig.  79),  and  then  its  slant  side  takes  the  form  of  a 
thread. 

It  is  usual  to  consider  the  screw  as  derived  in  this 


2-n-r 


Fig.  79. 


way,  but  we  have  preferred  to  obtain  its  properties  by 
consideration  of  the  actual  mode  of  constructing  it  in 
practice.  This  mode,  however,  we  must  notice,  pre- 
supposes the  existence  of  another  screw,  viz.  the  leading 
screw  of  the  lathe,  while  the  present  gives  a  screw  inde- 
pendently of  any  previous  screws. 

We  have  here  considered  a  screw  as  being  virtually 
an  inclined  plane,  in  order  to  show  the  identity  of  the  two 
ideas,  but  we  shall  not  now  use  this  new  conception,  since 
we  do  not  gain  by  it.  It  will,  however,  be  required  in 
chap.  vii. 

EXAMPLES. 

1.  The  draught  of  a  waggon  is  40  Ibs.  per  ton.     Assuming 
this  to  be  constant  irrespective  of  slope,  compare  the  speed  with 
which  a  horse  could  draw  the  waggon  on  a  level  with  that  with 
which  he  could  pull  it  up  a  slope  of  I  in  50 ;  exerting  energy  at 
the  same  rate  in  each  case.  Am.   2.12:1. 

2.  If  the  waggon  above  weigh  2\  tons,  find  the  greatest  slope 
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up  which  two  horses  could  pull  it,  supposing  they  can  each  exert 
a  pull  of  150  Ibs.  Ans.   i  in  28. 

3.  Why  does  a  horse  zigzag  when  pulling  a  load  up  a  steep 
hill? 

A  loaded  cart  weighs  I  ton,  constant  resistance  45  Ibs.  The 
horse  can  only  exert  a  pull  of  112  Ibs. ;  how  many  times  must  he 
cross  the  road  in  going  up  a  hill  150  yards  long,  rising  i  in  25, 
width  of  road  35  ft.  ?  Ans.  12. 

4.  A  truck  weighing  2|  tons  rests  on  an  incline  at  30°  to  the 
horizontal.     It  is  fastened  up  by  a  rope  6  ft.  long,  fastened  to  a 
hook  in  the  truck  3  ft.  from  the  ground,  and  connected  at  the 
other  end  to,   ist,  a  fixed  point  3  ft.  from  the  ground  ;  2d,  a 
point  on  the  ground.     Find  in  each  case  the  tension  of  the  rope, 
and  the  pressure  on  the  incline. 

Ans.  Tensions,  i|,  1.3  tons;  pressures,  1.97,  2.6  tons. 

5.  In  question   io,  page  75,  the  capstan  is  3  ft.  diameter. 
How  many  men  would  be  required  to  turn  it,  each  exerting  a 
push  of  40  Ibs. ,  and  the  distance  of  the  resultant  push  on  each 
bar  from  the  centre  of  the  capstan  being  8  ft.  ?  Ans.   75. 

6.  The  pitch  of  a  screw  propeller  is  14  ft.,  and  the  twisting 
moment  applied  to  it  is  120  tons-inches.     Find  the  thrust. 

Ans.  4!  tons. 

7.  In  question  9,   p.    38,  what  force  applied  to  the  handle 
will  lift  i  ton?  Ans.  8|  Ibs. 


CHAPTER    VI 

PULLEYS,    BELTS,    AND    WHEEL    GEARS 

THE  simple  machines  already  considered  have  con- 
sisted practically  of  one  pair.  We  will  now  consider 
some  cases  of  the  connection  of  two  pairs. 

Pulley  Blocks. — The  pairs  here  connected  are  not 
real  but  virtual  pairs.  Taking  the  case  of  a  small 
weight  lifting  a  large  one,  each  weight  forms  a  virtual 
sliding  pair  with  the  earth,  and  the  pairs  are  connected 
by  the  pulley  blocks  and  ropes,  so  that  motion  of  the 
one  causes  a  certain  motion  of  the  other.  If  the  end  of 
the  fall,  i.e.  the  part  to  which  the  effort  is  applied,  be 
pulled  in  some  other  way  than  by  a  weight,  there  are 
some  means  generally  by  which  it  is  guided  in  a  straight 
path,  and  then  any  piece  of  it  may  be  considered  as 
forming,  with  the  earth,  a  sliding  pair. 

[By  the  above  manner  of  consideration  the  wheel  and  axle  and 
screw  are  also  connections  of  pairs.  There  is,  however,  a 
further  difficulty  in  pulleys,  due  to  the  rope  connec- 
tion, hence  we  place  them  in  this  chapter.  ] 

Thus  in  Fig.  80,  which  is  the  simplest  of 
all  pulleys,  the  piece  between  P  and  the  pulley 
may  be  taken  as  forming  a  sliding  pair  with 
the  earth,  being  connected  where  it  meets  the 
pulley  to  the  rope,  and  the  effort  applied  by 
the  hand  say  which  is  applying  the  effort  P. 

[It  may  seem  strange  to  describe  the  piece  of  rope 
as  being  connected  to  the  rope,  because  it  is  a  part  of  the 
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latter,  but  it  certainly  is  connected,  and  in  fact  by  the  closest 
of  all  possible  connections.] 

A  set  of  pulleys,  or  of  blocks,  as  they  are  usually 
called,  consists  of  a  rope  or  ropes  passing  round  small 
wheels  called  sheaves,  which  rotate  on  pins.  Now  we 
must  inquire  why  these  sheaves  are  fitted,  and  if  their 
motion  relative  to  the  pins  forming  a  turning  pair  has 
any  effect  on  the  energy  or  work. 

It  is  a  very  common  use  for  one  pulley  or  sheave  to 
place  it  as  in  Fig.  81  («),  in  order  to  change  the  direc- 
tion of  a  rope  which  passes  over 

it-    Now  this  effect  could  equally 

be  obtained,  as  in  (b\  by  passing 
the  rope  over  a  rounded  surface  ; 
but  then  there  would  be  consider- 
able friction  as  the  rope  slid  over 
the  surface.  The  sheave  then  is 
fitted  to  avoid  this  friction,  and 

now  there  is  no  slipping  between  the  rope  and  sheave, 
but  all  the  relative  motion  takes  place  at  the  surface  of 
the  pin,  and  thus  the  friction  is  very  much  reduced.  The 
reason  for  fitting  the  sheave  then  is  to  change  the  direc- 
tion of  the  rope  without  undue  friction ;  but,  being 
fitted,  has  it  any  effect  in  modifying  the  tension  of  the 
rope  ? 

We  are  not  considering  friction,  at  present,  so  we 
suppose  the  motion  of  the  sheave  on  the  pin  to  be 
frictionless,  and  in  this  case  the  answer  to  the  question 
just  asked  is  No.  For  let  the  motion  be  in  the  direc- 
tion of  the  arrow,  and  consider  the  piece  of  rope  AB 
as  a  body  acted  on  by  tensions  TA,  TB  at  A  and  B 
respectively,  and  by  the  pressures  of  the  pulley. 
These  latter  are  everywhere  normal  to  the  pulley, 
because,  since  the  pulley  turns  uniformly,  and  the 
pin  being  frictionless  can  exert  no  moment  on  it,  it 
follows  that  the  rope  can  exert  no  moment  on  it,  so  that 
the  pressure  of  the  rope  on  the  pulley  must  have  no 
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moment,  i.e.  everywhere  be  normal,  and  hence  so  also 
are  the  pressures  of  the  pulley  on  the  rope  (page  1 06). 

These  pressures  then  are  everywhere  at  right  angles 
to  the  motion  of  the  piece  of  rope  they  act  on,  and 
can  therefore  have  no  effect  on  the  motion.  Hence 
then  TA  and  TB  are  effort  and  resistance,  and  there  are  no 
other  forces. 

But  velocity  of  A  =  velocity  of  B,  so  the  velocity  ratio 
is  unity,  and  therefore  so  is  the  force  ratio, 

We  have  then  the  principle  that  in  the  absence  of 
friction  the  tension  of  a  rope  is  unaltered  by  passing 
round  a  pulley,  and  the  work  we  have  done  will  not  be 
affected  by  any  motion  of  the  pulley,  so  long  as  no 
moment  be  applied  to  it,  i.e.  we  may  apply  any  force 
we  please  through  its  centre  without  affecting  our 
equations. 

We  see  then  at  once  that  we  cannot  obtain  any 
mechanical  advantage  by  the  use  of  a  single  fixed 
pulley,  i.e.  pulley  with  fixed  centre,  as  Fig.  80,  for  we 
have  by  our  principle 

P  =  W. 

But  now  in  addition  to  a  fixed  pulley  let  us  take  a 
movable  pulley. 

W  is  not  now  fastened  to  the  rope  to  which  P  2 
is  applied,  but  to  the  framework  of  the  movable 
pulley,  and  the  rope,  after  passing  round  both, 
is   led   up  and  fastened    to  the   frame   of  the 
fixed  pulley. 

Let  P  be  drawn  down  say  2  ft,  then 
W  rises,  shortening  both  ab  and  cd,  and 
neglecting  the  little  deviation  from  parallelism 
they  shorten  equally  ;  so  each  shortens  I  foot, 
which  is  therefore  the  rise  of  W, 

2  ft.       2 

.'.  Velocity  ratio=  -_    ==-. 
I  ft.      I 
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Therefore  the  force  ratio  =  i,  and 

*=?• 

the  mechanical  advantage  being  2. 

We  will  now  verify  this. 

W  is  supported  by  ac  and  bd.  The  tensions  in  these 
are  equal,  and  each  equal  P  (see  previous  principle), 

.-.  W  =  2P, 
as  above. 

The  actual  construction  of  a  block  is  shown  here 
(Fig.  83),  the  hooks  being  for  the  attachment  of  ropes, 
so  that  this  may  be  hung  up  to  a  fixed  point,  forming 
the  fixed  pulley,  or  W  be  hung  to  the  hook,  and  it  can 


O 


Fig.  83. 


Fig.  84. 


Fig.  85. 


form  the  movable  pulley.  A  pair  of  such  blocks  with 
the  rope  which  goes  round  the  sheaves  is  called  a  tackle, 
or  system  of  pulleys. 

If  we  desire  to  still  further  increase  the  mechanical 
advantage,  we  can  do  so  by  using  more  than  one  sheave, 
say  for  example  three  as  here  shown  (Fig.  84). 

We  use  a  pair  of  such  blocks,  and  call  the  whole  a 
pair  of  three-sheaved  blocks.  The  rope  would  pass  in 
turn  round  an  upper  and  under  pulley,  being  finally 
fastened  to  the  lower  hook  of  the  top  or  fixed  block. 

Fig.  85  shows  a  diagrammatic  representation  of  the 
run  of  the  rope. 
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We  will  now  examine  the  general  case  when  there 
are  n  plies  of  rope  supporting  the  lower  block. 

[;z  may  be  odd  or  even  ;  in  a  pair  of  three-sheaved  blocks  it  is 
6  ;  but  we  may  have  3  sheaves  at  top  and  2  at  bottom,  then  the 
final  fastening  would  be  to  the  top  hook  of  the  lower  block,  and 
there  would  be  5  plies.] 

By  our  principle  the  tension  all  through  the  rope  is  P, 
therefore  nP  supports  W,  and 


Force  ratio  =  n. 

Also  if  P  move  a  distance  .r,  all  the  ;/  plies  shorten 
equal  amounts,  so  that  each  shortens  *•/«,  the  rope  re- 
maining of  unaltered  length. 

x'jn  then  is  the  rise  of  W,  and 

Velocity  ratio  =  -*  —  =  -  , 
oc       i 

verifying  our  result. 

All  sorts  of  combinations  of  pulleys  can  be  used  for 
various  purposes,  but  the  same  principle  applies  to  all, 
and  so  we  shall  not  examine  their  working  ;  moreover, 
the  one  we  have  considered  is  of  far  more  importance 
than  all  the  rest  together. 

Belt  Connection.  —  Next  we  will  consider  the  con- 
nection of  two  turning  pairs. 

We  have  generally  so  far  considered  the  magnifying 
of  the  effort  as  the  effect  sought  after,  but  inseparably 
connected  with  this  we  have  seen  there  is  a  modification 
of  the  velocity.  For  in  all  cases 


Force  ratio  — 


velocity  ratio 

In  some  cases  it  is  the  modification  of  velocity 
which  is  chiefly  aimed  at,  the  alteration  of  effort  which 
necessarily  follows  being  regarded  as  of  subsidiary  im- 
portance, or  even  in  some  cases,  e.g.  the  mechanism  of 
a  watch,  of  no  importance  at  all.  In  this  case  we 
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should  not  call  the  watch  a  machine  but  a  mechanism, 
its  sole  object  being  the  production  of  a  certain  motion. 
We  shall  then  treat  the  present  case,  in  the  first 
instance,  from  the  view  of  modification  of  motion,  and 
deduce,  when  necessary,  the  accompanying  change  of 
effort.  And  this  method  has  the  advantage  that  our 
main  treatment,  being  purely  geometrical,  will  be  just  as 
true  when  we  have  to  take  frictional  forces  into  account 
as  now  when  we  omit  them,  which  would  not  be  the 
case  if  we  based  it  on  the  modification  of  the  effort. 

[This  will  be  seen  in  the  examples  considered  in  the  succeeding 
chapter.  ] 

We  have  now  then  this  problem  : — 
Given   two  turning  pairs,  i.e.   two  shafts  turning  in 
bearings  fixed  to  the  earth  or  to  some  framework,  it  is  re- 
quired to  connect  them  so  as  to  have  a  given  velocity  ratio, 
ist  Case. — Where  the  distance  apart  of  the  centres 
is  large. 

A  and  B  are  the  two  shafts,  the  bearings  are  not 
shown. 

Fix  now  pulleys  CD 
and  EF  on  A  and  B  respect- 
ively, and  connect  these  by 
an  endless  belt  or  rope 
passing  round  them  as 
Fig  86  shown.  Then  as  A  turns 

the    belt    turns    with    the 

pulley  CD,  and  so  causes  the  rotation  of  EF,  i.e.  of  B. 
Let  now 

AA  =  angular  velocity  of  A, 
AB  =  required  angular  velocity  of  B. 

The  motion  being  turning,  the  velocity  ratio  will  be 
one  of  angular  velocities.     Let 

r\  =  radius  of  CD, 
TB  =  radius  of  EF. 

The  principle  governing  the  connection  is  that  the 
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total  length  of  the  belt  is  constant,  also  the  lengths  of 
the  parts  CE,  EF,  FD  and  DC,  and  that  the  belt  does 
not  slip  on  the  pulleys. 

Since  the  belt  does  not  slip  on  CD, 

Speed  of  point  C  of  belt  —  speed  of  point  C  of  pulley, 

=  speed  of  any  point  on  periphery, 
=  AA.^A    (page  31). 
Similarly  from  EF 


or 


Speed  of  point  E  of  belt  = 
But  CE  is  of  constant  length, 

. ' .  Speed  of  C  =  speed  of  E, 


whence 


That  is,  the  angular  velocities  of  the  shafts  vary  inversely 
as  the  radii  of  the  pulleys.  We  must  then  take  rA  and 
rB  such  as  to  satisfy  the  above  relation. 

The  shaft  A  may  represent  the  main  shaft  of  a 
factory,  and  we  see  that  by  fitting  to  it  pulleys,  which 
drive  by  belts  other  pulleys  on  shafts  fitted  to  different 
machines,  we  can  from  the  one  shaft  obtain  any  number 
of  different  angular  velocities  in  the  other  shafts. 

Length  of  Belt. — There  are  two  ways  in  which  the 

L 


Fig.  87. 

belt  may  be  put  on,  either  as  in  Fig.  86,  called  an  open 
belt,  or  in  Fig.  87,  called  a  crossed  belt. 
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In  the  first  case  both  shafts  rotate  in  the  same 
direction,  while  in  the  second  they  rotate  in  opposite 
ones. 

There  is  a  peculiarity  connected  with  the  length  of  a 
crossed  belt  which  is  of  practical  importance. 

In  Fig.  87  A  and  B  are  the  centres  of  the  pulleys. 

Produce  AB  both  ways  to  M  and  N. 

Let  0  be  the  circular  measure  of  DKA.      Then 

Half  length  of  belt 

=  MD  +  DK  +  KE  +  EN, 

=  rA  x  <  MAD  +  rA  cotan  6  +  rB  cotan  0  +  rs<  EBN, 


A  +  nO  cotan  0  +  rBr 


Also,   producing   BE,   and    drawing   AV  parallel  to 
DE,  i.e.  perpendicular  to  BE,  we  have 

0=<BAV,     . 


AB    ' 

Therefore  if  rA  +  rB  and  AB  be  constant,  6  is  con- 
stant; and  therefore  by  (i)  the  length  of  the  belt  is 
constant. 

Speed  Pulleys.  —  Let  now  B  be  a  shaft,  which  we 
require  to  drive  at  different  velocities,  from  a  shaft 
A  which  turns  at  a  fixed  velocity.  We  can  effect  this 
by  fixing  to  A  a  set  of  pulleys  of  different  diameters, 
and  to  B  a  corresponding  set. 

We  thus  obtain  a  pair  of  speed  pulleys,  as  Fig.  88, 

and  it  appears  from 

what     we     have     Just 
/  .'4    Proved  that  so  long  as 
each     pair    of     corre- 
s'  88'  spending   pulleys  have 

the  sum  of  their  radii  constant,  a  crossed  belt  can  be 
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shifted  from  any  one  pair  to  any  other,  and  will  fit  them 
all  equally  well.  This  is  not  true  for  an  open  belt,  and 
hence  we  almost  invariably  find  a  crossed  belt  used  ;  the 
open  belt  would  drive,  but  would  be  tight  on  some  and 
loose  on  others  of  the  set. 

The  pulleys  fixed  to  A  are  all  cast  in  one,  and  like- 
wise those  fixed  to  B. 

Suppose  now  we  wish  to  find  the  sizes  of  such  a  set 
to  impart  to  B  certain  given  velocities. 

Let  AA  =  constant  angular  velocity  of  A,  and  ABl, 
AB2,  AB  3,  AB4  be  the  required  velocities  of  B. 

We  should  then  have  four  pulleys,  as  in  Fig.  88,  on 
each  shaft,  or  we  should  say  four  steps  on  each  pulley. 
Call  them  A.I,  A. 2,  etc.,  B.I,  B.2,  etc.,  as  in  the  figure, 
A.I  and  B.I  corresponding,  and  so  for  the  others. 

Let  rAl  .  .   . ,  rB<1  ...  be  the  radii.      Then 

^A.I_AB.I 
T'B.I  ~~  AA  J 

^A.2_AB.2 

^8.2     AA  ' 

And  the  same  for  3  and  4,  we  do  not  put  AA-I  or  AA2, 
because  A  as  a  whole  has  always  the  velocity  AA. 
In  addition  to  the  above 

rA.i  +  rc.i  =  rA.2  +  rB.2  =  rA.3  +  rB.3  =  ;'A.4  +  rB.4 . 

And  now  if  we  are  given  the  size  of  any  one  step  we  can 
find  all  the  others.  We  must  have  one  radius  given, 
because  evidently,  if  we  say  doubled  the  sizes  of  a 
given  set  right  through,  we  should  not  affect  the  velocity 
ratios ;  our  equations  above  will  only  give  us,  by  them- 
selves, the  ratios  of  all  the  radii. 

Belt  Tensions.  —  Returning  to  the  original  case 
(Fig.  86),  let  us  consider  the  relations  of  effort  and 
resistance.  Let 

M A  =  moment  of  effort  applied  to  A, 
MB=         ,,         resistance  B. 
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Then  taking  the  whole  system, 

T 

Force  ratio  = 


velocity  ratio' 


Next  consider  the  motion  of  A  only,  taking,  however, 
as  a  part  of  A  the  piece  of  belt  which  touches  it. 

[This  we  can  do,  because  the  piece  moves  as  if  it  were  for 
the  time  solid  with  A,  and  since  it  does  not  move  relative  to  A, 
it  is  in  just  the  same  state  as  if  it  could  not.] 

The  body  we  consider,  then,  is  balanced  under  the 
action  of  MA,  the  tension  of  the  belt 
7-  at    C,    and    the    tension    at    D.      Call 
2  these  T!  and  T2,  as  in  Fig.    89,  then 
we  have 


MA  +  TS^A  (clockwise)  =  TJTA  (anti-    , 

clockwise), 
.',  (Ti-Ta)rA  =  M. 

There  is  an  essential  difference  then 
between  this  case  and  the  pulley  sheave  (page  112),  for  Tx 
and  T2  are  necessarily  unequal.  This  is  because  a 
moment  is  applied  to  A  (compare  pages  112,  113). 

Now  considering  the  balance  of  forces  on  the  piece 
of  belt  DF  (Fig.  86),  we  have 

Tension  at  F  =  T2, 
and  on  the  piece  CE 

Tension  at  E  =  Ti, 

which  accordingly  gives  us  a  turning  moment  applied  by 
the  belt  to  B  of  amount 


which  is  of  course  equal  to  MB.      For 
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Since  TX>T2  the  belt  hangs  as  shown,  the  under 
side  being  tight  and  the  upper  slack. 

In  this  case  A  is  called  the  driver,  because  the  effort 
is  applied  to  it.  If  B  were  the  driver,  and  the  motion 
were,  as  in  the  present  case,  clockwise,  then  the  upper 
side  would  be  tight,  as  Fig.  90.  This  latter  is  not  so 
good  as  the  former  for  a 
practical  reason,  which  we 
must  now  briefly  notice. 

We  have  assumed  the 
belt  not  to  slip  on  the 
pulley  ;  this  is  in  practice 
not  quite  accurate,  there 

will  be  a  small  amount  of  slip  depending  on  the  magni- 
tudes of  Tj,  T2  and  the  moments,  also  on  the  state  of 
the  surfaces.  Now  a  belt,  as  in  Fig.  86,  embraces  a 
larger  portion  of  each  pulley  than  that  in  Fig.  90,  and  this 
gives  it  a  greater  driving  effect  and  reduces  slipping.  The 
effect  of  slip  is  that  B  moves  somewhat  slower  than  we 
have  reckoned,  the  loss  varying  from  practically  nil  in 
some  cases  to  about  2  °/Q  in  others. 

The  belt  is  pressed  against  the  pulley  by  a  resultant 
force  Tj  +  T2,  and  this  also  gives  the  pressure  of  the 
shaft  on  its  bearings. 

The  value  of  Tx  +  T2  must  be  large  enough  to  prevent 
the  belt  slipping  to  any  extent,  and  then  Tj  -  T2  being 
found  from  the  value  of  MA,  we  can  determine  the  two 
tensions  T1  and  T2.  Since  applying  a  moment  to  A  or 
B  cannot  produce  a  resultant  force  on  them  (page  66), 
it  follows  that  when  the  belt  is  still  the  total  pull  on 
each  pulley  must  be  Tx  +  T2.  But  it  will  then  be  equally 
divided  between  the  two  sides  of  the  belt,  since  other- 
wise there  would  be  a  turning  moment. 

We  should  have  then  when  at  rest  the  tension 
of  each  side  equal  (Tx  +  T2)/2,  and  this  therefore  is  the 
tension  with  which  the  belt  must  be  originally  put  on. 

Friction    "Wheels  —  2d    Case. — When    the    shafts 
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connected  are  close  together  we  can  connect  them  by 
causing  the  surfaces  of  the  two 
pulleys  to  rub  together  instead 
of  putting  a  belt  round  them. 

Then  A  will  drive  B  by  the 
contact  of  their  surfaces,  B  rotat- 
ing  in  the  opposite  direction  to 
A. 
For  the  velocity  ratio  we  have,  if  the  surfaces  do  not 

slip, 

Velocity  of  periphery  of  A  =  velocity  of  periphery  of  B. 
If  then  V  be  this  common  velocity 

AA=V,      AB=V,      and  £*  =  ^, 
rA.  rv  AA     m 

as  in  the  belt  connection. 

The  contact  between  the  surfaces  of  A  and  B  is 
called  pure  rolling,  since  the  surfaces  roll  without  slipping. 
In  actual  practice  there  is  always  slipping,  yet  the  con- 
tact is  still  called  rolling,  but  not  pure  rolling.  If  the 
energy  exerted  on  A  and  transmitted  by  the  contact  to 
B  be  large,  then  a  very  great  pressure  between  the  sur- 
faces is  necessary  to  prevent  excessive  slipping  ;  this 
kind  of  contact  is  not  therefore  suitable  for  such  cases. 
Since  the  pulleys,  however,  run  very  smoothly,  they  are 
sometimes  used  with  rims  shaped 
as  here  shown  (Fig.  92). 

Less  pressure  is  then  required 
between  the  surfaces  owing  to  the 
increased  area  of  contact.  The 
figure  shows  a  section  through  the 
two  rims. 


C 


-J 


Fig- 


There  must  of  necessity  be  slipping  at  the  different 
points  in  this  case,  even  if  on  the  whole  there  be  none. 
For  take  one  groove  enlarged,  as  Fig.  93.  Then  if  at 
a  the  two  surfaces  have  exactly  the  same  velocity  V,  it 
follows  at  once  that  at  any  other  point  they  slip.  For 
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take  ^,  the  surface  of  B  is  here  moving  at  a  speed  <V, 

because  b  is  nearer  the  centre  than  a  ; 

but  the  surface  of  A  has  a  speed  >V, 

because  b  is  farther  than  a  from  the 

centre  of  A,  hence  the  two  surfaces  have 

different  speeds   at   b,  or  at  all  points  A 

except  a.      It  is  this  which  causes  the 

rapid  wear  of  such  wheels. 

Tooth  "Wheels. — In  any  case  then 
in  which  accuracy  of  velocity  ratio  is  of 
importance  we  must  devise  some  other  mode  of  connec- 
tion, and  this  we  do  by  putting  teeth  on   the  circum- 


Fig.  93. 


Fig.  94. 

ferences  of  the  wheels  or  pulleys.  The  teeth  project 
partly  beyond  the  circumference,  CD  showing  the 
original  circumference  of  a  flat-faced  wheel  or  pulley ; 

we  have  then  alternate 
projections  and  recesses 
on  the  circumference  of 
A,  which  fit  into  corre- 
sponding recesses  and  pro- 
jections on  the  circumfer- 
ence of  B.  The  teeth  on 
A  and  B  are,  almost  invariably,  of  identical  shape.  The 
distance  CE  on  the  arc  is  called  the  pitch,  and  must  be 
identical  for  A  and  B.  Now  by  this  means  A  will  turn  B 
as  in  pure  rolling.  For  let  A  turn  till  n  teeth  of  it 
have  passed  the  point  T  (Fig.  96)  where  the  original 
plane  pulleys  touched. 


Fig-  95- 
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T  is  called  the  pitch  point,  and  the  circles  showing 
the  original  pulleys  the  pitch 
circle.  Then  if  p  be  the 
pitch,  an  arc  np  of  B  has 
passed  T. 

But  each  tooth  of  A  as  it 
passed  T  took  with  it  a  recess 
-  96-  of  B,  so  n  recesses  of  B  passed, 

and  thus  an  arc  np  of  B  has  passed  T. 

Equal  arcs  of  A  and  B  then  pass  T  in  equal  times,  so 
the  motion  is  exactly  the  same  as  that  of  pure  rolling 
between  the  original  pulleys.  We  shall  then  always  re- 
present the  toothed  wheels  simply  by  two  circles,  as  we 
did  the  pulleys.  If  now 

n\  be  the  number  of  teeth  in  A, 
KB  „  „  B, 

then,  p  being  the  pitch, 

»  Ap  =  27rrA,     n-Bp  =  2irr?>  . 

[Notice  /  is  round  the  circumference,  not  the  straight  line  CE 
(Fig.  95)-J 

.     ^A_^A 

'  rB~~HB 
so  that 


and  the  angular  velocities  are  inversely  as  the  number  of 
teeth. 

We  see  that  A    and  B  must  necessarily  rotate    in 
opposite  directions.     But  it  may  be  necessary  that  they 


Fig.  97. 

rotate  in  the  same  direction ;  to  effect  this  we  use  an 
intermediate  wheel  C. 


CHAP,  vi      PULLEYS,  BELTS,  &  WHEEL  GEARS      125 


Looking  at  the  arrows  we  see  B  now  rotates  in  the 
same  direction  as  A.  We  must  see  whether  this  affects 
the  velocity  ratio. 

Let  nM  nB,  nc  be  the  numbers  of  teeth.     Then 

AB  :  AC  =  nc  •  #B  » 

Ac  :  AA  =  WA  :«c, 

.'.  AB  :  AA  =  «A  :  «B, 

so  that  C  makes  no  difference  in  the  velocity  ratio. 

We  could  then  insert  any  number  of  intermediate 
wheels  as  C,  each  gearing  in  turn  with  one  before  and 
one  behind  it,  without  altering  the  final  velocity  ratio, 


Fig.  98. 

and  we  could  thus  transmit  motion  from  one  shaft  to  one 
at  some  distance. 

But  we  can  also  so  combine  wheels  as  to  alter  the 
velocity  ratios. 

In  Fig.  99  there  are  two  intermediate  wheels,  C  and 


Fig.  99. 
C',  both  keyed  on  one  shaft — C  gearing  with  A  and  C' 
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with  B.      C  and  C'  being  keyed  to  the  same  shaft,  we 
have  necessarily 


But 


A  A  A  K        A 

AC  =  —  .AA,      AC'  =  —  .An, 
nc  ncf 


.  ,  . 

.  .  —  .  AB  =  —  .  AA, 

«C'  »C 

and 

AB_WA     ncr 
AA     nc  '  KB' 

being  the  product  of  the  angular  velocity  ratios  of  C  to 
A  and  B  to  C'. 

When  we  have  then  a  large  velocity  ratio  to  obtain 
we  can  split  it  into  two  factors,  each  of  which  is  easily 
obtained. 

For  example,  let  a  velocity  ratio  say  of  34  to  3  be 
required,  the  wheels  available  being  a  set  from  20  teeth 
to  1  20,  increasing  by  5,  i.e.  20,  25,  30,  35,  etc. 

We  have  no  wheels  which  can  give  it  directly,  there 
being  no  34  or  multiple  of  34  ;  but 

_i7    8_§5     80 
~X~X' 


We  take  then  A  of  85  teeth,  C  of  20,  C'  of  80,  and  B 
of  30. 

This  gives  one  arrangement,  but  others  could  be 
equally  well  used,  e.g. 

V-XJ/-HX-VV-, 
and  so  on. 

Screw  Cutting.  —  One  use  of  this  is  in  lathes  for 
screw  cutting.  The  saddle  bearing  the  tool  is  moved  by 
the  leading  screw  ;  let  this  have  n  threads  to  the  inch. 

We  require  to  cut  now  a  thread  having  m  to  the  inch. 

The  saddle  then  should  move  i  inch,  i.e.  the  leading 
screw  turn  n  times,  while  the  work  turns  m  times,  or  the 
lathe  mandril  turns  m  times, 
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Angular  velocity  of  screw  shaft  _ 
Angular  velocity  of  mandril 

and  we  have  the  problem  just  considered.  If  n/m  be 
a  small  ratio  we  can  obtain  it  with  two  wheels  only,  but 
then  the  leading  screw  and  the  work  would  turn  in 
opposite  directions,  so  that  a  right-handed  leading  screw 
would  cause  a  left-handed  thread  to  be  cut.  To  avoid 
this  we  should  put  in  an  intermediate  wheel  C,  as  Fig. 
97,  simply  to  change  the  direction. 

If,  however,  n/m  be  large,  we  have  to  use  four  wheels 
in  the  manner  above  stated. 

[In  order  to  effect  the  gearing  of  the  wheels  a  swinging  arm  is 
fitted,  to  which  the  common  axis  of  C  and 
C'  is  fixed. 

OA,  OB  are  the  centres  of  A  and  B,  A 
being  on  the  lathe  mandril  or  spindle,  B  on 
the  end  of  the  leading  screw.  The  swing- 
ing arm  D  swings  round  OB. 

B  being  in  place  the  axis  of  C  and  C'  is 
slid  along  the  slpt  till  C'  gears  properly  with 
B,  then  the  nut  on  the  axis  is  tightened  up 
so  fixing  it  to  D,  then  the  whole  swings 
round  OB,  C'  of  course  remaining  in  gear 
with  B,  till  C  gears  with  A.  Then  D  is 
fixed  in  position.] 


Fig.  ioo. 


Feed   Motion   of  Drill. — In    some    instances    the 
axes  of  A  and  B  lie  in  the  same  straight  line.      Here  B 
turns    loosely    on    the    spindle  of  A. 
This  of  course    does    not    affect    the 
velocity  ratio. 

If  now  n^  be  slightly  greater  than 
»A,  and   nc  be    slightly   greater  than 

I t        i       .      1  ;/c,,  AB  will  be  a  little  less  than  AA, 

so  that    A    will  turn   relatively   to  B 
Fig>  I01-  with  a  slow  motion,  viz.  AA  -  AB,  in 

the  same  direction  as  its  own  motion. 

[In   other  words,   in  every  second  A  gains  on  B  an  angle 


128  APPLIED  MECHANICS  PARTI 

This  slow  relative  motion  we  can  utilise  as  follows  : — 

In  the  boss  of  B  cut  a  thread,  and  cut  on  the  spindle 
of  A  a  thread  to  fit  it.  B  is  then  a  nut  and  A  the 
screw.  Let  B  be  prevented  by  bearings  from  rising  or 
falling. 

Then  as  A  slowly  gains  on  B  the  spindle  gradually 
screws  out  of  B  and  descends.  A  also  would  descend 
with  it,  and  thus  the  motion  would  soon  stop,  for  A 
would  leave  C.  But  we  can  prevent  this  by  connecting 
A  to  its  spindle,  not  by  a  tight  key,  but  by  a  key  which 
can  slide  in  a  long  slot  in  the  spindle,  and  now  the 
spindle  can  descend  leaving  A  behind  in  its  bearings. 

Fig.  102  shows  an  end  view  of  A  and  its  spindle,  k 
the  key  can  slide  in  the  slot,  but  is  fixed 
to  A. 

In  the  practical  case  the  spindle  of  A 
is  that  of  a  drilling  machine,  and  the  mechan- 
ism becomes  a  self -feeding  arrangement, 

ig-  102.  giving  the  spindle  a  slow  descending  motion 
as  it  turns. 

Crabs. — The  two  practical  cases  we  have  last  con- 
sidered have  been  mechanisms,  motion  being  the  object 
aimed  at. 

As  an  example  in  which  modification  of  effort  is 
required  we  may  take  the  common  crab. 

This  is  used  in  two  forms. 

In  each  case  the  moment  is  applied  to  A  either  by 
manual  effort  on  a  handle  or  handles,  or  by  an  engine. 

The  resistance  is  a  weight  to  be  lifted,  the  rope  or 
chain  which  lifts  it  passing  round  a  barrel  attached  to 
B,  thus  applying  the  resisting  moment. 

If  A  drive  B  direct  we  have  a  single  purchase.  If 
intermediate  wheels  C,  C'  be  used  we  have  a  double 
purchase. 

We  have  in  the  latter  case 

MB_AA__«C     KB 
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A  and  C'  are  small,  while  C  and  B  are  large  wheels, 
hence  we  obtain  a  large  mechanical  advantage. 

Bevel  Wheels. — When  two  turning  pairs  whose 
axes  are  not  parallel  but  meet  in  a  point  are  to  be  con- 
nected, the  connection  can 
be  effected  by  wheels  as 
follows  : — 

Let  OC,  OD  be  the  given 
axes.  Fix  to  the  shafts  two 
wheels  A  and  B  with  sloping 
faces,  called  Bevel  Wheels, 
so  shaped  that  the  lines  cd, 
ab,  and  ef  all  meet  in  O. 
The  wheels  are  then  portions 
of  cones  whose  apices  are  at 
O.  Then  these  two  wheels 
can  turn  with  pure  rolling 
contact. 

To  prove  this,  suppose  the  contact  at  b  is  pure  rolling, 
then  we  will  prove  it  is  so  also  at  a.      Let 


then 


=  the  common  velocity  of  the  peripheries  at  b, 


V 


Now 


Velocity  of  periphery  of  A  at  the  point  a  =  AA  x  aw, 

~     '  nb' 


and  similarly 
But 


Velocity  of  periphery  of  B  at  the  point  a  =  V .  —-• 


am  __  Oa 
~nb~~(5b 


so  that  at  a  the  peripheral  velocities  of  A  and  B  are 
identical,  and  the  motion  is  there  pure  rolling. 
K 
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The  same  proof  applies  to  any  point  on  ab,  the  line 
of  contact.  So  there  is  pure  rolling  everywhere. 

By  cutting  teeth  as  in  the  preceding  we  produce  the 
same  relative,  motion  as  pure  rolling  would  produce  (see 
page  123),  and  we  then  treat  the  bevel  wheels  as  if  they 
were  simply  the  smooth  wheels  from  which  we  have 
derived  them.  For  the  velocity  ratio  we  have 

V     V 

AB  :  AA=  T-  :  ~j    (see  preceding  work), 

—  nb  :  /Y, 

=  sin£OC  :  sin^Cty. 

To  construct  a  pair  of  bevel  wheels,  or  at  least  the 
smooth  wheels  equivalent  to  them,  the  faces  of  which  are 
called  the  pitch  surfaces  (compare  pitch  circle,  page  124), 
we  proceed  thus — • 

OC  and  OD  are  given,  and  we  can  select  the  maxi- 
mum or  minimum  or  mean  diameter  of  one  wheel. 


c    D 


Let  us  take  then  ab  as  the  maximum  diameter  of  A, 
and  set  it  off  perpendicular  to  OC. 

Let  n  be  the  given  velocity  ratio,  i.e.  AB  :  AA. 
Take  cd equal  to  a&/n,  and  set  it  off  perpendicular  to  OD. 

Draw  be,  de  parallel  to  OC,  OD  respectively,  meeting 
in  e. 


CHAP,  vi     PULLEYS,  BELTS,  &  WHEEL  GEARS      131 

Drop  ef,  eg  perpendicular  to  OC,  OD,  and  these  are 
the  maximum  diameters  of  the  two  wheels. 

We  then  complete  them  as  shown,  taking  any  con- 
venient thickness.  Then 

AB     ef    ab 

T—  =  +-  =  —  =  n,  as  required. 
AA     eg    cd 

The  two  cones  are  called  the  pitch  cones,  and  the 
angles  <?OC,  eOD  their  angles  (Fig.  104). 

When  the  angle  between  the  two  shafts  is  90°  the 
wheels  are  called  Mitre  Wheels.  If  the  angle  of  one 
cone  be  1 80°  the  pitch  surface  is  a  plane,  and  the  teeth 
are  on  the  flat  side  of  the  wheel ;  such  a  wheel  is 
called  a  Crown  Wheel.  A  crown  wheel  is  usually  of 
large  size  compared  to  the  bevel  wheel  which  gears  with 
it,  and  this  wheel  is  called  a  Pinion.  When  a  small 
common  toothed  wheel  gears  with  a  large  one,  the  small 
one  is  called  the  Pinion  and  the  large  the  Spur  Wheel. 


EXAMPLES. 

1.  A  pair  of  blocks  have  three  sheaves  in  the  upper  and  two 
in  the  lower  block.     Find  the  pull  required  to  raise  \  ton,  as- 
suming £  of  the  energy  wasted.  Ans.  i86f  Ibs. 

2.  Two  sheaves  8  ins.  and  7  ins.  diameter  respectively  are 
fastened  together,   and  turn   on   one   axle,   forming   the  upper 
block  of  a  Weston  differential  pulley.     The  lower  block  contains 
one  sheave  only.     The  left-hand  ply  of  chain  supporting  the 
lower  pulley  passes  over  the  8  in.  diameter  to  the  right,  and  the 
right-hand  ply  over  the  7  in.  diameter  to  the  left ;  the  two  loose 
ends  are  then  connected,  so  the  chain  is  endless,  hanging  in  two 
loops,  one  loose  and  one  supporting  the  movable  block  and 
weight.     Find  the  weight  which  can  be  lifted  by  a  pull  of  10  Ibs., 
£  of  the  energy  being  wasted. 

Ans.  The  pull  being  applied  to  the  loose  part  hanging  from 
the  8  in.  sheave,  let  it  turn  the  upper  pulley  once. 
Then  space  traversed  by  pull  is  Sir  ins.  The  8  in. 
sheave  winds  on  from  the  loop  supporting  W  Sir  ins. , 
but  the  7  in.  sheave  must  also  turn  once,  being  fixed 
to  the  8  in.,  and  this  inwinds  Jir  ins.  The  tight  loop 


132  APPLIED  MECHANICS  PART  i 


is  thus  shortened  TT  ins.  (and  the  loose  one  lengthened 
the  same  amount)  so  W  rises  -  ins. 

o 

.'.  velocity  ratio  =  —  =  16. 

7T 

2 

Whence  weight  raised  =  £  x  16  x  10  =  64  Ibs. 

3.  A  shaft  is  to  be  driven  at  40x3  revolutions  per  minute ;  a 
pulley  on  it  is  8  ins.  diameter.     The  shaft  from  which  it  is  to  be 
driven   makes    70  revolutions  per   minute.      Find   the   size   of 
driving  pulley  necessary.  Ans.  3  ft.  9§  ins.  diameter. 

4.  In  the  preceding  the  belt  is  f  in.  thick,  and  the  slip  is  I 
per  cent.     Allowing  for  these  obtain  the  correct  diameter. 

Ans.  4  ft. 

5.  A  pulley  4  ft.  diameter  is  driven  by  two  belts  running 
over  each  other,  each  f  in.  thick.     The  speed  of  the  middle 
plane  of  the  inner  belt  is  1800  ft.  per  minute.     How  much  does 
the  outer  gain  on  the  inner  per  minute?  Ans.  55T5ir  ft. 

6.  Calculate  the  revolutions  per  minute  of  a  dynamo  driven 
by  a  belt  3-  in.  thick,  the  diameter  of  the  pulley  of  the  dynamo 
being  6  inches,  and  the  angular  velocity  of  the  driving  pulley, 
4  feet  6  inches  diameter,  being  10  radians  per  second.     Allow 
2  per  cent  slip.  Ans.  Si 8. 

7.  A  lathe  is  to  be  driven  so  as,  without  the  use  of  back  gear, 
to  cut  brass  from  £  in.  diameter  to  3  in.  diameter  (see  question 
7,  page  38).     The  main  shop  shaft  runs  at  60  revolutions,  and 
the  driving  pulley  on  it  is  2  ft.  6  in.  diameter  ;  the  driving  pulley 
of  the  lathe  is  to  turn  at  40  revolutions.     Find  the  sizes  of  the 
overhead   driven   pulley   and   of  the   speed   pulleys,    the   least 
diameter  of  the  latter  being  5  ins.,  and  four  speeds  are  required, 
the  extreme  as  stated  and  two  convenient  intermediate  speeds. 

Ans.  Diameter  of  driven  pulley,  18  ins. 
Speed  ratios,  10/3,  5/3,  4/5,  10/36. 
Diameters  of  upper  pulley,  5^,  8§,  I2f,  18  ins. 
„          lower  pulley,  17!,  14!,  loj,  5    ,, 

8.  The  usual  back  gear  is  used  in  the  preceding,  viz.  a  wheel 
A  on  the  speed  pulley  drives  a  wheel  C  ;  on  the  same  shaft  as 
C  is  a  second  wheel  C'  which  drives  B,  which  is  connected  to 
the  mandril  and  drives  the  work  (see  Fig.  101).    The  speed  pulley 
and  mandril  are  disconnected  when  the  back  gear  is  in  use,  at 
other  times  they  are  bolted  together.     A  has   18  teeth,  and  C 
and  B  are  equal ;  find  the  number  of  teeth  in  C,  C',  and  B  re- 
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spectively,  so  as  to  reduce  the  speed  of  rotation  approximately 
12  times. 

Ans.  Since  B  =  C,  C'  must  equal  A,  the  axes  being  parallel. 

Teeth  are  therefore  in  C'  18,  in  B  and  C  63. 

9.  In  the  preceding  the  overhead  gear  is  12  feet  above  the 
lathe,  centre  to  centre.     Find  the  length  of  a  crossed  belt  for  the 
speed  pulleys.  Ans.  27  ft.  I  in. 

10.  A  belt  running  at  1500  ft.  per  minute  transmits  80  H.  P. 
Find  the  difference  of  tension  of  the  two  sides  of  the  belt. 

Ans.   I76olbs. 

11.  The  tension  per  inch  width  of  a  belt  must  not  exceed  110 
Ibs.     Find  the  width  of  belt  necessary  to  transmit  12  H.   P. 
from  a  shaft  running  at  80  revolutions,  the  diameter  of  the  driv- 
ing pulley  being  4  ft.  6  ins.,  and  the  ratio  of  the  tensions  if  to  i. 

Ans.   7|  ins. 

12.  The  set  of  wheels  for  a  screw-cutting  lathe  range  from  20 
to  150  teeth,  there  being  two  20  wheels.    The  leading  screw  has 
2   threads   to   the   inch.      Arrange   suitable   trains   for  cutting 
threads  on,  1st,  a  £  in.  screw,  20  threads  to  the  inch  ;  2d,  a  I  in. 
screw,  8  threads  to  the  inch  ;  3d,  a  2  in.  screw,  4^  threads  to 
the  inch.  Ans.   ist,  f$  x  £$  ;  2d,  f$  j  3d,  f£. 

13.  In  a  single  purchase  crab  the  length  of  the  handle  is  16 
inches  and  diameter  of  barrel  8  inches.     The  pinion  on  the  same 
axis  as  the  handle  has  16  teeth,  and  the  spur  wheel  connected  to 
the  barrel  90  teeth.     What  weight  can  one  man  exerting  a  push 
of  30  Ibs.  lift  ?  Ans.  337.  5  Ibs. 

14.  The  preceding  is  fitted  to  act  with  a  double  purchase  by 
sliding  the  pinion  out  of  contact  with  the  spur  wheel,  and  put- 
ting in  gear  a  pinion  of  18  teeth  working  with  a  spur  wheel  of 
54  teeth,  on  the  axis  of  the  latter  is  another  pinion  of  18  teeth, 
which  now  drives  the  90  wheel.    Find  the  force  required  to  lift  I 
ton.  Ans.   74§  Ibs. 

15.  If  the  pitch  of  the  teeth  in  the  preceding  be  ij  inch, 
find  the  diameters  of  the  pitch  circles.     Assuming  the  mutual 
pressure  between  the  teeth  to  act  at  the  pitch  point,  find  its 
amount  in  each  case. 

Ans.   7.16,  21.48,  7.16,  35.8  ins.;  500,  i66§  Ibs. 

1  6.  In  the  feed  motion  described  on  page  128,  if  the  wheel  A 
have  m  teeth,  C  n  teeth,  C'  n  +  a,  and  B  m  +  a,  prove  that  the 


speed  of  feed  will  be   ,       a  —  r  Nfl  f.s.,  where  N  are  the  re- 
6n(m  +  a)     e 
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volutions  of  the  spindle  per  second,  and  p  is  the  pitch  of  the 
screw  on  the  spindle  in  inches. 

17.  A  friction  wheel  4  feet  diameter  running  at  70  revolutions, 
drives  a  wheel  2'  —  3"  diameter.     Find  the  force  with  which  the 
wheels  must  be  pressed  together  .  per  H.   P.   transmitted,   ist, 
when  metal  surfaces  meet,  coefficient  of  friction  .15  ;  2d,  when 
the  driving  wheel  is  faced  with  leather,  coefficient  .4. 

Ans.  ist,  250  Ibs.;  2d,  93!  Ibs. 

1 8.  Two  shafts  meeting  at  90°  are  to  be  connected  with  a 
velocity  ratio  of  2  to  I.     Construct  the  pitch  cones  of  the  bevel 
wheels.  Ans.  Angles  of  cones,  63!°.  26^°. 

19.  Prove  that  a  straight  pinion  cannot  work  correctly  with  a 
crown  wheel,  the  axis  of  which  is  at  90°  to  that  of  the  pinion. 
In  what  case  would  the  motion  be  practically  accurate  ? 

Ans.  All  points  of  pitch  surface  of  the  pinion  move  at  the 
same  velocity,  but  points  on  the  face,  i.e.  the  pitch 
surface  of  the  crown  wheel,  do  not,  since  those  farthest 
from  the  centre  move  quickest,  and  compare  page  121 
(friction  wheels).  The  motion  is  practically  correct 
when  the  pinion  is  very  thin,  since  it  practically  gears 
only  at  one  point  with  the  crown  wheel. 


CHAPTER   VII 

SIMPLE    MACHINES    WITH    FRICTION 

THE  results  obtained  in  the  last  chapter  will  not  hold 
in  actual  machines,  since  they  neglect  the  influence  of 
friction.  Hence  those  results  were  too  favourable  ;  but 
at  the  same  time  they  are  of  value  as  showing  a  limit 
which  should  be  approximated  to  as  closely  as  possible 
and  as  a  rough  guide  to  what  we  may  actually  expect. 
Also  by  neglecting  the  friction  at  first  we  are  able  more 
easily  to  grasp  the  problems  to  be  solved  than  if  we  com- 
menced by  taking  it  into  account ;  we  thus  follow  the 
principle  of  introducing  our  difficulties  singly  if  possible, 
but,  at  any  rate,  gradually. 

The  velocity  ratios  found  are  not  affected  by  the 
question  of  friction,  they  being  determined  geometric- 
ally, not  statically ;  but  now  we  cannot  proceed,  as 
before,  by  the  Principle  of  Work,  because  it  takes  the 
form  of 

Energy  exerted  =  work  done  +  work  wasted, 

and  the  work  wasted,  depending  on  the  pressures  be- 
tween the  moving  surfaces,  will  necessitate  those  pres- 
sures being  found  by  the  principles  of  Statics,  which  in 
the  last  chapter  we  only  used  for  verification. 

Also  we  now  introduce  a  new  conception,  viz.  : — 
Efficiency. — When  we  move  a  machine,  or  a  pair, 
then  actually  there  is  always  work  wasted,  so  that  the 
work  done  is  less  than  the  energy  exerted.     The  ratio 
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of  the  work  done  to  the  energy  exerted  is  called  the 
Efficiency  of  the  machine,  or  the  pair. 
We  have  then 

_,-.,  .  work  done 

Efficiency  =  --  —5  > 
energy  exerted 

or  equally,  by  the  Principle  of  Work, 

Work  done  Energy  exerted  -  work  wasted 

work  done  +  work  wasted'  energy  exerted 

We  use  whichever  is  the  most  convenient  to  calculate. 

Sometimes  we  need  a  term  to  represent  the  reciprocal 
of  the  efficiency,  and  this  we  call  the  Counter 
Efficiency. 

~  .  work  done  +  work  wasted 

/.Counter-efficiency^ 


_       work  wasted 


the  letter  e  being  often  used  for  the  purpose  here 
shown,  of  denoting  the  ratio  of  work  wasted  to  work 
done. 

We  have 

_,-.,  .  work  done 

Efficiency  =  -  :, 
energy  exerted 

_  resistance  x  distance  it  moves 

effort  x  distance  it  moves 
=  force  ratio  x  velocity  ratio, 

so  that  we  see  that  we  cannot  now  determine  one  of 
these  from  the  other  without  knowing  the  efficiency. 
Since  the  efficiency  is  necessarily  less  than  unity,  it 
follows  that  for  a  given  velocity  ratio  the  force  ratio  is 
less  than  it  would  be  if  there  were  no  friction  (page  96), 
so  that  the  mechanical  advantage  is  decreased  by  the 
friction. 

[The  term  efficiency  is  sometimes  used   with  very  different 
meanings,  and  it  is  necessary  to  be  very  careful  to  find  out,  in 
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any  given  case,  exactly  what  is  meant  by  it.  This  remark 
applies  generally,  and  not  especially  to  our  present  subject. 
What  we  mean  by  efficiency  has  been  already  stated,  and  in 
that  sense  only  will  the  term  be  used.  ] 

We  will  now  commence  with  the 

Inclined  Plane. 

Comparing  with  Fig.   72,  page  98,  we  have  an  extra 
force  acting,  because  the  action  of  the 
plane    is   now  a   double  one,   although 
there  are  still  only  the  same  number  of 
bodies  acting.      We  see  then   that    in 
answering  the  questions  on  page  97  we      " 
must   be  careful  to    see    that   we  take 
account  of  the  total  action  of  each  body. 

The  extra  force  is/R,  where /is  the 
coefficient  of  friction  (page  51).  Hence  we  must 
determine  R  by  Statics.  This  gives,  since  /R  and  P 
have  no  effect  in  the  direction  of  R,  the  effect  of  W  in 
that  direction  equal  to  the  effect  of  R,  i.e. 

WcosCAB  =  R, 

as  on  page  99,  the  extra  force  /R  not  altering  the 
equation, 

/./R=/WcosCAB. 
Then 

Energy  exerted  =  P .  AC, 
taking  the  movement  from  A  to  C. 

And  here  we  may  introduce  another  caution,  in  addi- 
tion to  those  of  page  97,  viz.  that  we  must  clearly  define 
in  our  minds  exactly  the  period  during  which  we  intend 
to  apply  the  equation  or  principle  of  work.  The  period 
now  taken  is  from  the  instant  of  starting  from  A  to  that 
of  arriving  at  C. 

Resuming,  we  have 

Work  done  =  WxCB, 
and 

Work  wasted  =/R  x  AC, 

=/W  x  AC  cos  CAB, 
=/.  WxAB. 
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And 

.«.  P. AC=W.'BC+/W.AB. 

The  force  ratio  is  now 

W_       AC 
P~BC+/-AB' 

being,  as  we  have  already  stated  it  must  be,  less  than 
the  reciprocal  of  the  velocity  ratio. 

The  foregoing  work  applies  certainly  to  the  case 
where  W  actually  slides  on  the  plane,  but  does  it  now 
apply  to  the  pseudo  sliding  of  a  wheeled  vehicle  ? 

We  have  already  stated  that  such  resistance  does,  on 
a  horizontal  plane,  practically  follow  the  laws  of  sliding 
friction  ;  but  at  the  same  time  we  know  that  actually 
the  resistance  arises  from  the  axle  friction,  and  also  from 
the  peculiar  action  between  the  rolling  wheels  and  the 
ground,  for  an  explanation  of  which  we  must  refer  to  the 
larger  treatise.  It  might  seem  then  at  first  sight  that 
the  amount  of  resistance  would  be,  not  /R,  but  /W, 
because  the  carriage  still  rests  on  its  axles  as  it  does  on 
a  horizontal  plane.  But  further  consideration  shows 
that  the  whole  weight  does  not  now  rest  on  the  axles, 
because  the  pull  P  tends  to  lift  the  carriage  off  them ; 
and  it  does  this  exactly  in  the  same  proportion  as  it 
would  relieve  the  plane  of  a  part  of  the  weight  of  a 
sliding  piece,  and  hence  the  friction  is  reduced  in  the 
proportion  of  R  to  W,  i.e.  it  is  /R  or  /W  cos  CAB  as 
for  a  slider. 

In  ordinary  cases  of  gentle  inclines  it  is  not,  however, 
practically  necessary  to  consider  this,  because  cos  CAB 
approaches  so  nearly  to  unity.  Thus  on  a  slope  of  I 
vertical  to  50  along  the  road 


AB 


We  have  treated  motion  up  the  plane,  but  we  have 
also  motion  down  the  plane  to  consider. 
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In  this  case  P  is  down  the  plane  and  /R  up.  Also 
W  is  now  an  effort  as  well  as  P.  Then 

Energy  exerted  =  P  .  AC  +  W  .  EC, 

Work  done  =  o, 
Work  wasted  =/.  R.AC, 

=/W.AB,  as  before. 

There  is  no  work  done  in  the  sense 
of  useful  or  recoverable  work,  such  as 
the  lifting  up  of  the  weight,  the  energy  exerted  in  which 
can  be  recovered  by  allowing  it  to  fall  again  ;  so  that 
the  efficiency  is  zero.  But  we  must  not  take  this  to 
mean  that  there  is  no  useful  effect,  because  we  wish  the 
carriage  or  train  to  go  down  the  slope,  and  so  the  effect 
produced  is  what  we  required.  We  must,  however,  be 
consistent,  and  so  we  say  all  the  work  is  waste  work. 

The  equation  of  work  is  then 

P.  AC  +  W.  BC=/W.  AB; 
.    T3_W(/.AB-EC) 

'  '  p-     ~Kc  --  ' 

and  hence  may  be  either  positive,  zero,  or  negative,  as 
/.  ABis  >=or  <BC. 

The  meaning  of  this  is,  that,  taking  say  a  train  — 

In  the  first  case,  to  keep  the  motion  uniform  the 
engine  must  exert  a  pull. 

In  the  second,  the  train  will  just  run  uniformly  by 
itself. 

And  in  the  third,  there  must  be  a  backward  push  ; 
this  would  not,  however,  be  applied  as  an  actual  push, 
but  by  applying  the  brakes,  f  would  be  increased  till 
/.  AB  became  equal  to  BC. 

When  we  have 

/.  AB  =  BC, 
then 


And  we   have    thus   a    means   of  determining,   experi- 
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mentally,  the  coefficient  of  friction  between  a  pair  of 
surfaces.  To  use  this  method  we  make  one  an  adjust- 
able inclined  plane,  and  the  other  a  slider;  and  then 
the  coefficient  is  the  tangent  of  the  angle  at  which  the 
plane  slopes,  when  the  slider,  being  set  in  motion^  will 
continue  sliding  uniformly  down  it. 
On  page  138  we  have  the  equation 

P.  AC  =  W.BC+/W.  AB. 

Now  W  .  BC  is  the  work  which  would  be  done  in 
lifting  W  direct  from  B  to  C,  and  /W  .  AB  is  the  work 
which  would  be  done  against  friction  in  drawing  W 
along  AB,  supposing  AB  to  have  the  same  roughness  as 
AC.  It  follows  then  that — 

The  energy  required  to  draw  a  load  up  an  inclined 
plane  is  equal  to  that  required  to  draw  it  along  the 
equally  rough  base  and  lift  it  through  the  height. 

If  then  ADC  (Fig.  107)  were  another  path  we  could 
go  along  it  with  the  same  expenditure  of 
energy  as  along  AC. 

For  the  energy  required  would  be  to 
\F  drag  along  AE  and  DF,  which  together 
equal  AB  ;  and  to  lift  through  DE  and 
Fi    10  FC>  together  equal  to  BC. 

And  we  can  extend  this  reasoning  to 
any  extent,  and  say  finally  that  the  energy  required  is 
independent  of  the  path  chosen.  The  path  may  even  rise 
above  C  as  ALC,  the  principle  still  holds,  because  gravity 
would  restore  during  the  descent  the  energy  it  had  ex- 
pended on  it  during  the  ascent  above  C.  The  preceding  of 
course  requires  that  we  allow  gravity  full  play  during  the 
descent ;  if,  as  is  usual,  a  brake  be  applied  during  descent, 
then  the  principle  no  longer  holds. 

We  have  just  seen  that  a  truck  running  down  an 
inclined  plane,  the  tangent  of  the  inclination  being 
greater  than  /,  requires  a  pull  back  to  keep  its  motion 
uniform,  or  else  an  increased  frictional  resistance.  If 


CHAP,  vii    SIMPLE  MACHINES  WITH  FRICTION    141 


we  use  the  latter  we  waste  work,  but  we  can  in  some 
cases  use  a  pull,  which  being  transmitted  by  a  rope  can 
be  used  as  an  effort  for  some  useful  purpose. 

Double  Inclined  Plane. — A  practical  example  is 
found  in  the  carriage  of  stone  from  an  elevated  quarry 
down  to  a  lower  level,  as  that  of  the  quay  at  which  vessels 
are  loaded.  We  then  use  two  lines  of  rails  side  by  side, 
on  one  inclined  plane,  the  side  and  front  view  being 
here  shown. 

A  loaded  truck  running  down  exerts  a  pull  on  the 


Empty 


7 


Full 


tail  rope,  which  is  led  round  a  pulley  at  the  top,  and 
then  down  the  other  line  and  fastened  to  an  empty  truck 
coming  up.  Let  now 

P  =  pull  on  rope, 

iv  =  weight  of  a  truck, 

W  =  load  carried. 

Then  for  uniform  motion — 
of  the  empty  truck, 

P.  AC  =  w.BC+/.  iv.  AB; 
of  the  full  truck, 

(W  +  w)BC  =  P  .  AC  +/(w  +  w) AB. 

These  are  the  equations  of  work,  and  hence  we  obtain 
-W.  BC. 


i42  APPLIED  MECHANICS  PARTI 

The  same  result  can  be  obtained  by  considering  the 
machine  as  a  whole. 
In  this  case 

Energy  exerted  =  W  .  EC, 

because  the  ascent  and  descent  of  the  w's  balance  each 
other  ; 

Work  done  =  o, 
Work  wasted  =/(W  +  w)  AB  +fw  .  AB. 

Whence  at  once 

W.  BC=/(W  +  2w)AB. 

[We  have  here  a  good  illustration  of  the  character  of  friction 
always  resisting  the  motion,  whether  up  or  down.] 

There  is  then  for  any  given  load  a  certain  slope  down 
which  the  trucks  will  steadily  run,  given  by 

BC 


If,  as  in  some  cases,  the  slope  is  greater  than  this  ; 
then  a  frictional  force  must  be  applied  to  the  top  pulley 
to  keep  the  motion  steady.  This  has  the  effect  of  in- 
creasing the  pull  on  the  load  side  and  decreasing  it  an 

equal  amount  on  the  light  side,  similar  to  a 

belt  (page  120).      Let 

M  =  friction  moment  applied  to  the  pulley, 
P  +  F  =  pull  of  loaded  side  of  rope, 
P-F=      ,,      light       ,, 
p}p         p\p  r—  radius  of  pulley. 

Then,  considering  the  equilibrium  of  the 
pulley, 


being  a  couple  F,  F,  on  an  arm  2r. 

We  can  now  find  F,  which  will  give  us  the  required  M. 
For  we  have,  for  loaded  truck, 

(W  +  w]  BC  =  (P  +  F)  AC  +/(W  +  w)  AB  ; 
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for  light  truck, 

(P-F)AC  =  w.  EC+f.w.AE. 
Whence 

(W  +  w)BC-F.  AC  =  F.AC+ze;.  BC+/-  AB(W  +  2w), 
.'.  2F.  AC  =  W.BC-/-  AB(W  +  2w), 

which  gives  us  the  value  required. 

[The  student  should  obtain  for  himself  this  result  by  consider- 
ing the  machine  as  a  whole  (see  preceding  case).] 

If  we  wish  to  draw  up  heavy  trucks  then  the  pulley 
at  the  top  must  be  connected  to  an  engine  which  forces 
it  to  revolve  against  the  difference  of  tension.  In  this 
case,  the  empty  trucks  being  lowered  render  a  less 
effort  on  the  part  of  the  engine  necessary.  Taking  this 
case  as  a  whole,  we  have 

Energy  exerted  by  engine  =  M  x  angle  turned  through  by  pulley. 

But  the  angle  turned  through  by  the  pulley  is,  in 
circular  measure,  AC/r,  and  M  =  2Fr. 

\C 

.  '  .  Energy  exerted  =  2¥r  x  —  =  2F  x  AC, 

Work  done  =  W.BC. 
Work  wasted  =/(  W  +  w)AB  +/.  w  .  AB. 


AC 

We  may  now  find  the  necessary  power  of  the  engine 
to  effect  the  lift  in  a  given  time. 

For  let  time  of  lift  be  /  minutes,  W  etc.  be  in  lbs.r 
and  AB  etc.  in  feet.  Then 

Energy  exerted  in  /  minutes  =  W.BC+/(W  +  2w)AB  ft.-lbs. 
.-.  Energy  exerted  in  ,  minute  =  ^^+/(/*±^^B  ft,lb, 
and 

.  '.  Horse  Paw^ 

tx  33000 
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[Notice  that  the  last  expression  is  a  number  simply,  not  foot- 
Ibs.  Suppose,  for  instance,  it  were  6,  then  the  engine  is 
equivalent  to  six  horses,  not  six  ft.  -  Ibs.  horses,  which  is 
evidently  nonsense,  yet  this  is  a  common  mistake.] 

Practical  examples  of  all  the  preceding  cases  can  be 
found  in  cable  tramways,  in  which,  at  one  and  the  same 
time,  some  cars  may  be  running  on  a  level,  others 
going  up  inclines,  and  others  going  down ;  and  the 
weights  vary  as  they  are  more  or  less  occupied. 

The  "Wheel  and  Axle. — We  have  seen  that  the 
friction  of  a  turning  pair  depends  on  the  pressures  on 
the  bearings  and  their  radii  (page  69). 

The  principal  part  of  the  problem  then  will  be  the 
determination  of  these  pressures. 

ist  Case. — The  Wheel  and  Axle  in  its  usual  ideal 
form.  Let 

R  =  radius  of  wheel, 
r-       „        axle, 
r'=       „        bearings. 

If  the  bearings  were  of  different  diameters  it  would 


Fig.  no. 


be  necessary  to  consider  them  separately,  and  hence  find 
the  pressure  on  each.     We  will,  however,  suppose  them 
equal,  and  we  can  then  treat  them  as  one. 
We  have  then 


Total  pressure  =  P  +  W, 
.  •  .  Moment  of  friction  =/(P  +  W)r' 

And  hence  for  one  revolution 


(page  69). 
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.       W     R  -fr' 
.  • .  Force  ratio  =j=  ^r^>  , 

and 

Efficiency  =  Force  ratio  x  velocity  ratio, 
_R-/r'     £ 
"r+yX  XR' 

which  is  independent  of  W. 

It  will  not  be  so,  however,  if  we  consider  the  weight 
of  the  wheel  and  axle. 

2d  Case — The  'Windlass. — We  will  not  take  any 
particular  dimensions,  because,  as  we  shall  now  see,  we 
cannot  obtain  in  any  simple  manner  results  of  practical 
value. 

Consider  how  the  effort  is  applied,  actually  it  will  be 
continually  varying  both  in  magnitude  and  direction, 
but  let  us  suppose  it  applied  in  a  definite  manner,  say 
of  constant  magnitude,  and  always  at  right  angles  to  the 
handle. 

The  friction  of  each  bearing  depends  on  the  total 
pressure  on  it,  and  that  on  the  two  bearings  on  the 
total  pressure  on  the  two ;  this  total  pressure  also 
happened  in  the  last  case  to  be  the  resultant  pressure 
P  +  W,  and  hence  was  easily  found,  and  constant.  But 
now  we  shall  have  to  find  the  actual  pressure  on  each, 
and  this  will  be  continually  varying  as  the  direction  of 
P  varies,  so  that  we  should  have  to  find  it  for  every 
position  of  the  handle.  Then  for  each  position  we 
could  find  the  friction  moment  for  each  bearing.  These 
being  variable,  the  work  wasted  would  be  found  graphi- 
cally by  drawing  a  curve  of  moment,  and  finding  its 
area  (page  80). 

Such  a  process  as  the  foregoing  is  rarely  if  ever 
necessary,  and  it  is  therefore  sufficient  to  indicate  it 
simply,  without  entering  into  the  details. 

A  similar  remark  applies  to  the  capstan. 
L 


146 


APPLIED  MECHANICS 


PART  I 


The  Screw. — The  friction  we  here  consider  is  that 
of  the  screw  pair  alone,  if  there  be  other  pairs  their 
frictions  must  be  calculated  separately. 

Let  then 

M  =  turning  moment. 

W  =  weight  lifted  or  resistance  to  motion. 

/=  length  of  thread  in  nut. 

</=mean  diameter  of  screw  (i.e.  midway  between  top  and 
bottom  of  thread). 

f=  coefficient  of  friction  between  screw  and  nut. 

/  =  pitch  of  thread. 

The  screw  is  then  acted  on  by  W,  M,  the  normal 
pressure  between  its  thread  and  the  nut,  and  the  friction 
also  between  these.  The  two  latter  forces  are  distributed 
over  the  whole  length  /,  and  across  the  breadth  of  the 
thread,  and  we  shall  treat  them  as  if  they  were  all  con- 
centrated at  the  mid-breadth  of  the  thread,  so  that  the 
screw  reduces  to  the  form  here  shown,  the  thread  being 
represented  by  the  single  line 
on  a  cylinder  of  diameter  d 
or  radius  r,  these  being  the 
mean  diameter  and  mean 
r^dius  of  the  screw. 

The  distributed  forces  are 
represented  by  the  small 
arrows.  These  appear  to  be 
in  varying  directions,  but  this 
is  due  to  our  point  of  view. 
When  we  look  straight  at  the 
screw,  the  small  piece  directly 
in  front  of  us  is  at  an  angle 
a  to  the  horizontal  such  that 


Fig.  in. 


tana=//7r</  (page  109),  and  this  is  true  wherever  we 
stand. 

If  now  we  resolve  all  the  forces  vertically,  we  have, 
if  R  =  sum  of  all  the  small  normal  pressures, 

Vertical  resultant  of  all  the  normal  pressures  =  R  cos  a. 
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[See  the  small  figure  which  represents  one  small  force,  and  is 
the  same  for  each  of  them.] 

Vertical  resultant  of  all  the  small  frictional  forces  =f  R  sin  a. 
[See  small  figure  again.] 

Then    R  cos  a    upwards    balances    W    and  /R  sin  a 
downwards,  M  having  no  vertical  effect, 


or 

W=  R(cos  a  -*/sin  a). 

Also  each  small  force,  call  it  q  say,  has  a  horizontal 
component  q  sin  a, 

And  the  small  frictional  force  fq  has  a  horizontal 
component  fq  cos  a. 

These  act  in  the  same  direction,  and  have  together 
a  turning  moment 

(q  sin  a  +fq  cos  a)r 

about  the  axis  of  the  screw. 

The  same  is  true  for  each  small  force, 

.  '.  Total  moment  =  (  R  sin  a  +/R  cos  a)r. 
[Since  all  the  ^'s  together  make  up  R.  ] 

The  nut  then  offers  this  resisting  moment  to  the 
turning  of  the  screw,  and  there  being  no  other  body 
resisting  the  turning,  we  have 

.'.  M  =  (Rsina+/Rcosa)r. 
Taking  then  one  revolution 

Energy  exerted  =  M  x  zir, 

—  27rrR(sin  a  +/cos  a). 
Work  done  =  Wx/, 

=  R(cos  a  -/sin  a)/, 

.'.  Efficiency  =• 


,  .  .  , 

2irr(sm  a  +f  cos  a) 

But 

P 
-=tan  a. 

27JV- 
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tan  a  (cos  a  -/sin  a) 
.  • .  Efficiency  =  —  -.--       fj       -  , 


I  -/tan  a 
'  i  +/cotana' 

Also  we  can  write  /  as  the  tangent  of  an  angle,  say 
<f>  (page  140), 

„,  „.  .  i  -  tan  0 .  tan  a 

•••Effiaency=i+tan».cotana' 

tana 
~~tan(a  +  </>)' 

A  very  simple  form,  which  can  be  easily  remembered, 
and  we  must,  of  course,  also  remember  what  c/>  is. 

Pulleys. — There  would  not  in  the  pulleys  be  much 
difficulty  in  determining  the  axle  friction  of  the  sheaves ; 
but  the  chief  frictional  resistance  does  not  arise  from 
this,  but  from  the  resistance  of  the  ropes  to  being  bent 
and  unbent,  arising  from  an  internal  friction  between  the 
fibres.  This  also  would  appear  in  the  wheel  and  axle. 

The  kind  of  friction  just  spoken  of  is  outside  our 
present  limits,  and  is,  in  fact,  not  known  with  any  great 
accuracy.  Hence  we  cannot  effect  a  detailed  examina- 
tion in  this  case,  but  we  can,  however,  treat  the  friction 
as  a  whole  in  the  following  manner : — 

Take  any  system  of  pulleys  and  experiment  with 
different  loads,  finding  in  each  case  the  effort  required 
to  steadily  lift  the  load.  Let 

P= effort, 
W  =  load, 

y  —  distance  P  moves, 
x=-  distance  W  moves. 

x\y  is  then  the  velocity  ratio,  and  yjx  would  be  the 
mechanical  advantage  if  there  were  no  friction,  since  we 
should  have 

Py=W;r. 

But  now  we  shall  find  that  all  our  experimental 
results  will  satisfy  a  formula  or  equation 
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where  e  and  P0  are  constant  for  all  values  of  W  and  of  P. 

This  is  said  to  be  the  law  of  efficiency  of  lifting 
tackles  or  pulley  systems.  Two  experiments  will  be 
sufficient  to  determine  the  values  of  e  and  PQ.  One 
may  be  with  W  =  o,  i.e.  no  weight  at  all  ;  then  we  have 
P  =  P0  (from  above),  so  that  PQ  is  the  effort  required 
to  bend  and  unbend  the  ropes,  and  to  turn  the  sheaves 
on  the  axles  against  the  friction  caused  by  the  weights 
of  the  block  and  ropes.  The  remaining  part  e^Nx  of 
the  waste  work  is  the  loss  due  to  pressures  caused  by 
the  actual  load  lifted. 

There  appears  then  to  be  a  separation  into  two  dis- 
tinct kinds  of  waste,  but  we  cannot  separate  them  per- 
fectly because  they  interact  on  each  other.  The  equation 
or  law  given  is  on  the  whole  fairly  accurate. 

The  efficiency  is 


and  the  counter  efficiency  =  I  +  e  +  P^/Wx,  so  that  if  W 
be  a  very  large  weight  compared  with  P0,  i  +  e  is  practically 
the  counter  efficiency,  so  we  could  roughly  determine  I  +  e 
by  lifting  a  very  large  load  and  measuring  the  value  of 
the  counter  efficiency  Py/W^r. 

We  have  dealt  pretty  fully  with  the  cases  we  have  so 
far  considered,  as  they  exhibit  the  methods  we  must  use 
in  the  great  majority  of  machines.  Space  prevents  our 
examining  any  more  of  the  simple  mechanisms  of  chap, 
v,  but  the  method  we  have  used  will  apply. 

EXAMPLES. 

I.  A  tram  car  weighing  4  tons,  resistance  on  the  level  15  Ibs. 
per  ton,  is  pulled  up  an  incline  of  I  in  18.  Find  the  pull  re- 
quired, and  also  the  amount  of  error  which  would  be  made  by 
taking  the  resistance  to  be  the  same  on  the  slope  as  on  a  level. 

Ans.  557  Ibs.;  .114  Ibs. 
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2.  If  8  passengers,  each  weighing  130  Ibs.,   enter  the  car, 
what  increase  of  slope  is  this  equivalent  to  ? 

Ans.   i  in  1200  about. 

3.  The  draught  of  a  waggon  is  40  Ibs.  per  ton,  and  the  co- 
efficient of  friction  between  the  skid  and  road  \.     In  going  down 
an  incline,  with  one  of  the  four  wheels  skidded,  the  speed  is  the 
same  as  on  a  level  road  with  no  skid,  the  horses  exerting  the 
same  pull.     Find  the  slope.  Ans.   i  in  17^. 

4.  The  engine  of  a  goods  train  can  just  pull  it  on  a  level  at 
25  miles  per  hour.     Resistance  17  Ibs.  per  ton.     Two  points  A 
and  B  on  the  line  are  IO  miles  apart,  and  B  is  60  ft.  below  A  ;  the 
slope  from  A  to  C,  an  intermediate  point,  is  I  in  300,  and  from  C 
to  B  i  in  600.     Find  at  what  point  of  the  down  grade  the  speed 
which  was  25  miles  per  hour  passing  A  will  again  be  the  same, 
and  what  was  the  speed  at  the  summit.     Also  what  reduction  of 
power  must  then  be  made  to  keep  the  speed  from  rising. 

Ans.  2. 12  miles  from  the  summit,  8 J  miles  per  hour.    Reduce 
by  .  22  of  original  power. 

5.  A   locomotive   weighs   45    tons,    of  which   .48   rests   on 
the  driving  wheels.     What  must  be  the  coefficient  of  friction 
between  the  surfaces  of  the  driving  wheels  and  the  rails  that  the 
engine  may  just  draw  a  train,  total  weight  200  tons,  at  5°  miles 
per  hour  without  slipping,  up  an  incline  of  i  in  300.     Resistance 
45  Ibs.  per  ton.     (This  friction  is  called  the  adhesion.) 

Ans.  .217. 

6.  A  ship  weighing  2000  tons  is  launched.     Find  what  slope 
of  the  ways  is  necessary  for  uniform  motion  when  once  started. 
Also,  what  should  be  the  area  of  bearing  surface  so  that  the  , 
pressure   shall  not  exceed  2.\  tons  per  sq.  ft.,  and  so  force  out 
the  tallow?     Coefficient  .14.  .  Ans.  8°;  800  sq.  ft. 

7.  The  trucks  of  a  double  incline  weigh  4  tons,  and  are  loaded 
with  5  tons.     Find  the  slope  so  that  the  loaded  truck  would  run 
steadily  down.     Resistance  17  Ibs.  per  ton.  Ans.  i°  9'. 

8.  The  actual  slope  in  the  preceding  being  30°,  find  what 
frictional  moment  must  be  applied  to  a  pulley  8  ft.  diameter  to 
keep  the  motion  uniform.  Ans.  9§  ft.-tons. 

9.  If  the  bearings  of  the  pulley  be  6  ins.  diameter,  and  the 
friction  coefficient  TV,  solve  the  preceding,  taking  account  of 
the  friction  of  these  bearings.  Ans.  9.57  ft.-tons. 

10.  The  wheels  of  a  railway  carriage  are  3  ft.  6  ins.,  weight 
1 8  tons.     The  coefficient  of  friction  between  the  brake  blocks 
and  wheels  is  .4.     Find  the  total  pressure  between  the  blocks 
and  wheels,  so  that  if  detached  on  an  incline  of  i  in  120  the 
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carriage  may  not  run  down.    Ordinary  resistance,  14  Ibs.  per  ton. 

Ans.  210  Ibs. 

11.  In  question  2,  page  131,  the  diameter  of  the  axles  of  the 
pulleys  is  f  in.     Coefficient  of  friction  •£%.     Find  the  efficiency, 
omitting  stiffness  of  the  ropes.  Ans.  .88. 

12.  In  question  6,  page  no,  the  mean  diameter  of  the  thrust 
rings  is  15  ins.     Coefficient  of  friction  .05.     Find  the  efficiency 
of  the  thrust  block — shaft  pair. 

Ans.  Work  done  per  revolution,  i2OX2?r  inch-tons.     Work 
wasted,  10.56  inch-tons. 

. ' .  Efficiency  = .  986. 

13.  In  question  7,  page  91,  the  bearings  are  7  ins.  diameter. 
Coefficient  •£$.     Draw  a  curve  of  frictional  moment  and  calculate 
the  work  lost  in  friction  per  lift. 

Ans.  Total  weight  is  constant,  therefore  curve  is  a  straight  line. 
Work  lost  =  5. 9  ft. -tons. 

14.  In  question  11,  page  133,  calculate  the  efficiency,  if  the 
diameter  of  bearings  for  each  shaft  be  3^  ins.,  and  the  driven 
pulley  2  ft.  3  ins.  diameter.     Coefficient  TV  Ans.  .939. 

15.  Find  the  efficiency  of  the  screw  jack  of  question  9,  page 
38.    Coefficient  .06.     Depth  of  thread  tf  of  the  pitch.    Diameter 
3  in.  Ans.  .45. 

1 6.  Find  the  law  of  efficiency  of  a  pair  of  three-sheaved  blocks 
in  which  a  12  Ibs.  pull  raises  40  Ibs.,  and  a  70  Ibs.  pull  300  Ibs. 

Ans.  P  =  .223W  +  3^  in  Ibs. 


CHAPTER    VIII 

THE    DIRECT    ACTING    ENGINE MOTION 

OF  all  machines  the  above  is  probably  the  most  import- 
ant, and  hence  we  will  examine  it  thoroughly  in  detail, 
so  far  as  the  limits  of  the  present  work  will  allow. 

Fig.  1 1 2  shows  the  construction  of  a  vertical  engine 


for  marine  propulsion,  and  will  serve  as  a  type  of  all 
direct  actors. 

A    is    the  cylinder ;    B,   B,   B    the    framing ;    C   the 
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piston  ;  D  the  piston  rod ;  E  the  connecting  rod  ;  and 
F  the  crank  shaft. 

The  shape  or  construction  of  the  parts  is  not,  to  us,  of 
importance  except  in  so  far  as  it  governs  the  motion,  i.e. 
we  care  only  about  the  positions  and  shapes  of  the  bear- 
ing surfaces. 

We  have  then  as  essentials — 

ist.  A  fixed  piece  A  and  B,  B,  B.  This  we  consider 
as  only  one  piece,  because,  although  it  is  actually  made 
in  parts,  this  is  only  for  constructive  reasons,  and  as  far 
as  the  motion  is  concerned  it  might  be  one  solid  cast- 
ing. 

[In  some  small  engines  it  is  actually  so.] 

2d.  A  piece,  C  and  D,  which  slides  in  A  (see  chap, 
i.  page  19). 

3d.  A  piece  E,  which  is  connected  to  D  by  a  pin 
joint,  so  that  E  turns  relatively  to  D.  The  centre  of 
the  pin  is  in  the  centre  line  of  C  and  D. 

4th.  A  piece  F,  which  can  turn  in  the  end  of  E,  and 
also  in  a  bearing  in  B,  i.e.  in  A.  So  we  have  returned 
to  A  again.  The  centre  line  of  the  last  bearing,  or 
bearings,  must  meet  the  line  of  stroke,  as  shown  at  O 
in  the  skeleton  figure. 

The  machine  consists  then  of  four  pieces,  connected 
as  here  shown  : — 

Sliding  Pair     {  Framing  and  cylinder^ 

f  Piston  and  rod 
Turning  Pair  |Connecting  rod  Burning  Pair. 

Turning  Pair  {crankshaft^ J 

The  kind  of  relative  motion  of  these  pieces  we  have 
given  us  by  the  connections,  and  we  now  wish  to  find 
the  relations  which  exist  between  their  amounts. 

For  this  purpose  we  do  not  need  the  outlines  and 
cross  dimensions  as  given  in  Fig.  1 1 2  (a),  but  simply  the 
dimensions  of  the  skeleton  figure  (b}.  In  (b}  the  framing 
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is  represented  by  the  paper  and  the  pieces  by  their 
centre  lines  only.  The  small  part  shaded  is  to  show 
that  the  piece  C  and  D  slides  in  the  direction  of  its 
length.  The  dotted  circle  shows  the  path  of  the  centre 
of  the  crank  pin,  generally  called  the  Crank  Pin  Circle. 

Position  of  Piston. — We  will  first  consider  how  to 
find  the  position  of  the  piston  when  we  know  that  of  the 
crank  and  wee  'versa. 

First  we  must  notice  that,  since  the  piston  rod  and 
crosshead  all  slide  as  one  body  in  a  straight  line,  it 
follows  that  if  we  know  the  position  of  any  one  point  in 
this  body,  then  the  position  of  the  whole  is  fully  deter- 
mined. There  is  then  no  need  to  do  more  than  find  the 


position  of  this  one  point,  and  then  the  position  of  all 
the  others  follow. 

Suppose,  for  example,  we  select  the  centre  of  the 
crosshead  bearing,  which  in  the  skeleton  figure  we  should 
call  the  end  of  the  piston  rod.  Then  in  Fig.  1 1 3  we  have 
drawn  the  piston  and  rod,  A  being  the  piston  and  B  the 
centre  of  the  crosshead — the  dotted  line  below  is  drawn 
to  show  the  travel  on. 

Take  ab  to  represent  the  stroke  of  the  piston.  Then 
when 

A  is  at  0,  B  is  at  a'  (beginning  of  its  travel), 
A  is  at  b  (end  of  its  travel),  B  is  at  b'  (end  of  its  travel), 
A  is  at  c  (centre  of  its  travel), B  is  at  c'  (centre  of  its  travel), 

and  generally  when 

A  is  distant  x  from  c,  B  is  distant  x  from  c'. 
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These  results  depend  on  the  fact  that  AB  is  a  con- 
stant length,  i.e.  length  of  skeleton  rod,  and  they  show 
that  B  travels  in  its  path  exactly  as  A  travels  in  its  path. 

Our  problem  then  is  reduced  to  finding  the  position 
of  the  end  of  the  piston  rod  for  a  given  crank  position. 

In  Fig.  114  O  is  the  centre  of  the  crank  circle,  AA'  its 
diameter  in  the  line  of  stroke  ;  then  A  and  A'  are  called 
the  dead  points  or  dead  centres,  and  AA'  is  called  the 
line  of  dead  centres.  Let 

a  =  length  of  crank  arm, 
na  =  length  of  connecting  rod. 

Take  now  OP  representing  a  given  position  of  the 
crank. 

Then  producing  A'A  the  end  of  the  piston  rod  must 


Fig.  114. 

lie  on  this  line,  since  it  is  the  line  of  stroke.  But  the 
end  of  the  rod  must  also  be  at  a  certain  distance  from 
P,  because  it  is  connected  to  P  by  the  connecting  rod. 
If  then  D  be  the  position  of  the  end  of  the  rod,  PD  must  be 
the  length  of  connecting  rod.  We  can  then  at  once 
see  how  to  find  D,  for  taking  a  radius  na,  sweep  out  an 
arc  with  P  as  centre,  and  the  point  D  where  this  arc  cuts 
A'A  produced  is  the  position  of  the  piston  rod  end. 

Take  now  ADX  and  A'D2,  each  equal  to  na.  Then 
Dx  and  D2  represent  the  ends  of  the  stroke,  and  the 
point  D  moves  forward  and  backward  along  D1D2, 
showing  the  position  of  the  piston  rod  end  in  its  stroke. 
But  looking  back  we  see  that  the  piston  moves  identically 
in  its  stroke,  and  so  we  can  say  DXD2  shows  the  path 
of  the  piston,  and  D  gives  the  piston  position. 
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But  we  can  still  further  extend  this  method  :  for  AA' 
is  equal  to  DjDg,  so  that  AA'  may  be  taken  to  represent 
the  piston  stroke. 

Now  with  centre  D,  radius  DP,  describe  the  arc  PM, 
cutting  AA'  in  M. 

Then  DM  =  na,  and  so  as  D  moves  along  DjDg,  M 
will  move  identically  along  AA'. 

It  follows  then  that  the  position  of  M  in  AA'  is 
identical  with  that  of  the  piston  in  its  stroke,  and  hence 
we  say  M  gives  us  the  piston  position.  We  see  then  now 
how  to  find  the  piston  position  corresponding  to  a  given 
crank  position,  and  we  have  seen  that  it  may  be  repre- 
sented in  two,  or  even  more  if  we  like,  different  ways. 

Graphic  Representation. — When  we  have  ob- 
tained a  piston  position  corresponding  to  a  given  crank 
position,  or  vice  versa,  then  by  marking  down  in  some  way 
the  result  of  our  construction,  we  shall  be  able  at  any  future 
time  to  obtain  this  particular  result  without  the  trouble  of 
going  again  through  the  construction.  Now  the  simplest 
way  of  defining  the  piston  position  is  by  its  distance 
from  the  middle  of  its  stroke,  i.e.  (Fig.  114)  the  distance 
OM. 

Suppose  then  that  along  OP,  the  crank  position, 
we  set  off  OQ  =  OM,  then  we  could  rub  out  the  whole 
of  our  construction,  leaving  only  the  point  Q,  and 
if  at  any  time  we  required  the  position  of  the  piston 
corresponding  to  the  position  OP  of  the  crank,  we  should 
only  require  to  measure  OQ,  and  we  should  then  know 
it  was  this  distance  from  the  middle  of  its  stroke. 

Repeat  the  above  construction  now  for  a  large  number 
of  crank  positions  OPp  OP2,  etc.  obtaining  the  points 
Qi>  Q2>  etc-  (Fig.  US).  Now  for  clearness  transfer  the 
Q's  to  a  new  figure  (Fig.  1 1 6). 

By  means  of  the  figure  thus  obtained  we  could  find 
the  piston  position  at  any  time,  for  any  one  of  the  par- 
ticular cranks  OPp  OP2,  etc.  marked  on  it. 

But  now,  instead  of  leaving  simply  a  set  of  discon- 
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nected  points,  Q1?  Q<>,  etc.  draw  a  continuous  fair  curve 


Fig.  115- 

through  them  as  completed  in  Fig.  116.      Now  we  can 

determine  the  piston  position  for  any  crank  whatever. 

For  draw  any  crank,  as  O^,  then 

Oq  where  Op  meets  the  curve  is 

the  distance  of  the  piston  from  the 

middle  of  its  stroke,  when  the  crank 

lies  along  Qp.  A 

The  curve  which  we  have  just 
drawn  is  called  the  curve  of 
piston  position,  and  it  may  be  of 
advantage  now  to  summarise  the 

method  of  constructing  it ;  our  explanation  so  far  being 
more  directed  to  showing  how  we  are  naturally  led  to 
construct  such  a  curve  than  to  indicate  how  we  should 
practically  set  to  work  on  it. 

We  proceed  then  thus  (Fig.  117): — 

Draw  the  crank  circle  on  any  convenient  scale. 
Draw  the  line  of  dead  centres  or  stroke,  and  produce  it. 
Divide  the  crank  circle  into  a  large  number  of  parts,  say 
24,  commencing  at  A,  and  number  them  o,  1,2,  etc.,  up  to 
23.  Set  a  pair  of  compasses  to  the  length  of  the  connect- 
ing rod,  on  the  same  scale  as  the  crank  circle  is  drawn,  and 
from  o  describe  a  circle  cutting  the  line  of  stroke  in  o,  from 
I  an  arc  cutting  the  line  in  I,  and  so  on  up  to  12  or  A'. 
There  is  no  need  to  go  farther,  as  we  shall  only  get  the 
same  points  over  again,  so  simply  number  them  back  again. 
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Shift  now  the  needle  point  to  the  points  on  the  line 


of  stroke,  and   describe   successively  the  arcs    n',  22', 
33'>  etc. 
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Draw  the  cranks  Oi,  C>2,  63,  etc.,  and  with  fixed 
centre  O  draw  arcs — 


i 'I,  cutting  Oi  in  I. 
2' II,  cutting  O2  in  II. 


23'XXIII,  cutting  023  in  XXIII. 

Now  draw  a  fair  curve  through  A,  I,  II  ...  O  ...  XXIII, 
A. 

The  process  can  be  followed  in  the  figure ;  and 
examples  should  be  drawn  to  as  large  a  scale  as 
possible. 

The  part  of  the  curve  near  O  is  not  very  clear  in  the 
main  figure,  so  it  is  shown  enlarged  in  Fig.  117  (a). 
Here  we  see  that  there  are,  we  may  say,  two  separate 
enclosed  curves,  having  as  common  tangents  the  cranks 
corresponding  to  zero  distance  of  the  piston  from  the 
centre  of  its  stroke,  i.e.  piston  at  O,  taking  AA'  as  the 
stroke.  To  find  these  crank  positions  we  simply  reverse 
our  original  construction  for  piston  position,  i.e.  from  O', 
the  centre  of  o,  12  the  stroke,  we  strike  an  arc  with  radius 
O'O,  i.e.  connecting  rod  length,  cutting  the  crank  circle  in 
two  points  Ol  and  O2  (Fig.  1 1 8),  and  then  OC^  and  OO2 
are  the  two  required  cranks.  The 
curve  which  lies  to  the  left  of  these 
cranks  shows  distances  to  the  left 
of  the  centre,  and  that  lying  to  the 
right  distances  to  the  right  of  the 
centre.  For  cranks  very  near 
or  OO2  it  is  not  advisable  to  trust 
to  the  curve  but  to  perform  the 
original  construction. 

We  can  now  use  this  curve  to 

give  us  the  piston  position  corresponding  to  a  given 
crank,  or  vice  versa.  The  former  we  have  already  con- 
sidered, for  the  latter  we  proceed  thus  : — 

Let  the  given  piston  position  be  at  a  distance  x  from 
its  mid-position. 
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Take  a  radius  x  and  with  centre  O  describe  a  circle. 
This  circle  cuts  the  curve  in  four  points,  either  of 
which  joined  to  O  gives  a  crank  position  fulfilling  the 
required  condition.  To  determine  which  is  the  particu- 
lar one  we  must  know  on  which  side 
of  the  centre  the  piston  is,  and  in 
which  direction  it  is  travelling. 
Thus  in  Fig.  1 19  if  the  piston  be 

In  OA  travelling  to  A',  Oi  is  the  crank 
,,     ,,  „         from  A',  04          ,, 

„  OA'       „  „     A',  03 

„     „          „        to       A',  O2 

Obliquity     of     Connecting 

Bod. — We  have  seen  that  the  piston  position  corre- 
sponding to  a  given  crank  position  depends  on  the  ratio 
of  connecting  rod  to  crank  arm. 

Now  to  see  in  what  way  an  alteration  of  connecting 


rod  length  does  affect  the  position,  let  us  examine  Fig. 
1 20,  where  we  have  two  examples  drawn,  differing  only 
in  length  of  connecting  rod. 

In  each  figure  O  is  the  crank  centre,  OP  a  given  crank, 
CP  the  connecting  rod,  and  M  the  piston  position,  PM 
then  being  an  arc  with  centre  C. 
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In  each  figure  drop  PN  perpendicular  to  the  line  of 
stroke. 

In  each  figure  the  distance  CN  is  less  than  CM 
or  CP,  the  connecting  rod  length.  The  amount  of  the 
difference  in  each  case  depends  on  the  angle  PCO,  i.e. 
on  the  obliquity  of  the  connecting  rod  ;  and  it  varies 
from  zero  at  the  beginning  and  end  of  the  stroke  to  a 
maximum  somewhere  between. 

Contrasting  the  two  figures  we  see  that  MN  is  much 
less  in  (£)  than  in  (a\  due  to  the  fact  that  the  connect- 
ing rod  is  longer  in  (<£).  If  we  made  the  connecting 
rod  still  longer,  the  difference  MN  would  be  less  still  ; 
and  when  the  ratio  of  connecting  rod  to  crank  reaches 
say  about  12:1,  the  points  M,  N  would  be  practically 
identical. 

The  process  of  dropping  a  perpendicular  from  P  is  a 
simpler  one  than  that  of  finding  the  arc  PM  ;  and, 
moreover,  the  result  obtained  can  be  expressed  in  a 
simpler  form.  Hence,  for  many  purposes,  we  treat  the 
point  N  as  the  piston  position  instead  of  M  ;  our  error 
in  doing  so  is  MN  ;  and  we  say  MN  is  the  error  due 
to  obliquity,  and  N  is  the  piston  position  neglecting 
obliquity. 

We  can  very  easily  calculate  the  amount  of  the  error  due  to 
obliquity.     For  with  the  usual  lettering  (Fig.  120) 
MN  =  CM-CN, 

=  net  -  na  cos  PCN. 

PCN  is  usually  denoted  by  0  and  PON  by  9, 
.'.  MN  =  «a  (i-cos0), 

0 
=  2  na  sin2  —  • 

The  greatest  value  of  0  is  when  the  crank  is  upright,  i.e. 
6  =  90°;  and  then 


It  is  quite  near  enough,  0  being  a  small  angle,  to  take 


.    0     T    .     .       i 
sm  —  =  *  sin0=  —  . 

2  211 

M 
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Whence 

Greatest  value 

4?r    2.n       411 

(s  being  the  stroke). 

If  w  =  4,  the   greatest  error   is  only  s/i6,  while  if  n=i2  it  is 
only  s/48. 

There  are  two  cases  in  which  there  would  be  no 
error  due  to  obliquity. 

i  st.  With  an  infinite  connecting  rod,  for  then  M  and 
N  would  be  identical.  This  is  of  course  an  impossi- 
bility. 

2d.  With  connecting  rod  of  length  zero. 

This  latter  can  be  in  a  way  effected,  and  there  is  a 
certain  practical  type  of  direct  acting  engine,  which  we 
may  say  has  a  connecting  road  of  zero  length,  and  the 
movement  of  which  is  unaffected  by  obliquity. 

The  figure  shows  a  portion  of  the  mechanism  of  such 
an  engine,  used  as  a  pumping  donkey. 

A  is  an   outside  view   of  the   cylinder,  with  guides 
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Fig.  121. 

fastened  to  the  top  and  bottom.  B  is  the  piston  rod, 
the  end  being  either  forged  solid  or  screwed  into  a  cross- 
piece,  thus  forming  a  T  head,  in  which  is  cut  a  slot  at 
right  angles  to  the  line  of  stroke.  C  is  a  block  sliding 
in  the  slot,  which  (C)  in  a  way  takes  the  place  of  the 


CHAP,  viii      THE  DIRECT  ACTING  ENGINE  163 

connecting  rod  and  contains  the  crank  pin  brasses.  O 
is  the  centre  of  the  crank  shaft,  the  crank  circle  being 
dotted.  The  shaft  is  only  shown  by  its  centre,  and  the 
remainder  of  the  mechanism  is,  for  clearness,  omitted. 

Now,  plainly  this  mechanism  works  as  an  ordinary 
direct  actor  neglecting  obliquity. 

For  taking  the  centre  point  of  the  slot  as  defining  the 
motion  of  the  piston  (page  154),  this  point  always  is  at 
N,  the  foot  of  the  perpendicular  from  P,  the  centre  of 
the  crank  pin,  on  to  the  line  of  stroke.  This  point  is 
also  the  centre  of  the  end  of  the  piston  rod,  so  that  it 
is  C  in  our  former  figures,  thus  C  and  N  are  identical  ; 
and  this  is  why  we  say  that  in  a  way  the  connecting 
rod  is  of  zero  length. 

Having  thus  found  that  results  obtained  neglect- 
ing obliquity  are  not  only  approximate  for  the  ordinary 
engine,  but  are  also  the  actual  results  for  another  kind 
of  engine,  let  us  see  what  these  results  come  to. 

To  find  the  piston  position,  we  simply  drop  PN 
perpendicular  to  AA'. 

But  now  let  us  proceed,  as  on 
page  1  60,  to  draw  a  curve. 

Then  (Fig.  122),  we  make 
OQ  =  ON,  and  so  on.  Doing  this, 
and  drawing  a  curve  through  the 
Q's  obtained,  the  student  will  find 
he  obtains  two  curves,  as  in  Fig. 
122,  which  look  very  like  circles, 

with  OA,  OA'  as  diameters.  And  in  fact  they  are  so, 
as  can  be  readily  proved.  For 

ON  =  a  cos  0, 


=  OA  cos  0, 
therefore  AQO  is  a  right  angle. 

Therefore  Q  lies  on  a  circle  having  OA  for  diameter,  and 
similarly  for  the  other  side  OA'. 

We    see    then     that     the    determination,    neglecting 
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obliquity,  of  a  piston  position  is  by  far  simpler  than  the 
actual  accurate  determination ;  and  thus  for  proportions 
of  connecting  rod  to  crank  which  do  not  make  the  error 
very  large,  we  can  save  much  labour  by  the  use  of  this 
simpler  diagram. 

There  is  one  important  case  in  which  we  utilise  the 
diagram  just  obtained,  and  which  we  will  now  briefly 
consider. 

Motion  of  the  Slide  Valve. — Fig.  123  shows  the 
ordinary  eccentric  motion  by  which  the  valve  is  driven. 


Fig.  123. 

This  we   can   easily  see  is  identical  with  that  of  a 
direct  actor,  for 

A  is  the  shaft, 

OP  the  crank  arm, 

B  is  the  crank  pin,  centre  P. 

B  is  of  course  made  very  large,  so  that  it  actually 
embraces  the  whole  of  the  crank  arm  in  itself  and  pro- 
jects on  the  other  side  of  the  shaft.  But,  as  we  have 
explained,  the  size  of  a  bearing  does  not  affect  the 
motion,  but  only  the  position  of  its  centre  point.  Since 
B  however  is  so  large  it  gets  a  new  name,  viz.  Eccentric. 
Then  we  have  the  connecting  rod,  now  called 
Eccentric  Rod  and  Strap,  but  being  nevertheless  only  to 
us  one  piece,  as  the  connecting  rod  was.  The  centre 
line  of  this  is  PC. 
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Then  C  is  the  end  of  the  valve  rod,  which  slides 
backward  and  forward  as  the  piston  rod  does,  driving 
the  slide  valve  as  the  piston  rod  does  the  piston. 

This  mechanism  then  will  be  treated  exactly  as  the 
direct  actor  ;  but  the  proportions  are  such,  i.e.  the  ratio 
CP  :  OP  is  so  large,  that  we  can,  with  almost  absolute 
accuracy,  neglect  obliquity, 
and  hence  we  shall  do  so. 

Take  then  (Fig.  124), 
AA'  =  stroke  of  valve. 

Bisect  AA'  in  O,  and 
draw  the  two  dotted  circles. 

These  circles  are  the 
curves  of  valve  position, 
and  when  the  valve  crank, 
or  Eccentric  Radius •,  as  it 
is  now  called,  lies  along  OP 
say,  the  valve  will  be  at 
a  distance  OO  from  the 
centre  of  the  stroke. 

Zeuner's  Diagram. — But  now,  what  we  generally 
wish  to  know  is  the  valve  position  for  a  given  position 
of  the  main,  not  the  valve  crank. 

To  obtain  this  we  must  of  course  know  how  the  two 
cranks  lie  relatively  to  each  other.  This  relative  posi- 
tion is  always  expressed  by  what  is  called  the  Angle  of 
Advance,  which  we  will  represent  by  8. 

Then  8  being  given  as  the  angle  of  advance,  this 
means  that  the  valve  crank,  i.e.  eccentric  radius,  is,  during 
the  rotation,  in  advance  of  the  main  crank  by  an  angle 
7T/2  +  8,  so  that  it  would  in  ordinary  language  be  more 
correct  to  give  Tr/2  +  8  as  the  angle  of  advance  ;  but  the 
technical  meaning  is  as  just  explained. 

In  Fig.  124  then  the  direction  of  motion  being  as  re- 
presented by  the  arrow,  the  main  crank  would  be  at 
OP',  where  P'OP  =  7r/2  +  S,  and  the  process  to  follow 
would  be  : — 
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Draw  OP',  the  given  crank  position.  Measure  P'OP 
in  the  direction  of  motion,  equal  to  ?r/2  +  8,  and  then 
measure  OQ. 

We  should  then  have  obtained  the  distance  of  the  valve 
from  the  centre  of  its  stroke  when  the  crank  is  along  OP'. 

[Notice  OP'  is  not  the  crank  arm  now  in  magnitude.] 

But  now  instead  of  keeping  the  dotted  curve  and 
going  through  the  preceding  work  every  time  we  require 
a  result,  we  shall  save  time  by  marking  off  OO  along 
OP',  and  the  same  for  a  large  number  of  cranks,  and 
then  drawing  a  curve  through  the  points  so  obtained  we 
shall  have  a  curve  whose  intercepts  on  the  main  crank 
give  the  valve  positions. 

We  will  commence  then  to  do  this  as  follows  : — 

Make  OQ'  =  OO. 

Now,  is  it  necessary  to  continue  this  for  a  large 
number  of  cranks  ?  The  answer  is  No  ! 

For  what  we  have  done  is  to  shift  Q  back  through 
7T/2  +  8,  and  plainly  we  shall  shift  all  the  other  points  of 
the  dotted  curve  back  through  ?r/2  +  8. 

But  the  final  result  of  all  this  will  be  simply  to  turn 
the  two  circles  back  through  7r/2  +  8,  leaving  them  still 
circles. 

Hence  then  our  practical  construction,  viz. — 

Take  CC',  making  ?r/2  +  8  with  AXA  as  shown,  then  CC' 
is  the  position  to  which  AA'  will  turn,  and  the  two  circles 
on  OC,  OC'  as  diameters  are  the  position  circles. 

The  diagram  thus  obtained  is  called  Zeuner's  diagram, 
being  due  to  Dr.  Zeuner,  and  the  two  circles  are  gener- 
ally called  Valve  Circles. 

We  may  again  repeat  that  its  property  is  this.  Tak- 
ing any  position  of  the  main  crank,  the  intercept  between 
O  and  the  circle,  on  the  crank  arm,  gives  the  distance 
of  the  slide  valve  from  the  centre  of  its  stroke.  Its 
practical  uses  require  a  study  of  the  slide  valve  and  it 
appertains  more  properly  to  Engine  Design. 
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[The  student  should  notice  that  OC  lies  before  OB  by  an  angle  5. 
This  sometimes  causes  a  little  confusion,  because  the  eccentric 
being  7r/2  +  5  in  advance  of  the  crank,  it  is  thought  OC  should  be 
7T/2  +  5  from  OA';  but  it  must  be  remembered  that  OC  comes 
from  OA  by  backward  turning,  not  from  OA'.] 

Piston  Velocity. — After  considering  position,  we 
naturally  come  to  change  of  position,  or  motion  ;  and 
rate  of  motion,  or  velocity. 

We  will  in  the  present  section  commence  with  the 
motion  neglecting  obliquity,  that  being  the  simpler. 

The  first  question  will  be  the  determination  of  the 
relation  which  exists  between  the  velocity  of  the  piston 
and  that  of  the  crank.  We  have  here  used  the  ordinary 
mode  of  expression,  but  strictly  we  should  have  said 
velocity  of  piston  relative  to  cylinder  and  framing,  and 
velocity  of  crank  relative  to  the  same ;  or  velocity  of 
piston-cylinder  pair,  and  of  crank-frame  pair.  Of  course 
we  have  made  the  tacit  assumption  that  the  cylinder  and 
framing  are  fixed.  This  preliminary  statement  being 
understood  once  for  all,  we  shall  use  the  common  mode 
of  statement. 

In  Fig.  124  we  have  the  crank, 
etc.  with  the  usual  lettering. 

We  have  first  to  settle  how  we 
will  estimate  the  crank  velocity. 

It  is  an  angular  velocity,  say  A0 
per  second,  or  we  can  define  it  by 
the  linear  velocity  of  the  crank  pin, 
say  V0  f.s.  Then  in  the  latter 
case  a  is  the  radius  of  reference 
(page  31),  and 

V0=A0a. 

Now,  when  at  P,  the  total  velocity  of  the  crank  pin  is 
V0  in  the  direction  of  the  arrow,  i.e.  at  right  angles  to  OP. 

This  velocity  is  equivalent  to  a  velocity  V0  sin  0 
parallel  to  AA',  combined  with  a  velocity  V0  cos  6  along 
NP. 
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Looking  at  the  connection  of  the  pin  with  the  piston 
rod  head,  it  is  plain  that  any  motion  of  the  pin  parallel 
to  AA'  must  cause  an  equal  motion  of  the  head  in  that 
direction.  Hence 

Velocity  of  piston  rod  parallel  to  AA'  =  V0  sin  0. 

But  the  piston  rod  can  only  move  parallel  to  AA',  so 
that  this  velocity  is  its  total  velocity  ;  and  hence  call- 
ing the  piston  velocity  at  the  instant  considered  V^  we 
have 


[With  regard  to  V0  cos  0,  the  other  part  of  V0.  This  part 
does  not  cause  any  motion  of  the  rod,  for  the  pin  is  free  to  slide 
along  the  slot  in  the  direction  NP.  It  follows  then  that  the  pin 
having  a  velocity  V0  cos  6  in  that  direction,  and  the  piston  rod 
head  having  necessarily  no  velocity  in  that  direction,  V0  cos  6  is 
the  velocity  with  which  the  pin,  and  necessarily  the  block  en- 
circling it,  slides  along  the  slot. 

So  sliding  velocity  of  block-piston  rod  pair  =  V0  cos  6. 

We  should  here  particularly  notice  that  V0  is  the  total 
velocity  of  the  pin,  hence  we  can  resolve  it  into  its  components 
as  we  have  done.  But  suppose  we  had  looked  at  the  question 
in  another  way  as  follows  :  — 

The  piston  moves  forward  with  a  velocity  V  say,  therefore 
resolving  V  in  the  direction  of  motion  of  P  we  obtain, 

V0  =  V'sin0. 

Then  we  should  be  wrong,  the  reason  being  that  V  represents 
only  a  part  of  the  motion  causing  the  motion  of  the  pin.  In 
addition  to  moving  along  with  V,  the  pin  must  necessarily  slide 
along  the  slot  with  some  velocity  V",  and  then  V0  is  the  com- 
bination of  the  two,  thus  V0  contains  also  a  term  representing 
the  effect  of  V"  in  the  direction  of  V0,  and  the  total  result  is 

V0  =  V'sin0-HV"cos0. 
This  agrees  with  what  we  before  obtained.     For 


.  •  .  V  sin  6  +  V"  cos  0  =  V0  sin2  0  +  V0  cos2  0  =  V0, 

so  that  we  obtain  the  same  result. 

The  foregoing  is  a  very  common  error,  and  should  be  carefully 
guarded  against.] 
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Since  Vp  —  V0  sin  0,  we  have 

.       f    .  .  ,      V0  sin  0 

Velocity  ratio  of  piston  to  crank  =  — = — , 

=  sin  6  (radius  of  reference  a). 

We  want  now  a  graphical  representation  of  this,  and 
there  are  two  ways  in  which  we  may  look  at  it. 

ist.  Let  V0  be  constant. — Then  we  can  represent 
this  constant  velocity  by  a  line  of  given  length  ;  gener- 
ally we  take  OP  to  represent V0  and  then  the  scale  is 

OP  in  inches  to  V0  f.s., 
or 

i  inch  to  V0/OP  f.s., 

OP  here  standing  for  the  number  of  inches  it  measures 
in  the  diagram,  and  having  nothing  whatever  to  do  with 
that  length — the  crank  arm — which  on  another  scale  it 
represents. 

Thus  if  a  =  2  ft.,  and  we  draw  OP  =  2  ins.,  then  the  linear  scale 
is  i  in.  to  I  ft.  Now  if  V0  =  2O  f.s.  say,  the  velocity  scale  would 
be  2  ins.  to  20  f.s.,  not  2  ft.  to  20  f.s. 

OP  then  representing  V0,  if  we  draw  PR  parallel  to 
A  A',  cutting  OB  in  R,  we 
obtain 

OR  =  OP  sin  0, 

therefore  OR  represents 
the  piston  velocity.  We 
proceed  then  to  draw  a 
curve  of  piston  velocity  A 
by  making,  on  OP,  OQ 
equal  to  OR,  and  so  on 
for  a  large  number  of 
cranks  as  shown  in  Fig. 
126. 

Then  a  curve  drawn 
through  the  O's  is  a  curve 
of  piston  velocity,  the  intercept  which  it  cuts  off  on  any 
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particular  crank  giving  the  piston  velocity  corresponding 
to  that  particular  crank  position. 

It  is  simple  to  prove,  as  in  the  position  curve,  that 
the  curve  consists  of  two  circles,  but  on  OB  and  OB' 
now  as  diameters,  instead  of  OA  and  OA'. 

The  piston  velocity  Vp  then  varies  from 

Zero  at  A  and  A' 
to 

V0  at  B  and  B', 

and  is  found  for  any  intermediate  crank  position  OP  by 
measuring  OQ  on  the  particular  velocity  scale  previously 
described. 

The  inverse  proposition,  to  find  the  crank  position 
for  a  given  piston  velocity,  is  equally  simple.  For  take 
OQ  on  the  velocity  scale  to  represent  the  given  velocity, 
and  then  describe  a  circle  with  centre  O,  radius  OQ, 
which  will  cut  the  curve  in  four  points,  either  of  which 
joined  to  O  gives  a  crank  position  fulfilling  the  required 
condition. 

The  curve  just  drawn  gives  us  crank  positions,  and  if 
piston  positions  be  either  data  or  required  results,  we 
should  have  first  to  find  the  crank  position  corresponding 
to  the  given  datum,  and  then  deduce  the  velocity  or 
piston  position  required. 

This  process  is  simple  enough,  but  we  can  render  it 
even  simpler  by  drawing  a  curve,  once  for  all,  which 
shall  give  velocities  corresponding  to  given  piston 
positions,  and  vice  versa. 

To  do  this  we  must  proceed  thus  : — 

Taking  any  piston  position  N  (Fig.  126),  set  up  NP 
perpendicular  to  AA',  and  along  NP  mark  off  the  piston 
velocity  corresponding  to  the  piston  position  N.  But 
since  OP  is  the  corresponding  crank,  this  piston  velocity 
is  V0  sin  0,  i.e.  NP  itself;  and  thus  the  curve  drawn 
through  the  points  so  obtained  is  the  crank  circle  itself. 

We  have  then  two  velocity  curves  : — 
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One  in  which  intercepts  are  measured  from  a  point 
O,  or  a  pole  ;  hence  called  the  Polar  curve. 

And  one  in  which  intercepts  are  measured  from  a 
base  line  ;  hence  called  a  Linear  curve. 

2d.  Let  V0  be  not  constant.  —  We  cannot  now 
represent  V0  by  a  line  of  constant  length.  But  the  work 
by  which-  we  obtained  the  velocity  ratio  did  not  depend 
on  the  constancy  or  otherwise  of  V03  and  hence  we  still 
have 

Velocity  ratio  of  piston  to  crank  =  sin  6, 

and  if  we  take  such  a  scale  that  OP  represents  unity, 
OR  (Fig.  126)  will  represent  sin  9. 

We  can  then  still  draw  the  curve  as  usual,  but  OQ 
now  does  not  give  the  velocity  of  the  piston,  but  only  the 
ratio  of  its  velocity  to  that  of  the  crank  on  the  scale  just 
explained. 

The  preceding  is  not  of  very  great  practical  import- 
ance, since  V0  is  in  most  cases  so  nearly  uniform  that  we 
may  without  sensible  error  assume  it  to  be  exactly  so. 

Mean  Piston  Velocity.  —  Referring  to  chap.  i. 
(page  22)  we  have  for  this  simply 

_,    _         stroke 
l~time  of  stroke" 

[Stroke  meaning  either  the  backward  or  forward  movement, 
but  not  the  whole.] 

But 
time  of  stroke  =  time  of  half  revolution, 

=  ==-    (since  ira  is  the  length  of  the  path  of  pin), 


But  V0,  besides  being  the  crank  speed,  is  also  the 
maximum  piston  speed, 

. ' .  Ratio  of  maximum  to  mean  piston  speed  =  TT  :  2. 
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Actual  Motion  -with  Obliquity. — We  must  now 
see  what  results  we  obtain  in  the  actual  motion,  taking 
account  of  the  obliquity,  and  we  can  also  see  how  they 
compare  with  our  preceding  simple  ones. 

To  obtain  the  relation  between  V^  and  V0,  we  cannot 
proceed  quite  so  simply  as  we  did  before. 

Drawing  the  usual  figure,  we  have  C  moving  towards 
O  with  velocity  Vp,  and  P  perpendicular  to  OP  with 
velocity  V0. 

Now  there  is  a  connection  between  Vj,  and  V0,  be- 
cause P  and  C  are  connected  together,  and  the  relation 
which  exists  between  them  depends  on  the  particular 


Fig.  127. 

method  of  connection.  We  must  then  examine  into  the 
connection,  and  when  we  do  so,  we  see  that  its  essential 
characteristic  is  that  C  and  P  cannot  approach  or  recede 
from  each  other,  the  distance  CP  being  constant. 

From  the  preceding  it  follows  that  if,  at  any  instant, 
C  have  a  velocity  in  the  direction  CP,  P  must  have  the 
same  velocity  in  that  direction.  Because  if  it  were  not 
so,  then  P  would  be  either  approaching  to  or  receding 
from  C  ;  and  this  is  not  affected  by  either  C  or  P,  or 
both,  having  in  addition  velocities  at  right  angles  to  CP, 
because  no  finite  velocity  at  right  angles  to  CP  can  be 
at  the  instant  altering  the  length  of  CP.  There  may  be 
a  little  difficulty  experienced  here,  one  cause  perhaps 
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being  that  we  speak  of  velocity  along  CP,  while  CP  is  a 
rod  which  is  continually  changing  its  direction  ;  this 
difficulty  can  be  removed  if  we  are  careful  to  remember 
that  the  whole  question  relates  to  an  instantaneous  state 
of  affairs,  and  that  the  direction  CP  does  not  mean  the 
solid  rod,  because  of  course  neither  C  nor  P  can  move 
along  the  rod,  but  it  means  the  line  along  which  the 
rod  at  the  instant  lies,  and  it  is  a  perfectly  definite 
direction,  in  spite  of  the  fact  that,  at  the  next  instant, 
the  rod  will  be  along  some  other  line.  Some  aid  to 
understanding  the  point  can  perhaps  be  got  from 
splitting  the  instantaneous  motion  of  the  rod  into  two 
parts  •  the  first  a  bodily  translation  along  CP,  in  which 
plainly  C  and  P  have  the  same  velocity  ;  and  the  second 
a  turning  of  the  rod,  so  as  to  keep  C  up  to  the  line  of 
stroke,  and  P  down  on  the  crank  circle,  this  latter  con- 
sisting only  of  motions  of  C  and  P  at  right  angles  to  CP. 

We  have  then 

The    total    velocity    of   C    is    V^    along    CO,  which 
resolves  into 

YB  cos  <f>  along  CP, 
and 

Yp  sin  0  perpendicular  to  CP. 

The  total  velocity  of  P  is  V0  at  right  angles  to  OP, 
which  resolves  into 

V0cosa  along  CP  produced, 

V0  sin  a  perpendicular  to  CP     (Fig.  127). 

"We  have  seen  that  the  two  first  components  must  be 
equal, 


Let  now  CP  produced  cut  OB  in  T.      Then 

=  sinOTP, 
=  sinTPO, 

.  •  .  V«  :  V0=  sin  TPO  :  sin  OTP, 
=  OT:OP, 
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which  gives  us  the  velocity  ratio,  and  if  V0  be  constant 

and  we  take  OP  as 
before  to  represent 
it,  then  OT  repre- 
sents Vp. 

We 
proceed 


can  now 
as  in  the 
preceding  to  draw  a 
curve  of  velocity,  or 
of  velocity  ratio,  by 
taking  OQ  along 
OP,  equal  to  OT, 
and  doing  this  for 
a  large  number  of 
cranks,  draw  a  curve 
finally  through  all 
the  Q's.  The  de- 
tailed construction  is 
°°  shown  in  Fig.  128. 
^  We  explained  very 
E  fully  in  the  preced- 
ing case,  and  so  we 
need  not  again  do 
so.  The  crank  circle 
is  divided  in  i,  2, 
"etc.;  then  1 1,2 2, etc. 
are  the  connecting 
rods,  which  being 
produced  cut  OB  in 
T15  T2,  etc.  Then 
wemakeOI  =  OT1, 
OII  =  OT2,  etc., and 
finally  draw  the 
curve  through  I,  II, 
etc.,  the  lower  half 
being  symmetrical 
with  the  upper.  The 
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curve  so  obtained  is,  if  V0  be  constant,  a  curve  of 
piston  velocity,  scale  OP  =  V0. 

If  V0  be  not  constant,  it  is  a  curve  of  velocity  ratio  of 
piston  to  crank,  scale  OP  =  unity  (compare  page  174). 

We  can  now  see  what  effect  obliquity  has,  by  com- 
paring this  curve  with  the  one  obtained,  neglecting 
obliquity.  To  do  this  draw  the  dotted  circle  on  OB'. 
We  then  see  that  so  long  as  OP  is  to  the  left  of  OB,  the 
curve  lies  outside  the  circle,  so  the  velocity  is  greater 
than  that  obtained  neglecting  obliquity.  Also  the 
maximum  velocity  is  greater  than  V0,  and  occurs  at  a 
crank  position  before  OB.  When  OP  is  along  OB, 
V  =  V0  as  it  did  before.  When  OP  is  to  the  right  of 
OB,  then  the  velocities  are  all  less  than  they  were  when 
we  neglected  obliquity. 

The  mean  velocity  is  of  course  not  affected  by 
obliquity,  and  is  always 


and  is  represented  by  the  dotted  circle. 

We  can  now  obtain,  if  necessary,  a  linear  diagram  of 
velocity,  on  the  stroke  as  base,  referring  to  piston  position. 


Fig.  129. 

Fig.  1 29  shows  the  construction,  and  any  further  explana- 
tion can  be  got  by  referring  to  page  170,  where  the 
diagram  is  explained  for  the  case  neglecting  obliquity. 

Angular  Velocity  of  Connecting  Rod. — The 
velocity  here  mentioned  is  sometimes  required,  and  the 
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process  of  finding  it  will  enable  us  to  introduce  an  im- 
portant method,  so  we  will  briefly  consider  it. 

A  pin  in  the  end  of  the  rod  turns  in  a  bearing  in  the 
crosshead,  or  vice  versa,  and  the  angular  velocity  we 
wish  to  obtain  is  that  of  the  pin  relative  to  the  bearing. 
Now  CP  is  the  rod,  and  V,p,  V0  the  velocities  of  its 
ends.  The  crosshead  bearing  has  also  the  velocity  Vp, 
and  this  causes  our  difficulty,  because  we  have  a  moving 
bearing.  Now  the  method  we  use  depends  on  the 
following  principle  :  We  cannot  alter  the  relative  motion 
of  two  bodies  by  imparting  to  them  as  a  whole  a 


r  c 


Fig.  130. 


velocity  in  any  given  direction.  This  simply  means  that 
supposing  the  two  bodies  mounted  say,  on  a  stand,  then 
we  cannot  by  moving  the  stand  about  affect  the  relative 
motion  of  the  bodies. 

Apply  this  principle  then,  by  imparting  to  the  con- 
necting rod  and  crosshead  as  a  whole  a  velocity  Vp 
parallel  to  OC. 

Then  this  leaves  C  with  resultant  velocity  zero,  so  the 
bearing  is  reduced  to  rest,  while  P  has  now  a  velocity 
composed  of  Vp  and  V0.  To  find  the  resultant  velocity 
of  P  resolve  Vp  and  V0  along  and  at  right  angles  to 
CP.  Then  along  CP 

Resultant  velocity  =  V0  cos  a  -  Vp  cos  0, 
=  o    (page  173), 
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which  of  course  it  should  be,  since,  C  being  at  rest,  P 
can  only  move  at  right  angles  to  CP.  This  verifies  our 
principle.  We  have  then 

Velocity  of  P  is  at  right     ,r     .        .  ,T       •     , 
angles  to  CP  =V«sma  +  Vp.sm0, 

and  graphically 


=PN+NT 

(ON  being  perp.  to  PT), 
=  PT  .  on  the  velocity  scale. 

So  the  third  side  PT  of  the  triangle  OPT  represents 
the  linear  velocity  of  P  relative  to  the  crosshead. 

We  can  at  once  deduce  the  angular  velocity  of  the 
rod  or  pin  in  the  bearing. 

For,  calling  it  A, 

_  Velocity  of  P 

—  Cp-  - 

because  the  end  C  is  now  still, 

ZI  V 
,          OP-V   _PT 

CP    ~~CP 

So  the  velocity  ratio  of  connecting  rod-crosshead 
pair  to  crank-frame  pair  is  PT  :  CP. 

One  result  which  we  can  at  once  obtain  is  the  speed 
of  rubbing  of  the  gudgeon  pin  in  the  bearing  at  the 
instant.  For  if  r  be  the  radius  of  the  bearing  in  feet, 

PT 

Speed  of  rubbing  =  Ar=^.A0r  f.s. 

We  may  if  necessary  construct  curves  showing  this 
angular  velocity,  as  has  already  been  done  for  piston 
velocity. 

EXAMPLES. 

(All  to  be  solved  by  construction  when  possible.  ) 

i.  The  stroke  of  an  engine  is  4  ft.  3  ins.,  length  of  connecting 
rod  8  ft.  The  steam  is  to  be  cut  off  at  .6  of  the  stroke.  Find 
the  angle  the  crank  then  makes  with  the  line  of  stroke.  If  the 

N 
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crank  position  be  found  neglecting  obliquity,  and  the  cut-off  take 
place  at  the  position  so  found,  what  will  be  the  actual  point  of 
cut-off?  Ans.  86°  13';  .665. 

2.  Show  that  the  greatest  error  in  piston  position  due   to 
obliquity  is  very  approximately  — ;  s  being  the  stroke,  and  ;/ 

the  ratio  of  connecting  rod  to  crank.  Apply  this  to  the  preceding 
example.  Ans.  3!  ins. 

3.  In  (i)  the  travel  of  the  slide  valve  is  10  inches,  and  the 
angle  of  advance  20°.     Find  the  piston  position  when  the  valve 
is  in  the  middle  of  its  stroke,  and  also  when  it  has  moved  2\ 
inches  either  way  from  the  central  position. 

Ans.   19.8  ;  .41  ;  43.9  ins.  from  beginning  of  stroke. 

4.  The  stroke  of  a  pumping  donkey  is  8  inches,  and  it  runs 
at  85  revolutions  per  minute.     Find  the  speed  of  the  piston  at 
each  eighth  of  its  stroke. 

Ans.  117.7,  i54-2>  i72-3>  etc->  ft-  Per  mm> 

5.  Draw  to  scale  a  curve  of  velocity  for  an  engine  3'  6"  stroke, 
7'  6"  connecting  rod,  running  at  no  revolutions.      Draw  the 
crank  circle  on  a  scale  of  I  in.  to  I  ft.,  and  state  what  scale  this 
causes  the  curve  to  be — 1st,  as  a  velocity  ratio  curve  ;  2d,  as  a 
velocity  curve.      Find  the  maximum  piston  velocity,   and  the 
velocity  at  each  quarter  stroke.     Also  find  the  piston  position 
when  the  actual  velocity  equals  the  mean. 

Ans.  Scales,  1st,  if  ins.  to  unity;  2d,  I  inch  to  691.4  ft.  per 
min.  Maximum  velocity,  1332;  1st  quarter,  1141; 
2d,  1320;  3d,  968  ft.  per  min.  Piston  positions,  4, 
35§  ins.  from  beginning  of  stroke. 

6.  Construct  a  curve  of  angular  velocity  of  connecting  rod  by 
marking  off  the  values  of  PT  (page  176)  along  the  corresponding 
cranks  for  the  preceding.     State  on  what  scale  this  curve  gives, 
ist,  angular  velocity  of  rod  ;    2d,  speed  of  rubbing  of  gudgeon, 
diameter,  10  ins.    Give  numerical  value  of  the  maximum  in  each 
case. 

Ans.  Scales,  I  inch  to  1.536  radians  per  second  ;  i  inch  to  .64 
f.s.  Maximum  values,  2.69  radians  per  sec. ;  i.i2f.s. 

7.  Show,  in  a  pumping  donkey,  that  the  curve  giving  the 
speed  of  rubbing  of  the  crank  pin  brasses,  in  the  slot  in  the 
piston  rod  head,  is  a  pair  of  circles. 

8.  If  Ao  be  the  angular  velocity  of  the  crank  and  A  that  of 
the  connecting  rod  at  a  given  instant ;  show  that  the  angular 
velocity  with  which  the  crank  pin  is  then  rotating  in  its  bear- 
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ing  is  A0  -  A ;    regard  being  had  to  the  sign  of  A,  taking  the 

direction  of  A0  as  positive. 

Ans.  Applying  a  velocity  V0  to  the  whole  engine  at  right 
angles  to  OP  reduces  the  centre  of  the  bearing  to  rest. 
O  moves  with  velocity  V0,  so  the  crank  pin  rotates 
round  P  with  angular  velocity  A0 ;  and  C,  having  a 
velocity  compounded  of  Vp  and  V0,  it  will  be  found  is 
rotating  round  P  with  angular  velocity  A  (page  177). 
Since  pin  and  bearing  both  rotate  round  the  same 
centre,  the  relative  velocity  of  rotation  is  evidently  the 
difference  of  A0  and  A  if  they  are  in  the  same  direction, 
and  the  sum  if  in  opposite  directions.  The  relative 
velocity  is  then  A0  -  A. 

This  is  one  case  of  a  very  important  principle, 
viz.  that  the  relative  angular  velocity  of  two  bodies  as 
above  is  the  difference  of  their  angular  velocities, 
irrespective  of  what  their  centres  of  motion  may  be. 
The  general  principle  can  be  proved  in  the  above 
manner. 

9.  Find  the  velocity  of  rubbing  of  the  crank  pin  of  No.  5  *n 
its  bearing  when  on  either  dead  centre.     Diameter  14^  ins. 

Ans.  8.6;  5.33  f.s. 


CHAPTER    IX 

THE  DIRECT  ACTOR,  CONTINUED — FORCES — CRANK 
EFFORTS 

HAVING  investigated  the  relative  motions  of,  we  next 
proceed  to  consider  the  forces  which  act  between,  the 
pieces  of  the  engine. 

The  effort  driving  the  engine  is  the  total  steam 
pressure  on  the  piston.  The  resistance  is  a  moment 
applied  in  some  way  to  the  crank  shaft  ;  it  may  be  due 
to  an  actual  moment,  as  the  resistance  of  the  water  to 
the  turning  of  a  screw  propeller ;  or  it  may  be  caused  by 
some  linear  resistance,  such  as  the  resistance  to  a  cutting 
tool  of  a  planing  machine,  this  being  transmitted  back 
along  the  mechanism  of  the  machine  to  the  shop  shaft, 
becoming  a  resisting  moment.  In  all  cases,  no  matter 
what  the  original  source  be,  the  resistance  finally  shows 
itself  as  a  moment  applied  to  the  shaft. 

We  proceed  to  investigate  the  action  under  Balanced 
Forces  and  neglecting  friction.  Let 

M  =  resisting  moment.     P  =  total  piston  pressure. 
Then  AVC  have 

Energy  exerted  =  work  done. 

Now,  as  we  have  before  stated  (page  137),  we  must 
always  define  clearly  what  period  of  time  we  are  going 
to  consider.  This  at  once  leads  to  the  question,  Are  P 
and  M  constant  or  variable  ?  For  without  this  know- 
ledge we  cannot  tell  for  any  period  what  the  energy  or 
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work  will  be.  Actually  we  know  that  P  is  rarely,  if  ever, 
constant ;  and,  as  we  shall  soon  see,  if  P  were  so,  M 
could  not  be.  In  all  investigations,  however,  we  com- 
mence with  simple  cases,  and  so  we  will  suppose  that  P 
is  a  constant  pressure  during  the  whole  stroke. 

Again,  for  balanced  forces,  there  must  either  be  no 
change  at  any  instant  in  the  motion  of  the  parts  of  the 
machine,  or  else  we  must  select  such  a  period  of  time 
that  there  is  no  change  on  the  whole  (compare  page  96). 
If  we  kept  strictly  to  this  we  should  be  only  able  to  con- 
sider a  whole  revolution  in  which  to  compare  energy 


Fig.  131. 

and  work.  For  at  the  commencement  of  the  stroke, 
drawing  Fig.  1 3 1  with  the  usual  lettering — 

OP  is  revolving  clockwise  round  O, 
PC        ,,  anti-clockwise  round  C, 

and  CD  (the  piston  and  rod)  is  still.  Now  CD  begins 
moving,  and  is  not  still  again  till  the  end  of  the  forward 
stroke,  and  then  OP  is  revolving  clockwise  as  before,  but 
CP  is  now  also  revolving  clockwise  (Fig.  132).  So 


Fig.  132. 

there   has   been  an  effect  produced  on  the  mechanism 
(page  60) ;  and  we  cannot  reach  a  stage  of  no  effect  pro- 
duced until  we  reach  the  position  of  Fig.  131  again. 
We  are  then  debarred  from  comparing  together  any- 
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thing  more  than  the  mean  values  of  P  and  M  during  a 
whole  revolution.      For  this  we  have,  P  being  constant, 


Energy  exerted  =  P  x  2s  or  P  x  40, 

Work  done  =  M.m  x  27r, 
M    being  the  mean  value  of  M, 


(s=  stroke, 
a  =  crank  arm 
as  usual), 


But  we  want  if  possible  to  examine  more  closely  than 
this,  even  if  we  can  only  obtain  approximate  results,  and 
this  we  do  by  agreeing  for  the  present  to  consider  the 
pieces  as  weightless.  Then  if  they  have  no  weight  it 
does  not  matter  whether  their  motion  be  changed  or  no, 


Fig.  133. 


because  no  energy  can  be  expended  on  them.  We  say 
then  that  we  neglect  the  weight  of  the  parts. 

We  are  now  at  liberty  to  apply  the  principle  of 
Balanced  Forces  to  any  period  we  please,  and  the  period 
we  will  select  is  the  indefinitely  short  one,  while  the 
engine  is  in  the  position  of  Fig.  133. 

Since  the  effect  of  a  moment  is  independent  of  the 
forces  of  which  it  consists  (page  65),  we  are  at  liberty 
to  suppose  the  moment  M  applied  to  the  shaft  by  means 
of  a  force  R  at  right  angles  to  OP,  acting  at  P,  and  such 
that 
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Then  R  exactly  replaces  the  moment,  so  far  as  resistance 
to  turning  is  concerned. 

The  Principle  of  Work,  we  have  seen,  may  be  written 

Force  ratio  =  —  ;  —  :  -  -r-     (page  96). 
velocity  ratio 

Whence   for   the   small   period    considered,    i.e.   at    the 

instant, 

R_  _  velocity  of  piston  __ 
P  "velocity  of  point  where  R  is  applied  ' 

But  the  latter  is  the  velocity  ratio  of  piston  to  crank, 
and  equals  OT/OP  (page  173).      Hence 

R:P  =  OT:OP. 

[And  we  may  notice  that  this  holds  irrespective  of  the  constancy 
or  otherwise  of  P.  ] 

Crank  Effort.  —  Since  the  forces  are  balanced  it 
follows  that  the  useful  effect  of  P  must  be  to  produce,  at 
the  end  of  OP,  a  force  exactly  equal  and  opposite  to  R. 
This  force  is  called  the  Crank  Effort. 

It  must  be  particularly  noticed  that  we  say  the  useful 
effect  of  P  ;  this  is  because  the  turning  of  the  arm  against 
R  is  the  useful  effect  required.  The  crank  effort  is  not 
the  total  effect  of  P  on  the  shaft,  as  we  shall  see  a  page 
or  two  farther  on. 

The  numerical  value  R  then,  found  above,  represents 
either  the  resistance,  or  the  crank  effort,  as  we  take  it  in 
one  or  the  other  direction. 

Looking  back  to  page  173  we  found  there 


and  we  proceeded  to  draw  a  curve  of  piston  velocity,  OP 
representing  the  constant  V0. 

Plainly  then,  since  we  now  have 
R:P  =  OT:OP, 

if  we  take  OP  to  represent  the  constant  P,  OT  repre- 
sents  R  ;  and   the  curve  of  piston   velocity  becomes  a 
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curve  of  crank  effort.  Having  then  once  constructed 
this  curve,  by  the  rules  given  in  the  last  chapter,  it  may 
be  used  either  to  find  piston  velocities  or  crank  efforts, 
using  of  course  in  each  case  the  proper  scale,  i.e. 

For  velocity,  OP  ins.  =V0  f.s.     For  force,  OP  ins.  =P  Ibs. 

Before  proceeding  farther  we  will  obtain  the  preced- 
ing result  by  another  method,  not  so  concise  as  that 

\Scos  TPO 

\ 


Fig.  134- 


just  used,  but  not  requiring  a  previous  knowledge  of  the 
velocity  ratio. 

In  Fig.  134  consider  the  equilibrium  of  the  crosshead 
(recollecting  it  is  weightless). 

The  pieces  touching  it  are  (see  page  97), 

Connecting  Rod,     Piston  Rod,     Guide. 
Forces  S,  P,  X. 

For  a  horizontal  balance 

S  cos0  =  P, 

/.  S  =  P  sec  0. 

Next,  we  have  defined  crank  effort  as  the  useful  effect 
produced  by  P  on  the  crank  arm.  Now  the  first  effect 
of  P  is  to  produce  a  thrust  S  on  the  connecting  rod  end, 
which,  together  with  the  equal  and  opposite  S  in  the 
figure,  constitutes  the  action  or  stress  between  the  bear- 
ing surfaces  of  gudgeon  pin  and  bearing  (page  106). 
This  stress  S  is  transmitted  along  the  rod,  and  finally 
produces  a  stress  S  between  connecting  rod  brasses  and 
crank  pin. 
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The  crank  pin  then  is  acted  on  by  a  force  S. 
Resolve  this  S  into  components — 

S  sin  TPO  at  right  angles  to  OP, 
S  cos  TPO  along  PO. 

Then  the  first  is  the  only  one  which  produces  any 
useful  turning  effect,  it  is  therefore  the  crank  effort,  and 

Crank  Effort  =  S  sin  TPO, 

_       sin  TPQ       sin  TPO 
*     cos0          sinOTP' 

_P  or 

"OP* 

This  result  verifies  then,  in  this  case,  the  Principle  of 
Work,  and  also  by  this  method  of  proceeding"  we  have 
traced  the  effect  of  P,  showing  how  it  first  acts  to  cause 
a  stress  between  crosshead  and  gudgeon  pin,  and  then 
this  stress  is  transmitted  along  the  rod,  finally  causing 
the  crank  effort. 

Mean  Crank  Effort. — Representing  the  mean  crank 
effort  by  Rm  we  have 

Rm  x  a  =  Mm  (the  mean  moment), 
=  4^    (page  ,82), 

,  H.-JP. 

It  is  usual  to  complete  the  curve  of  crank  effort  by 
drawing  a  circle  to  represent  Rm.  The  radius  will  be 
2.OP/7T,  and  thus  the  dotted  circle  of  mean  velocity 
(Fig.  128)  is  also  the  circle  of  mean  crank  effort. 

Linear  Curve  of  Crank  Effort. — After  obtaining 
the  polar  curve  of  velocity  ratio,  we  (page  175)  drew  a 
linear  curve  on  the  piston  stroke  as  base,  and  we  could 
similarly  draw  a  curve  of  crank  effort.  But  such  a 
curve  would  be  of  little  use,  and  we  will  draw  a  linear 
curve  in  a  different  manner. 

The  crank  effort  exerts  energy  on  the  crank  pin ; 
and,  although  it  moves  in  a  circular  path,  yet  its  direc- 
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tion  is  always  along  the  path.  Referring  then  to  chap, 
iii.,  page  71,  if  we  straighten  out  the  path  of  the  pin, 
and  set  up  at  every  point  an  ordinate  representing  the 
effort,  when  the  pin  is  at  that  point ;  we  shall  obtain  a 
curve  which  will  give  us,  not  only  the  crank  effort  for 
any  position  of  the  pin,  but  also  the  energy  exerted  by 
the  effort  between  any  given  positions.  This  latter  will 
be  represented  as  shown  in  chap.  iii.  by  the  area 
between  the  two  given  ordinates. 

In  Figf.  131;  we  have  drawn  a  polar  curve  of  crank 
effort,  OA  representing  P  (the 
piston  pressure). 

Now,  in  Fig.  136,  lay  off 
the  crank  circle  unrolled  as 
a  base.  The  points  ABA'B' 
being  named  identically  in  the 
two  figures. 

Divide  the  circle  in  135  into 
a  number  of  equal  parts,  say 
24  ;  and  also  mark  off  the  same 
parts  on  the  unrolled  circle  in 
136.  Now  measure  in  135 
the  efforts,  and  set  them  up  as  ordinates  at  the  corre- 
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Fig.  136. 

spending  points  of  136  as  shown  ;  il',  2 1 1",  etc.,  being 
identical  with  OI,  Oil,  etc. 

Finally,  in  136,  draw  the  curve  AI'II'MA'NA  through 
the  tops  of  the  ordinates. 

The  curve  AMA'NA  is  now  a  linear  curve  of  crank 
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effort.  But  it  gives  the  efforts  at  points  of  the  path 
of  the  crank  pin,  not  of  the  piston. 

We  complete  by  drawing  a  line,  parallel  to  the  base, 
at  a  distance  2P/7T  or  2OA/?r  from  it,  showing  the  value 
of  the  mean  crank  effort. 

The  full  curves  drawn  are  the  true  curves,  taking 
account  of  obliquity,  the  actual  case  they  refer  to  being 
n  =  4  (n  being  connecting  rod — crank  ratio).  If  we 
neglect  obliquity  the  polar  curves,  as  we  have  seen,  are 
circles  (Fig.  128);  and  the  derived  linear  curve  is 
obtained  as  above. 

Looking  now  at  the  shape  of  the  curve,  we  see  that, 
even  with  a  constant  steam  pressure,  the  driving  effort 
is  very  irregular.  Thus,  by  reference  to  Fig.  128,  it  will 
be  found  to  vary  from  o  at  A  and  A'  to  a  maximum 
equal  to  P  at  B  and  B',  i.e.  from  o  to  7r/2  times  the 
mean  value — when  obliquity  is  neglected ;  and  from  o 
to  1.57  times  the  mean,  when  obliquity  is  allowed  for 
(Fig.  135).  With  a  shorter  rod  the  effect  would  be  still 
worse,  but  the  ratio  4  to  i  is  about  the  smallest  ever 
practically  used.  The  result  of  altering  the  length  of 
the  rod  is  shown  in  the  table  on  page  195. 

Motion  of  the  Crank  Shaft. — If  the  crank  shaft 
revolved  with  exact  uniformity,  it  would  be  necessary 
that,  at  every  instant,  the  moment  Ra  of  the  crank  effort 
should  be  balanced  by  an  exactly  equal  resisting  moment ; 
and  in  the  first  method  of  finding  the  ratio  of  R  to  P 
(page  183)  we  assumed  this  to  be  the  case.  But  the 
assumption  there  made  was  necessary,  only  that  we 
might  take  the  whole  engine  as  the  body  acted  on — or 
at  least  the  whole  of  the  moving  parts,  i.e.  piston  and 
rod,  connecting  rod,  and  crank  shaft. 

But  now  applying  the  first  method  to  the  body  con- 
sisting of  piston  and  rod,  and  connecting  rod  only ;  we 
shall  find  the  same  value  for  R  as  before,  quite  irrespec- 
tive of  what  the  resisting  moment  applied  to  the  shaft 
is.  Or  looking  at  the  second  method  (page  184)  of 
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obtaining  R,  that  is,  as  it  stands,  independent  of  the 
resisting  moment. 

Now,  in  actual  practice,  the  resisting  moment  does 
not  vary  at  all  according  to  the  crank  effort,  but  depends 
on  entirely  different  considerations ;  and,  as  a  rule,  the 
moment  is  very  nearly  uniform.  It  follows  then  that, 
the  driving  effort  being  irregular  and  the  resistance  uni- 
form, there  must  be  produced  an  irregularity  of  motion 
in  the  shaft.  What  the  magnitude  of  this  effect  will  be 
we  have  so  far  not  the  means  of  calculating ;  but  we 
can  see  that  the  effect  will  be  an  irregularity.  For 
example — at  A  and  A'  there  is  no  effort  at  all,  and 
hence  if  means  be  not  provided  for  moving  the  crank 
over  these  points,  the  engine  will  stop  ;  hence  the  name 
dead  points.  The  irregular  application  of  effort  also 
causes  a  greater  tendency  to  break,  in  the  parts,  than  a 
regular  application  would. 

Two-Crank  Engine. — One  way  in  which  the  irre- 
gularity of  action  can  be  decreased  is  by  using  two 
cylinders,  working  on  cranks  at  right  angles,  on  the  same 
shaft.  Then,  for  example,  when  one  crank  is  on  the 
dead  point  the  other  will  have  almost  its  maximum 
turning  effect. 

We  will  now  see  how  to  represent  the  combined 
turning  effect  of  the  two  cylinders. 

In  Fig.  137  we  have  the  two  crank  efforts  R^  and  R2. 
These  produce  turning  moments  Rjtf, 
R2#,  both  clockwise.  Hence,  no 
matter  what  the  relative  directions 
of  the  R's  are,  their  combined  effect 
is  a  clockwise  turning  moment, 


.'.  Combined  moment  = 

Now  this   moment  we   can  repre- 
sent  graphically    by   assuming    it    to 
consist  of  a  crank  effort  Rj  +  R2,  acting  either  on  OA 
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or  OB,  because  it  is  actually  equivalent  to  such  an 
effort. 

We  can  now  draw  a  curve  by  setting  off  the  value  of 
the  combined  crank  effort  along  either  OA,  the  leading, 
or  OB,  the  following  crank.  It  is  quite  immaterial 
which  we  choose,  but  we  must  keep  to  the  same  one  all 
through  the  construction. 

The  process  then  will  be  as  follows  : — 


VIII 


In  Fig.  138  we  have  drawn  the  ordinary  single  dia- 
gram of  crank  effort  in  dotted  lines.  And  we  will 
choose  the  leading  crank  as  that  along  which  to  set  off 
the  combined  effort. 

Commence  with  the  leader  at  OA,  The  follower 
is  at  OB'. 
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(leader )  =  o, 


R2  (follower)  =  OB', 
and  set  off  OA  =  OB'. 

A  is  the  first  point  on  the  combined  curve. 
Next — Leader  at  O  i ,  Follower  at  0. 1 9. 

Ri^OI,     R2  =  OXIX. 

.,  and  set  off  II' =  0  XIX. 

I'  is   the   next   point  on  the 


Then    OI'  =  R1  +  R2,   and 
curve. 

So  on  for  II',  III',  etc. 

Finally  draw  the  full  curve  through  A,  I'.   . 

We    have    now    drawn    a    curve  such    that 


the 


Fig.  139. 

tercept  cut  off  by  it  on  any  radius  gives  the  combined 
crank  effort,  when  the  leading  crank  lies  along  that 
radius.  The  actual  example  is  for  n  =  4,  and  we  will 
next  see  what  the  curve  becomes,  neglecting  obliquity. 

This  being  a  simple  case,  we  will,  for  a  change, 
solve  it  geometrically. 

Drawing  the  two  circles,  which  constitute  the  single 
diagram  for  this  case,  join  AB,  cutting  the  circle  in  C, 
and  join  OC. 
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Then  evidently  OC  bisects  AB  at  right  angles,  and 
the  angle  AOC  is  77/4. 

Let  now  OP  represent  the  leading  crank,  then  OP' 
(the  follower)  is  7r/2  behind  it. 


therefore  BQ  and  OQ'  are  parallel, 
.-.  BQ=OQ'. 

Now  produce  OQ,  and  make  QM  =  OQ'  or  BQ. 
Then  OM  is  the  combined  crank  effort. 

Join  CQ  and  CM.  Then  <CQB=  <COB  (in  same 
segment). 


and 


Therefore  in  the  triangles  CQB,  COM, 

QM  =  QB. 

QM  is  common, 

<CQM=<CQB, 

/.  CM  =  CB, 

therefore  CM,  CB,  CA,  and  CO  are  all  equal. 

This  proves  that  M  lies  on  a  circle  with  centre 
C  and  radius  CO,  CA,  or  CB.  Hence  this  circle  is,  for 
the  first  quadrant,  the  curve  of  combined  crank  effort  ; 
and  from  symmetry  the  four  parts  of  the  curve  will  be 
similar  to  each  other. 

We  have  then  the  full  curve,  consisting  of  four  arcs,  as 
shown  in  Fig.  139. 

Mean  Combined  Effort.  —  Since  there  are  now 
two  cranks,  the  mean  combined  effort  will  be  simply 
twice  that  for  one  crank. 
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Or, 


Energy  exerted  =  Ps  +  Ps 
2Ps 


(in  one  stroke), 


We  will  now  combine  our  results  by  placing  on  one 
figure  (Fig.  140(13)),  the  curves,  taking  account  of  obliquity 
(in  full),  and  neglecting  obliquity  (dotted)  ;  and  draw 
the  dotted  circle  of  mean  crank  effort.  In  order  that 
there  should  be  no  doubt  as  to  which  crank  the  effort  is 
laid  off  along,  we  mark  in  each  quadrant  the  position 
occupied  by  the  cranks  at  the  centre  of  the  quadrant. 
It  is  then  in  our  case  clear  that  the  efforts  are  for 


Fig.  140  (a). 

positions  of  the  leading  crank,  since  in  each  case  it  is 
that  crank  which  lies  in  the  quadrant,  the  follower  lying 
across  it. 

Examining  the  diagram  we  see  that  in  both  the  full 
and  the  dotted  figures  there  are  four  minimum  values 
at  the  quarter  revolutions,  each  equal  to  P  ;  and  four 
maxima  at  the  eighths.  In  the  dotted  curve  the  four 
maxima  are  equal ;  but  in  the  full,  calling  the  quadrants 
ist,  2d,  etc.,  from  OA,  the  greatest  maximum  is  in  the 
ist,  and  the  least  maximum  in  the  3d  ;  while  those  in 
the  2d  and  4th  are  the  same  with  as  without  obliquity, 
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the  dotted  and  full  curves  being  practically  coincident,  as 
the  figure  shows. 

There  are  eight  positions  in  which  the  actual  effort 
coincides  with  the  mean  ;  and  the  deviation  from  the 
mean  is  very  much  less  than  when 
only    one    crank    is    used.       The  ^ 

variation  is  now  from  a  minimum 
7T/4  times  the  mean  to  a  maximum 
1.31  times  the  mean. 

Linear  Curve.  —  By  exactly 
the  same  method  as  that  used  for 
the  single  crank,  we  can  draw  the 
linear  curve  for  the  two  cranks. 
The  base  is  the  unrolled  crank 
circle,  and  it  represents  now  the 
path  of  the  leading  crank  pin. 
The  radii  are  transferred  exactly 
as  before  described,  and  no  further 
description  is  now  required. 

We  thus  obtain  Fig.  140  (b\ 
where  we  have  taken  only  the 
actual  case,  not  that  neglecting 
obliquity,  the  latter  having  been 
sufficiently  considered  already. 

The  line  of  mean  effort  is  now 
at  a  height  4P/7T. 

The  construction  of  the  linear 
curve  could  have  been  proceeded 
with,  if  we  had  pleased,  directly 
from  the  single  linear  curve  (Fig. 
by  addition  of  the  ordinates ; 


we  could  thus  avoid  drawing  the  combined  polar  curve, 
and  the  linear  being  the  one,  as  we  shall  see,  of  most 
use,  this  method  is  often  followed. 

By  following  an  exactly  similar  process  to  the  pre- 
ceding, we  could  represent  the  effect  of  three  cylinders 
working  on  a  single  shaft.      The  cranks  in  such  a  case 
O 
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may  be  arranged  in  various  relative  positions,  but  the 
one  now  practically  universal  is  to  have  the  cranks  lying 
at  120°  apart.  In  this  case  (Fig.  141)  it  is  evidently 
impossible  to  call  either  the  lead- 
ing crank,  and  so  they  must  be 
distinguished  in  some  other  way. 
Usually  they  will  belong  to  a  triple 
expansion  engine,  and  we  dis- 
PJ  ^  tinguish  them  as  high,  intermediate, 

and  low.  It  will  be  noticed,  how- 
ever, that  in  construction  it  is  unnecessary  to  specify 
along  which  crank  the  combined  effort  is  set  off.  For 
looking  back  to  Fig.  138,  when  one  is  at  OA,  one 
is  at  O8,  and  one  at  Oi6,  we  add  these  three  and 
set  them  off  along  OA  say.  Then  we  add  Oi,  69, 
Oi7,  and  set  off  along  Oi,  and  so  on;  till  07,  015, 
023  are  set  off  along  07.  Now  we  come  again  to  O8, 
023,  OA  to  set  off  now  along  O8,  and  so  we  get  the 
same  sets  of  three  over  again  starting  from  O8  instead 
of  OA.  And  we  shall  come  to  the  same  again  at  0 1 6. 
So  whether  we  start  by  setting  off  along  OA,  or  O8,  or 
Oi6,  exactly  the  same  curve  will  result. 

The  actual  construction  of  this  case  we  will  set  as  an 
example,  and  it  will  be  found  that  the  ratio  of  maximum 
to  mean  crank  effort  is  still  further  reduced.  We  append 
in  tabular  form  results  showing  the  effect  of  number  of 
cylinders,  and  of  connecting  rod  length,  on  the  regularity 
of  the  turning  effort.  We  assume  equal  pressures  in 
the  cylinders,  and  that  the  pressure  is  uniform  through- 
out the  stroke.  For  the  method  of  dealing  with  the 
question,  when  the  pressures  are  unequal  and  varying, 
we  must  refer  to  the  larger  treatise.  It  may  be  noticed, 
however,  that  equality  of  total  pressure  in  the  two 
cylinders  of  a  compound,  or  the  three  of  a  triple  ex- 
pansion engine,  is  one  of  the  conditions  the  designer 
aims  at.  So  the  assumption  of  such  an  equality  is  not 
at  variance  with  the  practical  facts. 
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FLUCTUATION  OF  CRANK  EFFORT  WITH  UNIFORM 
STEAM  PRESSURE. 

Ratio  to  f  r 
Mean    |for 

One  Crank. 

Two  Cranks 
at  Right 
Angles. 

Three 
Cranks  at 

120°. 

Length  of 
Connecting 
Rod. 

Maximum 
Minimum 

1-57 
0 

I.  112 

.785 

1.047 
.907 

Infinite 

Maximum 
Minimum 

1.62 

o 

'& 

1.077 

•794 

Four 
Cranks 

Maximum 
Minimum 

1.59 

0 

1.24 
.785 

1.05 
.81 

Six 
Cranks 

EXAMPLES. 

1.  The  curve  of  question  5,  p.  178,  is  also  a  curve  of  crank 
effort.      If  the  diameter  of  the  cylinder  be  68  inches,  and  the 
constant  effective  steam  pressure  18  Ibs.   per  square  inch,  find 
the  scale  of  the  curve  ;  and  construct  carefully  combined  dia- 
grams, both  polar  and  linear — 1st,  for  two  such  cylinders  on 
cranks  at  right  angles  ;  2d,  for  three  cylinders  on  cranks  at  120°. 

The  cylinders  are  not  of  the  same  diameter,  but  the  total  pres- 
sure is  taken  to  be  the  same  (page  194). 

Give  numerical  results  for  the  maximum,  minimum,  and  mean 
crank  efforts  in  each  case. 

Ans.  Scale  i  inch  to  16.68  tons — 

1  Crank,  30.23,       o,    18.6^ 

2  ,,       48.6,    29.2,    37.2  Vtons. 

3  n       59-8,    43-1,    55-8J 

2.  Draw  a  combined  curve  for  the  second  case  of  the  above 
when  two  of  the  cranks  are  at  right  angles,  and  the  third  makes 
equal  angles  with  the  other  two.     Compare  the  regularity  of  the 
effort  in  the  two  cases. 

Aits.  Maximum  to  mean  1.28  as  against  1.07. 
Minimum  to  mean  .6  as  against  .77. 
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The  value  of  the  graphic  method  depends  not  only  on  the 
facility  with  which  single  results  can  be  obtained,  but  also  on  the 
obtaining  and  preservation  of  a  continuous  set  of  results.  Hence 
the  curves  above  should  be  carefully  and  accurately  drawn,  and 
inked  in  for  future  reference. 


CHAPTER    X 

UNBALANCED  FORCES 

IN  the  present  chapter  we  shall  investigate  the  manner 
of  dealing  with  cases  in  which  the  energy  applied  to  a 
body  or  machine  does  not  leave  it  in  the  same  state,  at 
the  end  of  the  time  considered,  as  it  found  it  in  at  the 
commencement — or  in  other  words,  where  the  forces  are 
not  balanced. 

Taking  the  simplest  case,   Fig.  142,  A  is  a  sliding 
piece,  moved  by  an  effort  P,  resisted 
by    a    resistance    R.      P    and    R   not 
being  equal,  what  kind  of  motion  will 
ensue  ? 

Take  a  movement  x  of  the  slider.  Fig-  I42' 

Then, 

Energy  exerted  =  PJT. 
Work  done  ==  Rx. 

If  then  P>R,  an  amount  of  energy  (P  -  R).r  remains 
to  be  accounted  for.  If  on  the  other  hand  P<R,  an 
amount  of  work  (R  —  P).r  has  been  done  at  the  expense 
of  some  source  other  than  the  effort  P.  Now  we  know 
from  experience  that,  combined  with  the  effects  just 
stated,  in  the  first  case  A  will  be  moving  faster  at  the 
end  of  the  period  considered  than  it  was  at  the  com- 
mencement, and  in  the  second  case  slower  at  the  end 
than  at  the  commencement. 

We  are  then  inevitably  led  to  the  conclusion  that — 
in  the  first  case,  the  body  has  in  some  way  stored  up  in 
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itself  the  amount  of  energy  (P  -  R).r,  this  stored  up 
energy  showing  its  presence  by  the  increased  velocity ; 
while  in  the  second  case  the  body  is  in  some  way 
capable  of  exerting  energy  to  an  amount  (R  -  P).r,  by 
having  its  velocity  decreased.  Taking  the  two  cases 
together  they  lead  to  this  one  conclusion  that — a  body 
in  motion  possesses,  by  virtue  of  its  motion,  a  store  of 
energy  which  can  be  added  to  or  be  drawn  on. 

Kinetic  Energy. — The  amount  of  energy  thus 
stored  up  in  a  body  in  motion  is  called  the  Kinetic  Energy 
of  the  body. 

We  can  now  see  what  form  the  principle  of  work 
takes  when  applied  to  the  cases  just  considered. 
For— 

In  the  first  case  the  body  had,  at  the  commencement, 
a  certain  amount  of  kinetic  energy,  this  amount  we  call 
its  Initial  K.  E.  (K.  E.  being  a  common  abbreviation  for 
kinetic  energy).  But  during  the  motion  an  amount 
(P  -  R)x  is  added  to  the  store  of  energy,  therefore 

Final  K.  E.  =  Initial  K.  E.  +  (P  -  R)*., 
or 

P*=R.r  +  Final  K.  E.  -Initial  K.  E., 

and  it  can  be  easily  seen  that  the  second  case  gives 
exactly  the  same  equation.  Putting  this  equation  in 
words,  it  is 

Energy  exerted  =  work  done  +  change  of  K.  E.  of  moving 

body, 

which  is  the  new  form  of  the  principle  of  work. 

It  must  be  noticed  that  change  here  means  Final 
—  Initial,  which  may  be  either  positive  or  negative.  We 
have  given  the  form  above  since  it  is  the  one  usually 
given,  but  the  student  will  find  it  advisable,  certainly  on 
a  first  study,  and  probably  even  in  all  cases,  to  use  the 
more  extended  form — 

Energy  exerted  =  work  done  +  Final  K.  E.  -Initial  K.  E. 
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subdividing  again,  if  necessary,  work  done  into  useful 
and  waste,  i.e.  if  friction  be  taken  into  account. 

We  have  seen  now  that  a  body  in  motion  has  K.  E., 
but  before  we  can  make  use  of  this  we  require  to  know 
how  much  energy  a  given  body  moving  at  a  given 
velocity  possesses,  in  virtue  of  this  velocity. 

The  question  here  put  can  only  be  answered  by  ex- 
periment ;  or,  at  least,  by  using  those  laws  of  motion 
which  represent  the  results  of  innumerable  experiments. 
One  case  and  one  only  we  can  settle  at  once,  viz.  when 
the  body  is  still  :  it  is  then,  we  know,  incapable  of  doing 
any  work  by  altering  its  motion,  so  it  has  no  available 
store  of  energy,  or  its  K.  E.  is  zero. 

To  determine  the  relation  between  velocity  and  K.  E., 
we  will  take  a  simple  familiar  case,  viz.  a  body  moving 
under  the  action  of  gravity  only. 

Let  the  body  fall  from  a  state  of  rest  at  a  height  h 
tt.  Then  when  it  reaches  the  ground  it  will  have 
attained  a  velocity  v  f.s.,  which  is,  we  know,  given  by 

772  =  2gh  where  g—  32.  2. 

[The  value  of  £•  varies  at  different  points  on  the  earth,  ^"f.s. 
being  the  velocity  of  a  freely  falling  body  at  the  end  of  one 
second  from  rest,  and  since  this  velocity  varies  the  number  g  also 
varies.  Its  variation  is  not,  however,  of  practical  importance.] 

Apply  now  the  principle  of  work. 
Then  we  have 

Effort  =  pull  of  gravity  on  the  body, 
=  weight  of  body  =  W  Ibs.  say, 

Resistance  =  o, 

.-.  W/*  =  o  +  Final  K.  E.  -  Initial  K.  E. 
Also 

h  —  —  ,  and  Initial  K.  E.  is  zero, 
2° 


.-.  Final  K.  E.  =  --  ft.  -Ibs. 

The  K.  E.,  then,  of  a  body  which  has  fallen  till  its  velocity 
is  v  f.s.,  is  Wz/2/2£-  ft.-lbs. 
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But  now  it  cannot  matter  how  the  body  has  arrived 
at  its  velocity  v.  For,  taking  two  bodies,  one  of  which 
has  fallen  from  rest  as  above ;  while  the  other  has  been 
through  any  number  of  different  changes  of  velocity, 
finally  arriving  at  the  downward  velocity  v ;  it  is  plainly 
impossible  to  detect  any  difference  in  the  two  bodies, 
or  to  conceive  that  one  could  give  out  more  energy 
than  the  other.  Hence  we  can  leave  out  the  falling 
from  rest,  and  state  simply  that  a  body  falling  with 
velocity  V  f.s.  has  Wv2/2g  ft.-lbs.  of  K.  E. 

We  will  now  go  further  still.  For  the  equation 
h  =  v^l 2g  does  not  require  that  the  force  W  Ibs.  act  through 
a  vertical  distance  of  h  ft ;  but  let  that  force  act  on  the 
body  in  any  direction  through  a  distance  h  ft.,  then  a 
velocity  v=  \l2gh  will  be  obtained. 

It  follows  then  from  the  above  considerations  that  the 
K.  E.  of  a  body  weighing  W  Ibs.,  moving  in  any  direc- 
tion at  v  f.s.,  is  Wv<2/2g  ft.-lbs. 

Sliding  Pairs. — We  have  now  the  means  of 
examining  in  detail  those  processes  which,  so  far,  we 
have  only  been  able  to  examine  for  certain  periods,  e.g. 
the  steam  engine  for  whole  revolutions. 

Take  first  the  simple  sliding  pair  with  which  we  first 
commenced.  Let  W  be  weight  of  the  slider,  and  the 
resistance  be  that  due  to  friction,  also  let  the  effort 
be  applied  by  a  cord  attached  to 
a  weight  P. 

This  is  in  a  simple  form  the 
apparatus  used  by  Morin  for  de- 
termining coefficients  of  friction 
(chap,  ii.) 

In  describing  the  friction  ex- 
periments, P  was  described  as 
just  sufficient  to  keep  W  moving ; 

but  this  was  not  the  case  in  all  the  experiments  ;  and  the 
motion  we  will  examine  is  that  which  takes  place  when  P  is 
more  than  enough  to  keep  W  moving  at  a  constant  velocity. 
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Now  we  must  first  ask,  to  what  system  of  pieces  are 
we  going  to  apply  the  principle  of  work  ?  Is  it  to  the 
single  pair,  W  and  the  table ;  or  to  the  two  pairs — W  and 
the  table  and  the  sliding  pair  P  relative  to  the  earth — 
together  ? 

We  will  answer,  to  the  two  pairs  together ;  or,  in 
other  words,  we  are  going  to  consider  the  motion  of  the 
whole  machine.  We  shall,  however,  neglect  the  weight 
of  the  cord  and  friction  of  the  pulley. 

Let  us  now  consider  a  motion,  starting  from  rest. 

Resistance  =  R,  and  is  constant. 

Let  x  =  distance  moved  by  W,  and  therefore  also  by 
P.  Then 

Energy  exerted  =  P.*. 

Work  done  (all  waste)  —  RJT. 

.'.  P#=R.r+ Final  K.  E.  -Initial  K.  E. 

Now  we  have  to  consider — What  do  we  mean  by  Final 
K.  E.  ?  Do  we  mean  the  K.  E.  of  W,  or  the  K.  E.  of  P, 
or  the  sum  of  the  two.  It  is  in  order  to  introduce  this 
point  that  we  have  considered  the  motion  of  the  two 
pieces  P  and  W. 

Taking  the  system  as  a  whole,  its  K.  E.  is  the 
sum  of  the  separate  K.E.'s  of  P  and  W ;  this  we  can 
easily  see,  for  we  could  bring  P  to  rest  by  applying  to 
it  some  resistance,  thus  causing  its  K.  E.  to  perform  work 
against  the  resistance  ;  but  this  would  still  leave  W  with 
the  whole  of  its  K.  E.,  since  it  will  go  on  irrespective  of 
the  stopping  of  P.  The  total  K.  E.  of  the  system  is  then 
the  sum  of  the  K.E.'s  of  its  parts,  each  reckoned  separ- 
ately, quite  irrespective  of  what  directions  the  parts  may 
be  moving  in. 

The  foregoing  statement  applies  to  all  systems  of 
bodies,  and  we  see  then  that  when  applying  the  prin- 
ciple of  work  to  a  machine,  we  must  add  together  the 
K.  E.'s  of  <7/7the  parts,  and  not  only  consider  the  K.  E.  of 
the  body  which  supplies  the  resistance.  At  the  end  of 
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a  given  motion  some  parts  may  be  moving  faster  than 
before,  and  they  will  have  abstracted  energy  from  that 
exerted  by  the  effort  ;  while  others  may  be  moving 
slower  than  at  first,  and  those  will  have  given  up 
some  of  their  store  of  K.  E.,  thus  aiding  the  effort. 
And  the  effect,  we  must  thoroughly  understand,  is  inde- 
pendent of  direction,  i.e.  there  is  no  such  a  thing  as 
negative  energy  :  taking  a  weight  W,  to  give  it  a  velocity 
of  v  f.s.  to  the  right  say,  we  must  exert  on  it  energy 
Wv*/2g;  also  to  give  an  equal  weight  W  a  velocity  v  to  the 
left,  we  must  exert  again  \VV2/2£,  so  that,  taking  the  two 
weights  together,  their  total  K.  E.  is  2\V-z.'2/2£-,  in  spite  of 
the  fact  that  they  are  moving  in  opposite  directions,  and 
thus  we  might  say  that,  taken  as  a  whole,  the  system 
has  no  velocity,  since  its  centre  of  gravity  does  not 
move. 

Returning  now  to  our  particular  problem,  let 

v  —  final  velocity  of  W,  and  also  necessarily  of  P. 
Then 


.,.    .  .  ..   _,  Pz/2 

Final  K.  E.  =  -  -  +  —  . 
* 


P  -  R 


If  then  R  be  truly  constant,  this  motion  is  what  we 
may  call  a  reduced  copy  of  that  of  a  freely  falling  body, 
viz.  2/2/2£-=.r. 

In  Morin's  experiments  he  found  that  the  motion  was 
such  a  reduced  copy,  and  hence  he  drew  the  conclusion 
that  R  was  constant  during  the  motion,  so  that  the  ratio 
of  R/W  or/(page  51)  was  independent  of  the  velocity, 
since  the  velocity  varies  during  this  motion  while  R 
does  not. 

Next  consider  the  motion  of  a  train.  At  starting 
Effort  <  Resistance,  and  the  speed  is  accelerated  till  the 
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required  speed  of  running,  say  V  f.s.,  is  reached.      Dur- 
ing this  period  let 

P  =  pull  of  locomotive  on  the  front  carriage  (supposed  constant), 
R  =  total  resistance  to  carriages, 
W  =  weight  of  train,  excluding  engine. 

Then,  considering  the  motion  of  the  carriages, 


gives  us  the  distance  x  that  will  be  run,  on  a  level, 
before  speed  is  got  up. 

Still  considering  a  level,  the  train  will  now  run 
steadily  at  this  speed  ;  steam  being  partly  shut  off,  since 
less  effort  is  required. 

Now  to  stop  (neglecting  for  the  present  the  action  of 
brakes)  the  steam  must  be  shut  off  entirely  at  a  distance 
y  from  the  stopping-place,  given  by 

W'z/2 
o—  R'^/  +  o  --  ,     R'  =  total  resistance  to  whole  train. 

2S 

W'z;2 
.  '  .  y  —      p  ,     W  =  weight  of  whole  train. 

The  student  will  very  probably  feel  inclined  to  shorten 
the  work  by  writing  down  at  once 


but  this  should  be  avoided  as  leading  in  many  cases  to 
mistakes,  and  to  the  confusion  of  Kinetic  Energy  with 
energy  exerted. 

In  all  cases  we  have  one  or  more  bodies  exerting 
energy,  a  body  or  set  of  bodies  which  is  acted  on  and 
which  we  may  term  the  passive  body,  and  one  or  more 
resisting  bodies.  Then  in  addition  the  passive  body 
may  have  within  itself  resistances,  which  we  may  call 
internal. 

Thus  in  the  starting  process  we  had  :  Energy-exerting 
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body — the  engine  ;  passive  body — the  carriages  ;  resist- 
ing bodies — the  rails  and  air. 

Then  there  is  an  internal  resistance  at  each  axle  ;  the 
effect  of  this  is  added  to  that  of  the  rails  and  air,  and  the 
whole  termed  the  Resistance. 

But  now  in  the  stopping  process  we  have  plainly 
taken  as  our  passive  body  the  train,  including  the  engine, 
or,  as  we  call  it,  the  whole  train.  Why  have  we  made 
this  difference  in  the  two  cases  ? 

The  reason  is  as  follows  :  The  real  energy  or  effort- 
exerting  body  is  the  steam ;  but  if  in  the  first  case  we 
had  considered  this,  we  should  have  required  to  bring  in 
the  steam  pressure,  piston  area,  stroke,  etc.  ;  therefore 
for  simplicity  we  took  the  pull  on  the  draw  bar  as  given, 
this  pull  being  an  effort  exerted  by  the  engine,  its  real 
source  being  of  course  the  steam  pressure.  But  in  the 
stopping  process,  the  simpler  equation  is  got  by  taking 
the  steam  as  the  energy-exerting  body;  since  steam 
being  cut  off,  we  obtain  at  once 

Energy  exerted =o, 

and  hence  our  equation. 

What  now  would  have  been  the  form  of  our  equation 
had  we  kept  to  the  same  method  for  the  stopping  as  for 
the  starting  ?  The  engine  is  now  an  outside  body,  and 
having  a  store  of  K.  E.  it  can  exert  energy  on  the  train 
of  carriages.  Hence 

Wz;2 
Energy  exerted  by  engine  =  Ry  +  o . 

When  we  come  to  ask  how  much  energy  the  engine  can 
exert,  we  must  consider  what  its  store,  i.e.  its  K.  E.  is. 
The  amount  of  energy  possessed  by  the  engine  is  W1?72/2^-, 
Wj  being  its  weight.  But  it  cannot  exert  all  this  on  the 
carriages,  because  from  this  source  must  come  the 
energy  to  overcome  its  own  resistance,  say  R1 ;  this  will 
absorb  R^  of  energy,  leaving  available 


UNBALANCED  FORCES  205 


. 
RI  y. 


Hence  this  is  the  energy  exerted  by  the  engine  on 
the  carriages,  and  we  have 


.' 

but 

R  +  RI  is  R',  and  Wi  +  W  is  W, 

so  we  obtain  as  before 


We  see  then  that  K.  E.  can  appear  as  energy  exerted, 
but  it  is  energy  exerted  on  some  other  body,  e.g.  the 
K.  E.  of  the  engine  appears  as  energy  exerted  on  the 
carriages.  But  in  no  case  must  we  ever  reckon  the  K.  E. 
of  a  body  as  energy  exerted  on  itself. 

The  method  of  stopping,  which  we  have  been  con- 
sidering, is,  we  know,  not  that  actually  employed.  Actually 
the  train  keeps  up  full  speed  till  at  a  much  less  distance 
than  y  from  the  station,  and  the  stoppage  is  then  effected 
by  applying  the  brakes.  These  are  blocks  of  wood, 
which  are  pressed  against  the  rotating  wheels,  thus 
producing  friction  which  increases  the  total  resistance 
from  R'  to  say  R".  Then  we  have  as  before,  \i  y"  be 
the  new  distance, 


and  y"  will  be  much  less  than  y  was.  The  method  of 
stopping  here  described  is  very  wasteful  of  energy,  since 
it  causes  the  K.  E.  to  be  entirely  dissipated  as  waste 
work.  This  is  especially  disadvantageous  in  cases 
where  horses  furnish  the  energy  ;  the  wear  and  tear  of 
stopping  and  starting  omnibuses  and  tramcars  far  ex- 
ceeding that  caused  simply  by  keeping  the  speed  up 
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when  going.  It  has  thus  been  an  object  to  avoid,  if 
possible,  this  loss  ;  and  one  method  which  appears  to 
have  been  fairly  successful  is  to  apply  to  the  axle  a 
strong  spring,  which  is  put  in  gear  during  stopping,  and 
by  its  resistance  to  bending  stops  the  car.  It  is  then 
locked  in  place,  and  released  when  the  car  is  to  start ; 
and  it  then,  by  unbending,  restores  to  the  car  nearly  the 
whole  of  the  energy  which  it  abstracted  during  stopping. 
If  there  were  no  losses,  it  would  restore  the  whole  of  the 
original  K.  E.,  i.e.  it  would  by  itself  get  up  the  original 
velocity,  but  actually  it  does  not  quite  do  so,  although  it 
considerably  relieves  the  horses. 

The  Bull  Engine. — In  many  collieries  the  pumping 
is  effected  by  an  engine,  the  cylinder  of  which  stands 
directly  over  the  shaft,  and  the  pump  rods  are  attached 
directly  to  the  piston. 

Fig.  144  shows  the  arrangement  diagrammatically, 
of  course  in  actual  cases  the  rods  are  much 
c  i  r  longer  than  here  shown.  Since  there  is  no 
crank  shaft,  the  stroke  of  the  engine  would 
appear  to  be  limited  only  by  the  piston  com- 
ing in  contact  with  the  cylinder  ends. 
Actually,  however,  the  stroke  is  governed 
by  adjustment  of  the  forces  acting  on  the 
sliding  piece,  viz.,  piston  and  plunger  rods, 
and  we  will  now  examine  the  question,  using 
the  graphic  method. 

The  pump  is  single  acting,  all  the  pump- 
ing being  done  on  the  down-stroke.  During 
this  stroke,  or  at  least  the  greater  part  of  it, 
the  two  ends  of  the  cylinder  are  in  free  com- 
munication, so  there  is  no  effort  due  to 


Fig.  144,      steam  pressure,  the  pressure  simply  balanc- 
ing on   the  two  sides  of  the  piston.      The 
effort    then    during   the    stroke    is    simply    the    weight 
of  piston    and  rods,  or   as    it    is    called    the  pitwork. 
The  weight  of  the  pitwork  is  rather  more  than  neces- 


CHAP.    X 


UNBALANCED  FORCES 


207 


sary  to  overcome  the  resistance  of  the  water  to  the 
plunger,  so  that  the  whole  descends  at  an  increasing 
velocity.  At  a  certain  point  of  the  stroke,  however, 
the  valve  closes,  shutting  up  the  steam  in  the  lower 
end  of  the  cylinder,  and  then  this  steam  acts  as  a 
buffer,  gradually  bringing  the  piston  to  rest,  and  preventing 
it  from  striking  the  cylinder  end.  We  cannot,  however, 
consider  the  actions  during  this  down-stroke  with  any 
degree  of  accuracy  without  considering  the  accelera- 
tion of  the  water  in  the  pipes,  and  the  resistances 


Fig.  145- 

offered  by  these  pipes,  which  questions  require  consider- 
able knowledge  of  Hydraulics.  We  will  then  confine 
our  attention  to  the  up -stroke.  Let  AB  represent 
the  effective  initial  total  pressure  on  the  piston,  this 
remains  constant  while  the  piston  moves  the  distance 
BC  ;  the  steam  is  then  cut  off,  and  the  pressure  falls  as 
the  steam  expands  as  shown  by  the  curve  Cbw  We 
wish  now  to  find  how  far  the  piston  will  move  before  its 
weight  brings  it  to  rest,  or  actually  we  require  the  con- 
verse result,  viz.,  where  should  the  cut-off  take  place  so 
that  the  piston  may  not  reach  the  top  of  the  cylinder  so 
as  to  strike  against  it,  but  may  stop  at  a  convenient 
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distance  from  it.  The  first  is  the  simpler  way  of 
approaching  the  problem,  and  we  can  then  see  how  to 
answer  the  second. 

Take  now  AM  to  represent  W,  the  weight  of  the  pit- 
work,  and  draw  MN  parallel  to  AX.  Then  MN  is  the 
curve  of  resistance,  and  BC^10  the  curve  of  effort 

Take  now  a  point  i,  on  AX,  representing  the  piston 
position  when  it  has  moved  a  distance  Ai  from  rest. 
Draw  la^  vertical.  Then,  during  the  motion  from  A 
to  i  the  energy  exerted  is  represented  by  the  area 
between  the  curve  of  effort  and  the  ordinates  at  A  and 
i  (page  80), 

. '.  Energy  exerted  =  rectangle  BAi^. 

Similarly, 

Work  done  =  rectangle  MAi#i. 
But 

Energy  exerted  =  Work  done  +  Final  K.  E.  -Initial  K.  E., 
i  +  Final  K.  E. -o. 


Therefore,  if  v1  be  the  velocity  of  the  piston, 


Let  us  now  measure  MB^j  in  square  inches,  and 
set  up  \c^  to  represent  it,  so  that  if  MB^1«1  is  x  sq. 
inches,  1^  is  x  inches. 

[The  figure  is  for  clearness  drawn  on  a  much  larger  scale.] 

Then,  on  a  scale  to  be  hereafter  determined,  icl 
represents  the  K.  E.  of  the  piston  and  rods.  Continue 
this  construction  for  points  2,  3,  and  4  ;  we  have  chosen 
4  so  as  to  be  the  intersection  of  MN  and  CD. 

Thus  we  get  the  points  clt  c2,  c3,  and  c^  and  we 
draw  a  curve  through  them.  Then  the  ordinates 
of  this  curve  represent  at  each  point  the  K.  E.  of  the 
piston,  etc.,  when  it  reaches  the  point,  so  it  is  a  curve  of 
K.  E.  Its  shape  is  easily  seen  to  be  a  straight  line  up 
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to  the  point  of  cut-off;  for  up  to  that  point  the  area  of 
the  rectangle  MB^j  is  directly  proportional  to  M«j  or 
A  i,  so  that  i^  is  proportional  to  Ai.  The  K.  E.  then 
increases  at  a  constant  rate  up  to  cut-off;  after  cut-off 
the  excess  of  effort  over  resistance  becomes  less,  so  that 
the  rate  of  increase  of  K.  E.  is  not  so  great,  and  this  is 
shown  by  the  curve  beginning  to  curve  downwards,  e.g. 
between  2  and  3  the  gain  of  K.  E.  is  aj}j}^a^  which  is 
less  than  the  gain  between  i  and  2,  viz.,  a^b^b^a^.  It 
must  be  particularly  noticed,  however,  that  between  A 
and  4,  that  is  so  long  as  Effort  >  Resistance,  the  K.  E. 
continuously  increases,  and  with  it  of  course  the  velocity, 
since  K.  E.  varies  as  "J^.  A  very  common  error  is  to 
imagine  that  because  after  C  the  effort  falls  off,  the 
velocity  must  do  likewise.  The  mistake  lies  in  forgetting 
that  the  question  whether  the  velocity  will  increase  or 
not  depends  not  on  how  much  the  effort  exceeds  the 
resistance,  but  on  whether  it  exceed  it  at  all.  What  is 
affected  is,  as  we  have  seen  above,  the  rate  of  increase. 

At  4  the  effort  and  resistance  just  balance,  so  that 
there  is  for  the  moment  no  increase  of  K.  E.,  or  the 
rate  of  increase  has  fallen  to  zero. 

Next,  we  come  to  points  past  4.  And  now  the  con- 
ditions have  changed,  for  we  have  Effort  <  Resistance. 
Consider  now  the  point  5.  Then,  for  the  whole  motion 
from  A, 

Energy  exerted  =  ABCa<il>5$  , 

Work  done  =  M(Z55A, 
.  •  .  K.  E.  at  5  =  AECa4^5  -  M055  A, 


The  ordinate  5-<:5  will  be  less  than  4.^,  which  repre- 
sents MBC«4,  by  the  area  a^rp^  so  that  for  points  to  the 
right  of  4  we  obtain  the  heights  of  the  ordinates  by 
subtracting  from  4^,  the  lengths  representing  «4«5^5, 
a^aj}^  etc.  On  the  right  of  4  then  the  curve  begins  to 
fall,  and  it  will  finally  reach  the  axis  AX  at  some  point, 
which  in  our  figure  is  marked  i  o,  so  <TIO  and  i  o  coincide. 
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We  can  easily  see  where  10  will  be,  for  it  is  such 
that  subtracting  «4<210^10  from  MBC«4  leaves  nothing,  so 
to  find  10  we  make 


clQ  being  on  the  base  line,  shows  that  10  is  a  point  of 
zero  K.  E.,  so  that  10  is  the  point  at  which  the  piston 
stops. 

We  now  see  what  we  have  to  do  to  find  the  cut-off 
when  the  stopping  point  is  given.  For  given  Aio  we 
have,  by  trial,  to  find  C,  such  that 


And  then  the  piston  will  stop  at  the  required  point. 

The  curve  A<y2  .  .  .  10  is  a  curve  of  K.  E.,  but  we 
have  still  to  determine  its  scale. 

Let  now  the  scale  of  AB  be  i  inch  to  ;;/  Ibs.,  and  that 
of  A  i  o,  which  represents  the  stroke,  be  i  inch  to  n  feet. 

Then  areas  on  the  diagram  represent  energy  on  a 
scale  i  sq.  inch  to  mn  ft.  -Ibs.  (page  70).  The  ordinate 
of  the  curve  is,  in  linear  inches,  equal  to  the  area  on  the 
diagram  in  sq.  ins.  (page  208),  therefore  the  scale  of  the 
curve  is 

i  inch  =  7>m  ft.  -Ibs. 

The  curve  is  on  this  scale  a  curve  of  W2/2/2£",  but  W/2£- 
is  a  constant,  so  that  the  curve  will  on  a  proper  scale  be 
also  a  curve  of  v2.  We  can  see  what  this  scale  is  ;  for  a 
line  of  i  inch  represents  mn  ft.  -Ibs.,  so  that  when  the 
ordinate  is  i  inch 

-  —mn  ft.  -Ibs. 
*g 

At  that  instant  then  772  =  2<gfmn/W,  v  being  in  f.s. 
If  then  we  measure  the  ordinate  on  a  scale  of 

i  mch  =  ^mn  feet,       .• 
the  square  root  of  this  number  of  feet  will  give  us  the 
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value   of  v ;    we  may  say  then  the  scale  is    i    inch  to 
2grHin/W  f.s.  squared. 

A  further  graphical  construction  can  be  used  which 
will  give  a  curve  of  velocity,  but  into  this  we  have  not 
space  to  inquire. 

Turning-  Pairs — K.  E.  of  notation. — When  a 
body  moves  so  that  all  the  particles  move  in  parallel 
straight  lines,  they  all  have  necessarily  the  same  velocity 
•v.  In  this  case  a  small  particle  of  weight  w  has  K.  E. 
wz/2/2£-,  and  the  whole  body  a  K.  E.  Wz/2/2£-,  W  being 
the  total  weight.  All  the  cases  we  have  so  far  con- 
sidered have  been  of  this  type. 

But  now,  when  a  body  is  rotating,  no  two  particles 
have  the  same  motion,  thus  (Fig.  146)  a  particle  at 
B  has  a  velocity  ArB,  A  being  the 
angular  velocity  about  O,  the  centre 
of  rotation  ;  and  one  at  C  has  a 
velocity  Arc.  The  velocities  are 
respectively  at  right  angles  to  OB 
and  OC,  so  that  even  if  rc  =  rB, 
the  directions  of  motion  are  different, 
although  the  amounts  of  the  veloci- 
ties are  then  equal. 

Each  heavy  particle  of  which  the 
body  is  composed  has  then  its  own  K.  E.,  and  since  we 
have  seen  that  K.  E.  is  independent  of  direction,  it 
follows  that  the  total  K.  E.  of  a  rotating  body  is  the 
arithmetic  sum  of  the  K.  E.'s  of  all  the  particles  com- 
posing it,  irrespective  of  the  direction  of  their  motions. 

The  calculation  of  this  quantity,  then,  requires  that 
we  divide  the  body  up  into  indefinitely  small  particles, 
and  sum  up  the  K.  E.'s  of  all  these  particles.  This  pro- 
cess involves  the  use  of  the  Integral  Calculus,  and  hence 
the  student  must,  until  he  has  mastered  the  use  of  this, 
accept  the  results  given  as  facts. 

Thin  Ring. — One  case  we  can  treat,  viz.,  that  of  a 
thin  ring  or  cylinder,  rotating  about  its  axis.  Let  r  be 
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the  mean  radius.  Then,  if  the  thickness  be  very  small 
compared  to  r,  all  the  particles  are  prac- 
tically at  the  same  distance  r  from  the 
centre.  If  then 

A  =  angular  velocity, 
w=  weight  of  one  particle, 
v=  velocity  of  one  particle, 

Fig"  I47<       we  have 

7W2       WAV 

K.  E.  of  particle—  —=  —  —  , 
and  each  particle  will  have  the  same  K.  E.,  so  that 


Total  K.E.  =     ~, 

W  being  the  weight  of  the  ring. 

This  result  can  be  used  without  serious  error  for  most 
fly-wheels,  W  being  the  weight  of  rim,  r  its  mean  radius, 
and  an  allowance  of  two  or  three  per  cent  added  for  the 
K.  E.  of  boss  and  arms. 

Radius  of  Gyration.  —  Consider  now  the  case  of 
an  actual  fly-wheel  with  a  definite  thickness  of  rim.  Let 
R  and  R'  be  the  inner  and  outer  radii. 
Take  now  a  radius  r  intermediate  be- 
tween R  and  R',  and  consider  the  parti- 
cles which  lie  on  a  very  thin  ring  of 
radius  r.  Then  this  ring  has  a  K.  .  E. 
due  to  the  velocity  Ar.  All  the  particles 
outside  this  ring  have  velocities  greater 
than  Ar,  and  so  their  total  K.  E.  will  be  Fls-  '48. 
greater  than  if  they  all  lay  on  the  ring  ;  while,  on  the 
other  hand,  those  which  lie  inside  have  velocities  less 
than  Ar,  and  their  total  K.  E.  is  less  than  if  they  lay  on 
the  ring. 

Comparing  now  the  actual  K.  E.  of  the  wheel,  with 
what  it  would  be  if  all  the  particles  were  concentrated  on 
the  ring  of  radius  r,  it  appears  there  is  an  excess  due  to 
the  particles  outside  the  ring,  and  loss  due  to  those 
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inside.  It  is  not  difficult  then  to  see  that  by  selecting  r 
properly,  we  can  make  the  gain  and  loss  balance,  and  if 
this  be  done,  then  the  actual  K.  E.  of  the  wheel  is  the 
same  as  if  the  whole  mass  were  concentrated  on  a  circle 
of  radius  r. 

The  value  of  r  which  satisfies  the  above  condition  is 
called  the  Radius  of  Gyration,  and  when  by  use  of 
the  calculus  the  value  of  the  radius  of  gyration  is 
found,  then  calling  it  r,  the  K.  E.  of  the  rotating  body  is 
WAV2/  2^,  where  A  is  the  angular  velocity. 

Although  we  cannot  calculate  the  value  of  the  radius 
of  gyration  without  the  calculus,  yet  we  can  show  the 
method  of  proceeding,  and  this  we  will  now  do. 

We  will  take  the  fly-wheel  already  considered. 
Divide  it  up  into  a  very  large  number  of  thin  rings. 

Let  their  radii  be  in  order 


r^  being  very  nearly  R,  and  rn  nearly  R'. 
Let  the  weights  of  the  rings  be 


Then 

AV  2 

K.  E.  of  ist  ring  =  zfi  -  , 
2<^ 

K.  E.  of  2d  rin   = 


2g    ' 

AV 


K.  E.  of  nth  nn 

A2 

.  • .  Total  K.  E.  =  —  { revr  +  7c/2r22  +  w3r<?  +  .   .   .  +  ivnr£  } . 

It  is  for  the  summation  of  the  quantity  in  brackets, 
when  »  is  indefinitely  large,  that  we  require  to  use  the 
calculus.  We  shall  meet  a  similar  expression  further  on 
in  the  book,  and  it  is  known  as  the  Moment  of 
Inertia. 

But  if  r  be  the  radius  of  gyration, 
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Total  K.E.=, 


Hence  equating  the  two  values  of  the  K.  E., 


The  results  of  this  calculation  for  some  particular 
cases  are  as  follows  : — 

Solid  cylinder  of  radius  a  rotating  round  its  axis  r2=a2/2 
A  rod,  length  /,  rotating  round  an  axis  through 

its  end,  perpendicular  to  its  length    .         .  r2  =  /2/3 
Parallelogram  of  height  h  rotating  round  its  base  r*  =  /i2/3 

Do.  about  a  centre  line  parallel  to  its  base        .  r2  =  k2/i2 
A  circular  plate,  radius  a,  diameter  7z,  rotating 

about  a  diameter r2  =  tf2/4  =  /z2/i6 

A  triangle,  height  h,  about  its  base          .         .  r*  =  A?/6 
Do.,  about  an  axis  through  its  CG,  parallel  to 

its  base rW*2/i8 

Do.,  about  an  axis  through  its  vertex,  parallel 

to  its  base rJ=/^2/2 

Most  of  these  results  are  not  required  for  the  present, 
but  they  are  collected  for  future  reference. 

We  are  now  in  a  position  to  calculate  accurately  the 
K.  E.  of  the  rim  of  a  fly-wheel,  and  so  see  how  near  our 
approximate  result  would  be. 

We  proceed  thus — 

Let  Rj  and  R2  be  the  inner  and  outer  radii, 
then 

K.  E.  of  wheel  =  K.  E.  of  cylinder  radius  RI 

-  K.  E.  of  cylinder  radius  R2. 

Let  Wj  and  W2  be  the  weights  of  these  cylinders, 
then 

Weight  of  wheel  W= Wi  -  W2, 
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-    K    F 
.   .  K.  li.  = 


[from  (i)]. 
•& 

Our  approximate  result  was 


2 

so  the  error  is 

WA2jRi2+R22     R12  +  2RiR2+R22l  _WA2    (Ri-R2)2 

2g\  2  4  ~~)  2g     '  4 

which  decreases  as  R2  approaches  R1. 

This  method  of  finding  the  K.  E.  of  a  body,  by  con- 
sidering it  as  the  difference  of  two  other  bodies,  or  in 
other  cases  as  their  sum,  can  be  often  used,  but  we 
must  be  careful  to  take  the  K.  E.'s  all  about  the  one 
given  axis. 

Motion  of  an  Unconstrained  Body. — The  prin- 
ciple of  work  enables  us  to  solve  questions  relating  to 
the  motion  of  an  unconstrained  body,  i.e.  a  body  whose 
motion  is  not  defined  by  its  connection  to  other  bodies, 
e.g.  a  shot  after  leaving  the  gun. 

This  case  is  of  interest,  and  we  will  briefly  examine  it. 

The  shot  lies  in  the  gun,  and  the  powder  burning 
behind  it  causes  a  gaseous  pressure  which  forces  it  along 
the  bore  ;  during  this  period  the  motion  of  the  shot  is 
defined  by  the  nature  of  the  pairing  between  it  and  the 
bore  of  the  gun.  It  now  issues  from  the  mouth  of  the 
gun  with  a  certain  velocity  and  K.  E.,  and,  during 
the  remainder  of  its  motion  before  reaching  the  earth 
or  target,  its  motion  is  free  from  any  constraint  other 
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than  that  exerted  by  gravity.  We  have  then  the  reverse 
of  our  usual  problem,  for  generally  we  know  the  path 
of  the  body  and  require  to  determine  the  forces  acting, 
while  here  we  know  the  force  and  not  the  path.  Let 

W  =  weight  of  shot, 
v-i  =  velocity  on  leaving  the  muzzle, 

and  consider  the  motion  between  the  moment  of  leaving 
the  muzzle  and  that  when  the  shot  has  attained  a  height 
h.  Then 


v  being   the  velocity  the   shot   has  at  the  moment  the 
height  h  is  reached. 

This  example  shows  well  the  importance  of  clear 
definition  of  the  period  of  time  chosen  (page  137).  For 
suppose  we  take  the  period  to  be  from  the  moment  of 
igniting  the  powder.  Then  we  have 

Energy  exerted  —  whole  energy  of  powder. 

Then,  assuming  for  simplicity  that  the  bore  of  the 
gun  offers  no  resistance  to  the  shot,  we  have 


Energy  of  powder  =  W/i  H  ---  o. 

Comparing  this  with  the  preceding  we  see  that  we 
must  have 

,         ,       W»i2 
Energy  of  powder  =  ---  > 

and  this  is  correct,  for  this  equation  is  the  form  taken 
by  the  principle  of  work  for  the  period  during  which  the 
shot  is  being  pushed  along  the  bore,  since  we  then  have 

Energy  exerted  =  energy  of  powder, 
Work  done  =  o, 

Initial  K.  E.  =o,     and  Final  K.  E.  =  ^-. 
If  the  bore  offer  a  resistance  R  and  its  length  be  /, 
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then  the  work  done  will  be  increased  in  the  two  pre- 
ceding equations  by  the  term  R/,  and  the  K.  E.  W?712/2^ 
will  be  accordingly  diminished. 

Potential  Energy.  —  Returning  to  the  consideration 
of  the  motion  when  unconstrained,  the  principle  of  work 
is  sometimes  stated  in  a  new  form. 

The  only  resistance  is  gravity  (neglecting  the  friction 
of  the  air),  and  this  is  a  reversible  resistance  (page  41). 
The  work  done  against  gravity  during  the  rise  h,  viz. 
W/z,  will  be  restored  again  when  the  shot  falls.  This 
fact  is  sometimes  expressed  by  saying  that  the  shot  has 
Potential  Energy  Wft,  due  to  being  at  a  height  h. 
The  equation 


then  becomes 

o=  Final  Pot.  E  +  Final  K.  E.  -Initial  K.  E., 
or,  remembering  that  the  initial  potential  energy  is  zero, 
and  that  the   equation   refers   to   any  point   during  the 
flight,  since  h  may  have  any  value,  we  have  at  any  point 
of  the  flight 

Pot.  E.  +  K.  E.  =  Initial  Pot.  E.  +  Initial  K.  E., 
so  that  the  sum  of  the  potential  and  kinetic  energies  is 
constant  for  all  points  of  the  flight. 

The  principle  of  work  may  then  be  written  for  this 
case  as 

Potential  Energy  +  Kinetic  Energy  =  constant. 

EXAMPLES. 

1.  A  slider  weighing  100  Ibs.  rests  on  a  table,  it  is  moved  as  in 
Fig.  143  by  a  weight  of  20  Ibs.,  and  when  it  has  moved  2  ft.  its 
velocity  is  observed  to  be  2  f.s.     Find  the  coefficient  of  friction. 

Ans.  .163. 

2.  In  question  i,  page  90,  the  rider  goes  60  yds.  from  rest 
before  getting  the  speed  up.     Find  the  mean  moment  he  exerts. 

Ans.  34.3  Ibs.  -ft. 

3.  A  train  weighs  60  tons,  and  the  engine  25  tons.     It  is 
ascending  an  incline  of  i  in  100  at  30  miles  per  hour  when  the 
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draw  bar  breaks.  Taking  the  resistance  at  16  Ibs.  per  ton, 
find  how  far  the  carriages  will  run  before  stopping  ;  also  what 
speed  would  the  engine  finally  attain  if  it  continued  to  exert  the 
same  H.  P.  as  before  the  breakage,  and  its  resistance  were  un- 
altered ?  Ans.  g  mile  ;  102  miles  per  hour. 

4.  If  in  the  preceding  the  brakes  did  not  act,  what  would 
be  the  speed  of  the  train  when  running  back  and  passing  the 
point  at  which  the  breakage  occurred  ? 

,  Ans.  \2\  miles  per  hour. 

5.  In  question  3,  the  guard's  van  weighs  18   tons,  and  he 
applies  his  brake,  skidding  the  wheels,  directly  the   breakage 
occurs.     Find  in  what  distance  the  train  is  brought  up.     Coeffi- 
cient of  friction  between  wheel  and  rail  .  18.  Ans.  TV  mile. 

6.  The  piston  and  pump  rods  of  a  "Bull"  engine  weigh  18 
Ibs.  per  sq.  in.  of  piston.     The  initial  steam  pressure  is  50  Ibs. 
absolute,   and   the   cut  -  off  takes   place   when   the   piston   has 
travelled  one  foot  of  the  up-stroke.      Assuming  hyperbolic  ex- 
pansion, find  the  least  length  of  cylinder,  that  the  piston  may 
not  strike  the  cover.     Back  pressure  2  Ibs.          Ans.  7  ft.  7  ins. 

7.  In  the   preceding   find   the  position  of  maximum  piston 
velocity,  and  the  corresponding  K.  E.  of  the  moving  parts  per 
sq.  in.  of  piston. 

Ans.  2  ft.  6  ins.  from  commencement  ;  45!  ft.  -Ibs. 

8.  A  body  weighing  112  Ibs.  is  fastened  to  a  rope  passing 
over  an  axle   2  ins.    diameter,   on  which  is  a  fly-wheel  2  ft. 
diameter.      Find  the  weight  of  the  fly-wheel  rim,  so  that  the 
body  after  falling  40  ft.  may  have  a  velocity  of  only  4  f.s. 

Ans.   124  Ibs. 

9.  Find  the  K.  E.  of  a  disc  running  at  a  speed  V  f.s.  along  a 
plane.     Radius  r  ft. 

Ans.  The  disc  is  moving  as  a  whole  at  velocity  V  f.s.,  and 
also  rotating  with  an  angular  velocity  V/r.  The  K.  E. 
is  the  sum  of  that  due  to  each  motion  separately,  which 
can  be  proved  analytically,  or  may  be  seen  as  follows  : 
Suppose  the  disc  to  have  a  loose  axle  through  its 
centre,  then  by  stopping  this  axle  we  can  take  out  the 
K.  E.  \Wy2£";  but  the  disc  will  then  still  rotate  about 
the  axle  with  its  original  angular  velocity  ;  hence  the 
result. 


.-.  Total  K.K= 

2g 

=  3  W 

~2      2g 
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The  separate  K.  E.'s  are  said  to  be  Translation  K.  E. 
and  Rotation  K.  E.  respectively. 

10.  A  disc  and  hoop  are  running  at  the  same  speed  on  the 
level,  and  commence  to  ascend  an  incline.     Which  will  ascend 
higher,  and  by  how  much  ? 

Ans.  The  hoop  -f  as  far  as  the  disc. 

11.  Determine  the  weight  of  fly-wheel  rim  per  horse  power, 
which,  when  running  at  70  feet  per  second,  will  have  stored 
in  it  10  per  cent  of  the  energy  exerted  per  minute. 

Ans.  43  Ibs. 

12.  The  four  wheels  of  a  truck  consist  of  solid  discs  of  cast- 
iron  2  ft.  diameter  and  \\  in.  thick.     The  truck,  when  moving 
with  a  velocity  of  20  miles  an  hour,  commences  to  ascend  an 
incline  of  I  in  100.     The  weight  of  the  truck,  with  wheels,  is 
half  a  ton,  and  the  resistance  10  Ibs.  per  ton.     Find  how  far  the 
truck  will  run  up  the  incline.  Ans.   1220  ft. 

13.  In  the  motion  of  a  projectile  the  horizontal  component  of 
the  velocity  remains  constant.     Hence  deduce  by  means  of  the 
principle  of  work  the  greatest  height  to  which  a  shot,  projected 
with  initial  velocity  V  at  an  elevation  a°  will  rise. 

v    ^      W(z/cosa)2 
Ans.  Minimum  K.  E.  = — — -, 

WV2  sin2  a 
.*.  Maximum  Potential  Energy  = — — , 

V2sin2a 
.'.  Greatest  height  = . 

2g 

14.  A  ship  of  2500  tons  displacement  is  propelled  at  20  knots 
by  engines  of  8000  H.  P. ;  estimate  the  distance  which  will  be 
traversed  by  the  ship  whilst  an  amount  of  energy  is  developed  by 
the  engines  equal  to  the  K.  E.  stored  in  the  ship. 

Ans.  760  feet. 


CHAPTER    XI 

THE  DIRECT  ACTOR — FLUCTUATION  OF  ENERGY 
AND  SPEED 

WE  are  now  in  a  position  to  examine  into  that  irregu- 
larity of  motion  which  we  saw  (page  188)  must  occur 
owing  to  the  irregularity  of  the  driving  effort,  but  into 
the  magnitude  of  which  we  were  not  then  able  to  inquire. 

We  shall  suppose  the  piston  pressure  to  be  uniform, 
and  the  curve  of  crank  effort  will  accordingly  be  that 
obtained  by  the  method  of  chap.  ix.  Furthermore  we 
shall  examine  only  the  case  of  an  engine  running  at 
constant  speed, 

Before  commencing  our  work  we  must  devote  some 
little  space  to  the  consideration  of  the  meaning  of  this 
term  "  constant  speed  "  as  we  have  just  used  it.  Plainly 
it  cannot  mean  that  all  parts  of  the  engine  run  at  a  con- 
stant velocity ;  because  that,  as  we  have  seen,  is  an 
impossibility;  even  if  the  crank  velocity  were  constant, 
the  piston  velocity  could  not  be  so.  But  it  is  not  even 
necessary  for  "  constant  speed  "  that  the  crank  velocity 
be  constant.  The  practical  meaning  of  the  term  is  that 
each  revolution  is  performed  in  the  same  time  ;  but  this 
does  not  prevent  the  velocity  of  the  crank  being  different 
at  different  parts  of  the  revolution.  When  an  engine 
then  is  running  at  constant  speed,  the  crank  commences 
a  revolution  with  a  certain  velocity ;  this  velocity  goes 
through  a  certain  series  of  changes  during  the  revolution, 
but  ends  up  with  the  same  value  as  it  commenced  with  ; 
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then  the  next  revolution  starts  with  the  same  velocity  as 
the  first,  the  same  series  of  changes  is  gone  through, 
and  so  on  over  and  over  again.  Evidently  what  applies 
to  one  piece  applies  to  all ;  so  that  each  piece  is  going 
continuously  through  a  certain  series  of  changes  of 
velocity.  The  time  of  revolution  then  will  be  constant, 
while  the  actual  velocity  need  not  be  the  same  at  any 
two  instants  of  a  revolution. 

Periodic  Motion. — The  motion  here  described  is 
one  case  of  what  is  known  as  periodic  motion.  Periodic 
motion  meaning  a  motion  in  which  a  certain  set  of 
changes  of  velocity  is  gone  through  over  and  over  again. 
The  time  of  completing  a  set  is  called  the  Period.  If 
successive  periods  are  all  equal,  we  may  call  the  motion 
Uniform  Periodic,  but  usually  the  term  periodic  is  taken 
to  include  equality  of  periods,  and  so  implies  uniform 
periodic. 

The  period  for  a  steam  engine  is  one  revolution,  that 
giving  a  complete  set  of  changes.  But  it  is  not  always 
one  revolution  that  makes  a  period.  Take,  for  example, 
a  gas  engine  in  which  an  explosion  of  gas  takes  place 
only  in  every  alternate  revolution.  Then  at  the  com- 
mencement of  the  explosion  stroke  the  parts  have  certain 
velocities ;  the  gas  now  explodes,  driving  the  piston 
before  it,  and  accelerating  the  velocity  of  the  shaft ;  now 
the  piston  returns,  driving  out  the  products  of  the  ex- 
plosion, and  a  second  revolution  commences  ;  but  during 
this  revolution  no  effort  is  applied ;  and  so  the  velocity 
gradually  decreases  through  the  return  half  of  the  first 
and  the  whole  of  the  second  revolution,  until  it  reaches, 
at  the  commencement  of  the  third,  exactly  the  same 
velocity  as  it  had  at  the  commencement  of  the  first,  and 
now  the  series  commences  over  again.  In  this  case  then 
we  have  periodic  motion,  but  the  period  is  not  one,  but 
two  revolutions.  Evidently  to  any  periodic  motion, 
taking  a  whole  period,  the  balanced  forces  principle  of 
work  applies  (page  61). 
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So  then  for  constant   speed  of  an  engine   the  only 
condition  necessary  is  that  during  a  whole  revolution 

Mean  resisting  movement  =  mean  driving  movement, 

=  —  Pa     (for  a  single  cylinder). 

Generally,  however,  as  we  stated  on  page  1 88,  the  resisting 
moment  is  fairly  uniform,  and  hence  we  will  examine  the 
case  in  which  it  actually  is  so.  In  that  case  its  mean 
and  actual  values  are  the  same,  viz.,  zPa/ir,  or  we  may 
consider  a  resistance  2P/7T  applied  to  the  crank  pin. 

Fluctuation   of  Energy  and  Speed. — We  will 
now  summarise  the   conditions  of  the   engine   we    are 


c  o 


AMD 


A  ' 
Fig.  149. 


going  to  consider,  viz.  Constant  Piston  Pressure,  Weight- 
less Reciprocating  Parts  (piston,  etc.,  see  page  182),  No 
Friction,  Constant  Resistance. 

In  Fig.  149  we  have  drawn  a  linear  curve  of  crank 
effort  for  a  single  cylinder,  and  marked  on  it  the  line 
CC  of  mean  crank  effort.      This  line 
CC  will  now  be  the  curve  of  resist- 
ance, as  we  have  just  shown. 


[It  is  important  that  the  student  should 
clearly  comprehend  that  these  curves  of 
effort  and  resistance  are  drawn  according 
to  the  conditions  of  chap.  iv.  page  79,  so 
that  their  areas  give  energy  exerted  on  the 
crank  shaft,  or  work  done  against  the 
resistance  to  the  shaft.  Some  assistance  to 
such  clear  comprehension  may  be  obtained 
by  drawing  the  curve  on  paper,  and  then 
cutting  along  the  base  A  A,  up  the  sides  AC,  and  continuing  along 
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the  clotted  lines  in  Fig.  149.  Now  roll  up  the  strip  so  obtained 
by  bringing  A  to  A  and  C  to  C,  so  obtaining  Fig.  150.  It  will 
then  be  seen  that  ABA'B'A  is  the  actual  crank  circle,  and  that 
the  efforts  and  resistance  are  set  off  at  right  angles  to  the  path 
of  the  moving  crank  pin.  We  also  see  that  the  two  ends  AA, 
and  also  CC,  really  represent  only  one  point  A  and  one  C 
respectively.] 

We  can  now  proceed  by  the  same  method  as  used 
in  the  consideration  of  the  "  Bull  "  engine  in  the  last 
chapter. 

Commencing  at  A. 

The  crank  shaft  and  fly-wheel  (if  any)  are  rotating 
with  an  angular  velocity,  which  we  will  denote  by  AA. 

At  any  point,  as  M,  between  A  and  D,  the  effort  MP  is 
less  than  the  resistance  MQ.  The  velocity  will  then 
continuously  decrease  until  the  crank  pin  reaches  D. 
Calling  the  angular  "velocity  at  D,  AD  ;  and  taking 

Weight  of  shaft  and  fly-  wheel  =  W, 
Radius  of  gyration  =  r, 

we  have,  applying  the  principle  of  work  to  the  move- 
ment from  A  to  D, 

Energy  exerted  =  ai'ea  AD'D, 
Work  done  =  area  ACD'D, 


Final  K.  E.  =,     Initial  K.  E.  = 


WADV2_WAAV2 


The  change  of  K.  E.  then  is  -  ACD'. 

Now  directly  the  pin  passes  D  the  effort  is  greater 
than  the  resistance,  so  the  speed  increases,  and  this  holds 
till  E  is  reached,  where  equality  of  effort  and  resistance 
is  again  reached. 

Between  D  and  E  we  have  Effort  >  Resistance,  and 
change  of  K.  E., 

WAEV2  _  WADV2 

2g  2g 
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Notice  here  that  K,  the  point  of  maximum  effort,  is 
not  one  of  maximum  speed  or  K.  E.,  this  is  a  common 
mistake  (compare  page  209)  ;  the  rate  of  increase  in- 
creases up  to  K  and  is  a  maximum  at  K,  so  K  is  a  point 
of  maximum  acceleration.  Similar  remarks  apply  to  A' 
etc.  We  need  not  go  fully  into  the  work,  as  we  have 
already  done  so  in  the  case  of  the  Bull  engine,  and  we 
will  therefore  put  it  as  briefly  as  possible. 

Between  E  and  F.  Effort  <  Resistance.  Change  of 
K.  E., 

WAFV2 


Between  F  and  G.     Effort  >  Resistance, 
WAGV2  _  WAFV2  =  +  FL,G, 

2g  2g 

Finally  G  to  A.     Effort  <  Resistance, 

WAAV2  _  WAGV2=  _  Q,AC 

2g  2g 

By  beginning  at  the  commencement  of  the  stroke  we 
have  split  one  period  of  decreasing  velocity  —  viz.  from 
G  through  A  to  D  —  into  two  parts.  Looking  at  the 
folded  curve  in  Fig.  150,  we  see  that  the  parts  G'AC, 
D'AC  really  form  one  triangular  piece  G'AD'.  Thus  for 
the  motion  from  G  to  D,  change  of  K.  E., 

WADV2  _  WAcV=  _  G/AD, 

2g  2g 

and  we  go  on,  for  the  next  revolution,  over  again. 

We  have  now  found  then,  that  at  D  the  K.  E.  and 
velocity  had  been  decreasing  and  commence  to  increase. 

But  these  last  words  are  the  definition  of  a  minimum 
value.  D  then  is  a  point  of  minimum  K.  E.  and  velocity. 

[Since  K.  E.  varies  as  v*  it  is  of  course  evident  that  K.  E.  and 
velocity  increase  and  decrease  together.] 
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Hence 


at   G  a 


At  E  both  the  K.  E.  and  the  velocity,  which  hitherto 
have  been  increasing,  commence  to  diminish. 

This  is  the  definition  of  a  maximum  value. 
E  is  a  point  of  maximum  K.  E.  and  velocity. 

^Similarly   at    F   we   have   a   minimum,   and 
maximum. 

There  are  then  two  points  of  maximum  velocity  and 
two  of  minimum. 

We  must  not  now  confuse  maximum  and  minimum 
with  greatest  and  least.  There  can  be  only  one  greatest 
and  one  least ;  and  it  may  even  be  that  in  some  cases  a 
minimum  value  is  greater  than  a  maximum  one. 

Take,  for  example,  Fig.  151.  Then  AA,  BB,  CC  are 
maximum  ordinates  of  the  curve  ;  while 
DD,  EE  are  minimum  ordinates  ;  yet 
the  minimum  DD  is  greater  than  the 
maximum  CC.  The  greatest  and  least 
are  AA  and  EE,  i.e.  the  greatest  maxi- 
mum and  the  least  minimum. 

We  can  in  our  present  case  deter- 
mine the  positions  of  greatest  and  least 
velocity.  For — 


Fig.  151. 


First  we  notice,  that  from  D  round  to  D  again  there 
are  two  gains  of  K.  E.,  viz.  D'K'E'  and  F'L'G';  and  two 
losses,  E'A'F'  and  G'AD'.  And  since  we  end  up  at  D 
with  the  same  velocity — i.e.  same  K.  E. — as  we  com- 
menced with,  the  gains  and  losses  must  balance, 
.-.  D'K'E'  +  F'L'G'  =  E'A'F'  +  G'AD'. 

Looking  at  Fig.  149  we  see  plainly  that  E'A'F'  is 
greater  than  G'AD',— i.e.  G'AC  +  ACD', — while  D'K'E' 
and  F'L'G'  are  equal.  Hence 


and 


E'A'F' >  D'K'E'  or  F'L'G', 

D'K'E'  or  F'L'G' >  G'AD'. 

Now  there  is  a  maximum  at  E  and  also  at  G. 
Q 
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Between  E  and  G  we  lose  (in  K.  E.)  E'A'F'  but  gain 
F'L'G'. 

This  gives  on  the  whole  a  loss,  so  that  the  K.  E«  at 
E  is  greater  than  at  G. 

Therefore  E  is  the  position  of  greatest  K.  E.  and 
velocity. 

For  the  least  we  have  minima  at  D  and  F.  Between 
D  and  F  the  gain  of  K.  E.  is  D'K'E',  and  the  loss 
E'A'F'. 

There  is  then  a  loss  in  going  from  D  to  F  ;  and 
therefore  F  is  the  position  of  least  K.  E.  and  velocity. 

Thus  we  see  that  the  amount  of  K.  E.  stored  in  the  re- 
volving parts  of  the  engine  is  constantly  fluctuating.  Com- 
mencing at  D,  they  gain  D'K'E',  then  lose  E'A'F',  gain 
F'L'G',  and  lose  G'AD'.  Each  of  these  areas  represents 
a  Fluctuation  of  Energy,  while  the  greatest  of  them 
— i.e.  E'A'F' — is  called  The  Fluctuation  of  Energy. 

The  amount  of  these  fluctuations  can  be  expressed 
either  in  foot-lbs.  or  by  the  ratio  which  they  bear  to  the 
whole  energy  exerted  by  the  engine  in  a  revolution. 

In  the  first  case  we  calculate  their  areas  by  the 
methods  of  mensuration,  and  then  deduce  from  the  scale 
of  the  figure  the  amounts  of  energy  which  these  areas 
represent  (see  page  71). 

In  the  second  method,  since  the  whole  energy  exerted 
in  a  revolution  is  equal  to  the  area  of  the  effort  curve 
AD'K'EA'F'L'G'A,  or  equally  of  the  work  curve  ACCA  ; 
we  find  the  ratio  which  these  fluctuation  areas  bear  to 
the  area  of  the  rectangle  ACCA.  We  thus  obtain  four 
fractions,  each  of  which  is  a  Coefficient  of  Fluctua- 
tion, the  greatest  one  is  The  Coefficient  of  Fluc- 
tuation of  Energy. 

Necessary  "Weight  of  Revolving  Parts. — Given 
a  constant  piston  pressure,  and  the  ratio  of  connecting 
rod  to  crank,  the  shape  of  the  crank  effort  curve  is 
determined,  and  also  the  amount  of  fluctuation  of  energy, 
quite  irrespective  of  the  value  of  W.  But  the  foregoing 
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does  not  hold  with  regard  to  the  fluctuation  of  speed 
produced,  as  we  shall  now  see. 

Generally  we  require  that  the  fluctuation  of  speed  be 
kept  within  certain  limits,  depending  on  the  purpose  for 
which  the  engine  is  used  ;  some  purposes  —  e.g.  electric 
lighting  —  requiring  great  uniformity,  while  for  some  kinds 
of  rough  work  a  variation  of  5  o  per  cent  is  not  of  much 
importance.  The  amount  of  fluctuation  which  can  be 
allowed  is  given  generally  as  a  fraction  of  the  mean 
speed,  this  fraction  being  called  The  Coefficient  of 
Fluctuation  of  Speed. 

Let  now  the  coefficient  of  fluctuation  of  energy  as 
determined  from  the  diagram  be  k,  and  the  coefficient 
of  fluctuation  of  speed  be  c,  c  being  given  as  one  of  the 
data,  its  determination  for  any  case  depending  on  con- 
siderations outside  the  scope  of  the  present  work. 

Then  if  A0  =  mean  angular  velocity  at  which  the 
engine  is  to  run,  the  fluctuation  of  speed  =  cA0. 

But  the  fluctuation  of  speed  is  from  AE  to  AF,  these 
being  the  greatest  and  least  respectively, 


Next,  the  mean  speed  is  A0.  Now  we  cannot  say 
that  (AE  +  AF)/2  is  the  mean  speed  accurately  ;  because  to 
find  the  real  mean  speed,  we  ought  to  construct  a  curve 
of  speed  and  then  find  its  mean  height  (compare  page 
22).  This  mean  height  will  not,  in  all  probability,  be  equal 
to  (AE  +  AF)/2,  the  mean  of  the  greatest  and  least  ;  but 
it  will,  in  nearly  all  cases,  be  very  nearly  (AE  +  AF)/2,  and 
it  will  be  sufficiently  accurate  for  our  purpose  if  we  take 
it  to  be  so.  This  gives  then 

AE+AF 


Let  us  represent  the  energy  exerted  by  the  steam  in 
one  revolution  by  E0.  Then  between  E  and  F  we 
have 
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WAEV    WAFV2 


Wr2 

—  < 


Putting  the  result  here  obtained  in  words,  it  is  —  In 
order  that  the  fluctuation  of  speed  may  not  exceed  c  times 
the  mean  speed,  it  is  necessary  that  the  K.  E.  of  the 
revolving  parts,  when  running  at  the  mean  speed,  should 
be  kJ2c  times  the  energy  exerted  by  the  steam  in  one 
revolution. 

Fly-  Wheels.  —  In  these  equations  W  is  the  weight  of 
all  the  revolving  parts,  and  r  their  radius  of  gyration. 
But  in  most  cases  the  effect  of  the  fly-wheel  is  so  great 
compared  with  that  of  the  remaining  parts,  that  we  treat 
the  revolving  parts  as  if  they  consisted  of  the  fly-wheel 
only.  In  this  case  W  will  be  the  weight  of  fly-wheel 
required,  and  r  its  radius  of  gyration,  which,  as  we  have. 
seen  in  the  last  chapter  is,  nearly  enough,  the  mean  radius 
of  the  rim. 

Our  equation  above  gives  us  only  one  relation  be- 
tween W  and  r,  while  to  determine  them  definitely  we 
require  two.  We  can  obtain  a  second  relation,  or  at 
least  an  equation  for  r,  as  follows.  It  is  of  course 
advantageous  to  have  W  as  small  as  we  can,  i.e.  r  as 
large  as  possible.  But  if  V0  be  the  mean  speed  of  the 


so  that  making  r  large  makes  V0  large  also.  Now 
when  a  body  revolves  there  is  a  tendency,  due  to  centri- 
fugal force,  to  burst  (see  chap,  xii),  this  tendency 
increasing-  as  the  speed  increases.  This  effect  puts  a 
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limit  to  the  value  of  V0,  which  is  frequently  taken  as 
80  ft.  per  sec.  Thus  A0  being  given,  the  value  of  r 
must  be  less  than  8o/A0,  and  we  can  then  determine  rand 
then  W. 

The  Two-Crank  Engine.  —  In  a  single  engine  a 
fly-wheel,  or  something  equivalent,  is  an  absolute  neces- 
sity ;  we  will  now  see  how  far  this  is  the  case  in  a  two- 
crank  engine.  A  brief  statement  will  be  sufficient,  as 
full  explanations  have  been  already  given. 

Fig.  152  shows  the  linear  curve  of  effort,  lettered 
as  usual. 

We  will  commence  at  D,  then,  in  order,  the  K.  E.'s 
are  —  at  E,  a  maximum  ;  F,  minimum  ;  G,  maximum  ; 
H,  minimum  ;  K,  maximum  ;  and  D,  a  minimum. 


B  A'  B'  4 

Fig.  152 

In  the  actual  figure  drawn  the  fluctuations  of  energy 
are  in  order  of  size — 1st,  G  to  H  ;  2d,  D  to  E  ;  3d  and 
4th  equal,  F  to  G  and  H  to  K  ;  $th  and  6th  equal,  E 
to  F  and  K  to  D. 

Whence  we  deduce  that  the  greatest  maximum 
velocity  is  at  G,  and  the  least  maximum  at  K ;  while 
the  least  minimum  velocity  is  at  H,  and  the  greatest 
minimum  at  F. 

The  calculation  of  the  numerical  values  we  will  leave, 
as  an  example,  to  the  student. 

We  see  at  once  from  the  figure  that  the  value  of  k  is 
much  smaller  than  in  the  single  engine,  and  hence  a 
much  less  weight  of  fly-wheel  is  necessary  to  obtain  a 
given  regularity  of  speed.  But  besides  this  there  is 
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another  reason  which  tends  to  render  the  fitting  of  a  fly- 
wheel to  this  type  of  engine  unnecessary,  and  this  we 
will  now  consider. 

Effect  of  Reciprocating  Parts. — We  have  so  far 
considered  these  parts  as  weightless  in  the  present 
chapter.  But  they  are  actually  heavy,  and  will  accord- 
ingly affect  the  motion,  and  we  will  now  examine  their 
effect. 

In  the  case  of  the  Bull  engine  (page  206)  the  recipro- 
cating parts  were  very  heavy,  and  their  motion  was 
determined  simply  by  the  relation  between  their  weight, 
the  varying  effort,  and  the  resistance.  In  our  present 
case  they  are  not  nearly  so  heavy  comparatively,  and, 
moreover,  their  motion  is  determined  to  a  very  great 
extent  simply  by  the  connection  between  them  and  the 
rotating  parts. 

Let  us,  for  simplicity,  neglect  the  effect  of  obliquity. 
Then  the  piston,  rod,  and  con- 
necting rod  of  the  leading  crank, 
OP  in  the  figure,  all  move  for- 
ward at  the  instant  with  velocity 
Vp  sin  6. 

The  following  crank  will  be  at 
OQ,  and  the  velocity  of  its  re- 
ciprocating parts  will  be 

VQ  cos  0,     or  Vp  cos  0, 
since  necessarily  VQ  =  VP. 

The  total  K.  E.  then  of  the  two  sets  of  reciprocating 
pieces  is 

W'VP2sin20     W  Videos2  9 


or 


W'Vp2 


(W  being  the  weight  of  one  set). 


The  two   sets  together   then  have  always  the  same 
K.  E.  as  a  fly-wheel  of  weight  W,  mean  radius  of  rim  <2, 
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would  have,  if  such  a  wheel  were  fixed  to  the  shaft.  We 
say  always,  because  OP  is  any  crank  position  whatever. 

Thus  then,  the  motion  of  the  shaft  will  be  identical 
with  what  it  would  be  if  the  reciprocating  parts  were 
weightless,  and  such  a  heavy  fly-wheel  as  we  have 
described  were  fixed  to  the  shaft. 

Hence  the  double  crank  engine  is  preferable  to  the 
single,  not  only  by  reason  of  the  greater  regularity  of  effort, 
but  also  by  containing  in  itself  an  equivalent  to  a  fly-wheel. 

It  does  not  follow,  however,  from  what  we  have 
just  said  that  it  is  necessarily  advantageous  to  have 
heavy  reciprocating  parts.  We  have  shown  that  such 
will  be  advantageous  as  regards  regularity  of  motion  of 
the  engine  as  a  whole  ;  but  it  may  very  likely  be  that 
such  regularity  is  obtained  at  the  expense  of  great  irre- 
gularity of  force  in  the  cylinders  separately.  We  must 
therefore  examine  the  effect  on  one  cylinder  separately. 

Inertia  of  Reciprocating  Parts. — To  effect  this 
we  shall  have,  for  simplicity,  to  make  the  assumption 
that  the  crank  revolves  uniformly. 

[This  assumption  would  of  course  be  unwarranted  if  we  were 
attacking  the  question  for  the  first  time,  since  the  motion  of  the 
crank  would  be  one  of  the  results  to  be  obtained.  But  we  know 
already  that  the  crank  does  rotate  very  nearly  uniformly,  and 
hence  we  make  the  assumption,  knowing  the  error  caused  will 
be  only  slight.] 

We  will  also  neglect  obliquity. 

Suppose  now  that  the  crank  is  rotating  uniformly  ; 
then  before  the  steam  pressure  on  the  piston  can  pro- 
duce any  effort  on  the  crank,  it  must  first  keep  the 
reciprocating  parts  up  to  the  crank  pin.  For  example, 
let  us  start  the  stroke  with  the  crank  pin  accurately 
centred  in  its  bearing  (Fig.  154),  and  therefore,  since 
there  is  usually  some  clearance,  not  touching  it  anywhere. 

[We  must  of  course  suppose  the  mere  dead  weight  of  the  rod 
kept  off  the  bearings  in  some  way.] 

Now  as  the  crank  revolves  uniformly,  a  certain"  steam 


232 


APPLIED  MECHANICS 


PART  I 


pressure  is  required  to  keep  the  rod  up  to  and  centred 
on  the  pin,  quite  irrespective  of  any  effort  being  exerted 


Fig.  154-  Fig.  155. 

on  the  pin  ;  and  if  this  pressure  be  not  supplied,  the 
pin  will  drag  the  rods  with  it,  the  pin  bearing  as  in  Fig. 
155.  If  just  the  necessary  pressure  be  applied  the  pin 
keeps  centred,  as  in  Fig.  156,  while  if  more  than  this  be 
applied,  the  rod  drives  the  pin  (Fig.  157),  but  the  effort 


Fig.  156.  Fig.  157. 

it  exerts  is  only  due  to  the  excess  of  the  actual  pressure  over 
that  required  to  keep  the  bearing  centred  relative  to  the  pin. 

[In  the  figures  the  clearance  is  much  exaggerated  for  clearness. 
On  the  scale  of  the  figures  it  would  not  actually  be  visible,  but  can 
seldom  be  entirely  absent. 

We  propose  now  to  find  what 
pressure  is  necessary  to  keep  the 
rods  up  to  the  crank. 

Consider  the  motion  OP  to  OQ. 
Let 

<AOP=0i,    AOQ  =  02, 


Fig.  158. 


W'  =  weight  of  reciprocating  parts. 
Then  their  velocity  is  at  P 
' 


and  at  Q 
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There  is  no  work  done  because  the  pin  is  not  touched 
by  the  rod,  or  because  that  is  one  of  our  conditions, 

/.  Energy  exerted  by  steam  =  Final  K.  E.  -  Initial  K.  E., 

_W.V02     QN2     W'Vo2     PM2 
2g      'a2  2g      '     a*  ' 

Let  now  P  =  mean  pressure  during  the  motion.     Then 
Energy  exerted  =  P^  -  xz), 


W'V  2 


P  is  the  mean  value  during  the  piston  movement 
MN  :  but  if  we  make  MN  very  small,  that  is,  make  x^ 
equal  to  xv  P  becomes  the  actual  value  at  M,  and  its 
value  is  given  by 

W'Vo2,  W'Vo2     xi 

P  =  -  r-(*i  +  #i)  =  --  -  •  —  • 
2gcP    ^  ga         a 

P  then  varies  as  x\  and  it  follows  that  if  we  draw  a 
curve  of  effort  by  setting  up,  at  each  point  M  (Fig.  159), 
the  value  of  P  at  that  point,  then  the 
curve  will  be  a  straight  line  passing 
through  O.  For  then  at  any  point, 
P  =  x  tan  a,  or  P  varies  as  x.  .1  |(?  °^-K 

Since  the  curve  passes  through  O, 
the  part  to  the  right  of  O  lies  below 
the  base  line,  which  in  the  ordinary  pjg>  isg 

way  would  indicate  that  P  was 
negative.  It  can  be  easily  seen  that  such  is  the  case  by 
considering  a  crank  position  to  the  right  of  the  upright. 
Since  x  when  measured  to  the  left  is  taken  as  plus,  it  must 
when  to  the  right  be  negative,  and  hence  P  becomes  nega- 
tive. Or,  we  can  see  that  the  velocity  of  the  parts  must 
be  retarded,  which  requires  a  pull  to  the  left.  Actually, 
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of  course,  the  retardation  is  effected  by  the  resistance 
of  the  crank  pin  ;  and  what  our  figure  shows  is,  that 
during  the  latter  half  of  the  stroke  the  reciprocating 
parts  can  exert,  independent  of  any  steam  pressure,  an 
effort  equivalent  to  a  steam  pressure  on  the  piston  repre- 
sented by  the  ordinate  of  OD. 

There  is,  of  course,  on  the  whole  no  total  effect  ;  for 
during  the  first  half  of  the  stroke  the  parts  abstract 
from  the  steam  energy  represented  by  OAC,  while 
during  the  latter  half  they  give  out  energy  represented 
by  OA'D,  and  these  are  of  course  equal.  Plainly  this 
must  always  be  the  case,  since  we  start  with  no  velocity, 
and  end  with  the  same. 

Correction  of  Indicator  Diagram.  —  The  pressure 
we  have  so  far  spoken  of  is  a  total  pressure  ;  but  it  will 
be  convenient  to  express  our  result  as  a  pressure  per  sq. 
in.,  and  this  we  proceed  to  do. 

Let  p  be  the  pressure  per  sq.  inch  on  the  piston 
equivalent  to  P.  Then 

p 

p  =  ~r     (P  in  Ibs.,  A  in  sq.  ins.), 

.       w'  t  yi  >  *m 

'  P     A   '  ga  '  a 

But  W'/A  is  a  pressure  per  sq.  inch,  being  Ibs.  divided 
by  sq.  inches,  and  it  is  the  pressure  which  if  applied  to 
the  piston  would  produce  a  total  pressure  W.  Hence 
representing  it  by/0,  we  call/0  the  pressure  equivalent 
to  the  weight  of  reciprocating  parts.  We  have  then 


ga      a 
To  find  its  initial  value  put  x  =  «,  and  then 

V 

'     P°  'ga' 

and  this  pressure  is  required  simply  to  start  the  piston. 
Now  the  actual  pressure  per  square  inch  on  the  piston 
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Fig.  1 60. 


is  given  us  by  an  indicator  diagram  on  a  certain  scale  of 
Ibs.  per  sq.  inch  to  the  inch,  thus  ABCDE,  BCD  being 
the  top  line  of  the  diagram  taken 
for  the  particular  end  we  are  con- 
sidering, and  AE  the  bottom  line 
of  a  diagram  from  the  other  end 
of  the  cylinder.  Then  the  ordin- 
ate between  BCD  and  AE  gives 
us  the  difference  between  the  /j 
steam  pressure  on  the  side  con- 
sidered, and  that  on  the  other  side 
of  the  piston,  i.e.  gives  the  effective 
pressure  driving  the  piston. 

Now,  on  the  same  scale  as  the  diagram,  set  up  AF 
to  represent  p0^o'\ga  Ibs.  per  sq.  inch,  bisect  AE  in  O, 
and  join  FO,  producing  it  to  cut  DE  in  G. 

Then  between  A  and  O  the  pressure  which  is  avail- 
able to  produce  crank  effort  is  got  by  subtracting  the 
ordinate  of  OF  from  that  of  BCD  ;  while  between  O  and 
B  there  is,  in  addition  to  the  ordinate  of  BCD,  an  effort 
produced  equivalent  to  pressure  represented  by  the  ordin- 
ate of  OG.  We  'can  represent  this  total  effect  by  using 
FG  instead  of  AB  as  a  base  to  measure  from.  Then  do- 
ing this  the  vertical  ordinates  between  BCD  and  the  base 
FG  represent  the  effective  pressures  producing  crank  effort. 

The  process  here  given  is  known  as  correcting  the 
diagram  for  inertia. 

Fast  Banning  Engines. — The  figure  as  drawn 
would  be  for  an  engine  running  at  medium  speed,  and  it 
is  seen  that  the  effect  is  to  reduce  the  inequality  of  pres- 
sure caused  by  an  early  cut-off.  The  effect,  however, 
increases  very  rapidly  as  the  speed  increases,  since 
p  cc  V02,  and  in  fast  running  engines  it  becomes  of  great 
importance.  In  such  cases  F  may  rise  to,  and  even 
above  B.  This  latter  case  is  shown  in  Fig.  161,  and 
what  it  shows  is  that,  before  K,  either  the  crank  drags 
the  piston  along,  the  steam  pressure  not  being  sufficient 
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to  keep  it  up,  or  else — in  engines  such  as  Brotherhood's, 
where  the  connecting-rod  bearing 
does  not  encircle  a  gudgeon  pin, 
but  simply  bears  against  it  so 
that  it  cannot  pull — the  end  of 
the  rod  leaves  the  piston. 

Now,  directly  we  pass  K,  the 
piston  commences  to  drive,  thus 
the  gudgeon  pin,  which  was  bear- 
ing against  the  front  brass  of  the 
crosshead,  Fig.  162  (a),  dragging 
it,  now  suddenly  comes  into  bear- 
ing with  the  back  brass,  Fig.  162 
(£),  being  now  driven  by  it.  This, 
of  course,  causes  a  knock  in  the 
bearing,  and  exactly  the  same 
happens  in  the  crank  bearing.  In  the  Brotherhood 
engine  the  piston  and  connecting  rod  end  would  come 
together,  causing  a  knock 
there  also. 

In  the  ordinary  double- 
acting  engine  this  rever- 
sal and  knock  must  take 
place,  and  the  only  differ- 
ence above  is  that  it  takes  '  a'  (  °J 
place  at  K  instead  of  the 

commencement  of  the  stroke  ;  but  in  the  Brotherhood 
single-acting  engine  the  avoidance  of  reversal  is  one  of 
the  chief  points  aimed  at,  hence  in  these  the  speed  is 
limited  by  the  necessity  for  keeping  F  below  B. 


Fig.  161. 


EXAMPLES. 

I.  From  the  diagram  drawn  for  question  2,  chap,  ix.,  find  the 
values  of  the  fluctuations  of  energy,  and  the  corresponding  co- 
efficients. 

Ans.  22.4,  25.5,  28,  24.9  tons-ft. ;  .036,  .042,  .046,  .04,  co- 
efficients. 
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2.  An  engine  of  150  H.  P.  runs  at  100  revolutions.    Find  the 
weight  of  a  fly-wheel  10  ft.  diameter  to  keep  the  fluctuation  of 
speed  within  2  %  of  the  mean  speed.     Ratio  of  connecting  rod  to 
crank — 1st,  4  to  I  ;  2d,  6  to  I. 

Ans.    ist,  £  =  .1358,  whence  W=i.76   ton;    2d,   £  =  .1245, 
whence  W=i.6i  ton. 

3.  If  there  be  two  of  the  preceding  cylinders  on  cranks  at 
right  angles,  what  weight  of  reciprocating  parts  would  render  a 
fly-wheel  unnecessary  ?     Stroke  3  ft. 

Ans.   Each  set.     ist,  19^  tons  ;  2d,  18  tons. 

4.  A  vertical  cylinder  is  supplied  with  steam  of  50  Ibs.  pres- 
sure by  gauge,  the  cut-off  is  at  half  stroke,  back  pressure  16  Ibs., 
diameter  of  piston  40  ins.,  piston  speed  800  ft.    per  minute, 
stroke  3'  6",  weight  of  piston,  etc.,  2  tons.     Find  the  effective 
pressure  at  each  quarter  of  the  up  and  down  strokes. 

Ans.   Up — Commencement,    2.4;   ist,  ^6.4;  2d,   30.4;    3d, 

27.7;  end,  33.4. 

Down — Commencement,  9.6;  ist,  23.6;  2d,  37.6;  3d, 
.  34.9  ;  end,  40.6  Ibs.  per  sq.  inch. 

5.  The  stroke  of  an  engine  running  at  250  revolutions  is  8 
ins.,  diameter  of  piston  8  ins.,  initial  steam  pressure   55  Ibs. 
Find  the  greatest  weight  of  piston,  etc.,  which  can  be  allowed, 
so  that  the  connecting  rod  may  be  always  in  compression.     The 
engine  is  single-acting.  Ans.  388  Ibs. 

6.  In  the  first  case  of  question  (2),  supposing  that  at  the  com- 
mencement of  the  stroke  the  crank  shaft  is  revolving  accurately 
at  its  mean  speed,  find  the  greatest  and  least  speeds,  and  thus 
show  that  the  mean  speed  is  practically  their  arithmetic  mean. 


CHAPTER    XII 

DYNAMOMETERS — BRAKES — AND    GOVERNORS 

WE  have  fully  explained  in  chap.  iv.  how  the  power 
of  an  engine,  so  far  as  it  is  shown  by  its  Indicated  Horse 
Power,  or  I.  H.  It,  is  measured.  But  the  I.  H.  P.  of 
an  engine  is  more  truly  a  measure  of  the  power  of  the 
boiler  than  of  the  engine,  since  it  gives  the  energy 
exerted  by  the  steam,  and  not  the  work  which  the  engine 
can  do  against  the  resistance.  In  the  absence  of  friction, 
the  two  quantities  mentioned  would  be  equal  for  a  whole 
period.  But  in  the  actual  case  the  work  done  is  less 
than  the  energy  exerted  by  an  amount  depending  on  the 
magnitude  of  the  friction  of  the  machinery. 

Taking  now  two  engines  of  equal  I.  H.  P.,  their 
commercial  value  will  depend,  to  a  great  extent,  on 
the  ratio  which  the  work  done  bears  to  the  energy 
exerted  ;  or,  in  other  words,  on  their  efficiencies  ;  and 
hence  the  determination  of  the  work  done  by  an  engine 
is  of  quite  as  much  if  not  more  importance  than  the 
determination  of  its  I.  H.  P. 

There  are  two  ways  in  which  the  work  done  can  be 
found,  viz. — 

First,  by  calculation  of  the  work  wasted  on  friction. 
For  this  purpose  we  should  require  to  know  accurately 
the  laws  of  friction  which  suit  the  pressures,  velocities, 
and  lubricants  employed ;  these  laws  are  outside  our 
present  limits,  and,  moreover,  it  is  doubtful  if  they  can  be 
given  with  certainty  at  all.  Then,  again,  given  the 
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required  knowledge,  the    process   would    be    long    and 
cumbrous.      We  are  thus  led  to  consider  the 

Second  method,  an  instrument  is  used  which  actually 
measures  the  work  done,  as  an  indicator  does  the  energy 
exerted. 

Instruments  for  this  purpose  are  called  Dynamo- 
meters, and  they  are  of  two  types,  the  type  used 
depending  on  the  conditions  under  which  the  trial  is  to 
take  place.  If  the  engine  is  required  to  carry  on  its 
ordinary  work  while  the  test  is  being  applied,  a  Trans- 
mission Dynamometer  is  used ;  while  when  the 
engine  can  be  used  for  the  time  entirely  for  the  purposes 
of  the  test,  an  Absorption  Dynamometer  may  be 
used. 

We  will  now  examine  the  working  of  one  or  two 
examples  of  both  these  types,  when  the  reason  for  their 
names  will  appear. 

Transmission  Dynamometer.  —  Fig.  163  shows 
one  form  of  this  type. 

A  is  a  pulley  on  the  engine  shaft, 
and  B  a  pulley  on  the  shaft  to  be 
driven,  and  to  which  the  resisting 
moment  is  applied.  C  and  D  are 
equal  pulleys,  mounted  on  a  cross- 
piece  E,  of  length  2/,  which  can  turn 
round  O.  A  drives  B  by  means  of  a 
belt  which  passes  under  A,  over  C  and 
D,  and  under  B. 

Now,  when  A  rotates  clockwise, 
the  tension  Tx  on  the  right-hand  side 
becomes  greater  than  T2  on  the  left 
(see  page  120).  In  passing  over  C  and  D,  the  tensions 
remain  unaltered,  except  for  the  very  slight  friction  of 
the  axles,  which  we  neglect.  Then  the  difference  of 
tension  Tl  —  T2  causes  B  to  turn. 

The  arrows  in  the  figure  show  the  directions  of  the 
pulls  of  the  belt  on  the  pulleys,  and  hence  we  see  that 
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C  is  pulled  down  by  2!^,  while  D  is  pulled  down  by 
2T2. 

There  is  then  a  moment 

2TiX/-2T2X/, 

tending  to  turn  the  arm  clockwise  round  O.  To  balance 
this  a  spring  is  attached  to  the  end  of  the  upright  arm 
on  E,  supplying  a  force  P,  the  magnitude  of  which  can 
be  measured  by  noting  the  compression  of  the  spring. 
Let  y  be  the  length  of  the  upright  arm,  then  we  have 


But 


-  T2)  x  radius  of  B -resisting  moment, 


since  B  revolves  uniformly,  so  that  by  measuring  P,  we 
find  Tj-Tg,  and  hence  the  resisting  moment.  The 
revolutions  of  B  are  measured  separately ;  and  hence  we 
can  at  once  calculate  the  work  done  per  minute. 

The  meaning  of  the  name  can  now  be  seen.  For 
the  energy  equivalent  to  the  work  done  is  transmitted 
through  the  dynamometer,  being  measured  during  the 
transmission. 

The  form  here  described  has  been  used  in  England 
by  Thornycroft  and  Froude,  and  in  America  on  a  large 
scale  by  Tatham. 

There  are  'many  other  forms, 
but  the  principle  is  the  same  in 
all.  We  proceed  then  next  to 
the 

Absorption  Dynamo- 
meter.— In  this  case  the  whole  of 
the  work  done  is  absorbed  in  over- 
coming friction,  hence  the  name. 
In  Fig.  164  A  is  a  wheel 
with  conical  or  plain  rim  fixed 


Fig.  164. 


.      .  wn  conca     or   pan  rm      xe 

on  the   end   of  the   engine   shaft.     A   rope   is   fastened 
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to  a  spring  at  B,  and  passes  round  A,  either  once,  or 
more  turns  if  required.  The  engine  turns  A  in  the 
direction  of  the  arrow,  against  the  friction  of  the  rope, 
which,  is  prevented  by  the  weight  W  from  turning  with 
the  wheel. 

Suppose  now  we  wish  to  determine  the  work  done  by 
the  engine  when  running  at  N  revolutions  per  minute. 
Then,  steam  being  turned  on,  the  weight  W  is  adjusted 
until  it  is  just  sufficient  to  keep  the  engine  running  at 
the  required  revolutions. 

We  have  now  the  wheel  A  running  at  a  constant 
speed  and  acted  on  by — 

i  st.  The  turning  moment  of  the  engine,  applied  to  A 
by  means  of  the  key  which  connects  it  to  the  shaft,  and 
by  the  friction  between  the  shaft  and  the  hole  in  A  which 
it  fits  into. 

2d.  The  normal  pressures  of  the  rope  on  the  circum- 
ference embraced  by  it. 

3d.   The  friction  of  the  rope  round  the  circumference. 

Let  us  denote  these  actions  by  M,  P,  and  F  respectively. 
P  being  the  sum  of  all  the  small  pressures,  and  F  the 
sum  of  all  the  frictions. 

Then  for  one  revolution  the  principle  of  work  gives 

M  x  2?r=Fx  27rr. 

\r  being  the  mean  radius  of  the  wheel  where  the  rope  rests 
on  it.] 

The  useful  work  done  is  zero,  because  each  of  the 
small  normal  forces  of  which  P  consists  is  at  right  angles 
to  the  motion  (compare  page  113).  Thus  there  is  only 
waste  work  done  against  F, 

.-.  M  =  Fr. 

As  this  is  a  very  important  point  we  will  treat  it  from 
another  point  of  view 

. ' .  A  is  revolving  uniformly. 

.  • .   the  forces  acting  on  it  are  in  equilibrium. 

R 
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We  can  then  take  moments  about  any  point,  and  the 
sum  of  the  moments  must  be  zero. 

Now  we  wish,  if  possible,  to  exclude  P  from  our 
equation ;  and  we  must  therefore  take  our  moments 
round  O.  Then  P,  being  made  up  of  a  number  of  small 
normal  forces,  each  of  which,  since  it  passes  through  O, 
can  have  no  moment  about  O,  it  follows  that  P  has  no 
moment  about  O. 

We  have  then  at  once,  algebraically, 

M  +  F/-=o, 

i.e.  arithmetically,  M  =  Fr,  but  they  are  in  opposite 
directions. 

[This  example  shows  once  again  the  importance  of  considering 
all  the  forces  acting.  If  we  omit  to  consider  P,  there  is  no  reason 
for  taking  moments  about  O  particularly,  since  the  statical  prin- 
ciple says  any  point.  Thus  any  one,  thinking  only  of  F  and  M, 
might  take  moments  about  some  other  point,  obtaining  a  different 
and  therefore  erroneous  result,  because  round  any  other  point 
than  O,  P  has  a  moment ;  or  at  least  may  have  a  moment,  for 
there  are  some  other  points  than  O  about  which  P  has  no  moment, 
but  their  determination  it  is  not  necessary  to  enter  into.  ] 

So  far  we  have  considered  the  forces  on  the  wheel, 
now  consider  those  acting  on  the  rope.  The  bodies 
touching  it  are  (page  97) — 

The  Spring.        Wheel.  Weight. 

Forces     .         .         Q,          P  and' F,  W. 

Q  being  determined  by  noting  the  extension  of  the  spring. 

The  rope  is  a  body  at  rest,  i.e.  it  may  oscillate  slightly 
under  the  small  variations  of  the  turning  moment,  but 
its  mean  position  remains  unaltered  ;  so  that  the  forces 
acting  on  it,  taking  their  mean  values,  must  be  in  equi- 
librium. 

We  wish  still  to  avoid  P,  so  we  will  take  moments 
round  O.  We  cannot  now  use  the  principle  of  work, 
since  there  is  no  motion.  We  have  then,  algebraically, 

Fr+Qr+Wr^o, 
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or,  since  \Vr  turns  clockwise   and  the   other  two  anti- 
clockwise, arithmetically, 

Fr+Qr=Wr, 
.«,.  F=W-Q. 

But  we  have  already 


W,  Q  and  r  being  known  by  observation,  hence  we  have 
determined  M. 

Meanwhile  the  revolutions  are  measured  and  are  N 
per  minute, 

.  •  .  work  done  against  the  friction  per  minute  =  M  x  2?rN  ft.  -Ibs, 
M  is  to  be  measured  in  Ibs.  -ft.,  i.e.  W  and  Q  in  Ibs.  and 
r  in  ft. 

The  friction  dynamometer  can  also  be  used  as  a 
brake,  and  hence  they  are  often  called  brakes.  Then 
the  work  done,  when  reckoned  in  horse  power,  is  called 
the  Brake  Horse  Power,  in  opposition  to  the  Indicated 
Horse  Power.  We  have  then 

Brake  horse  power  _M_x_27rN 
(or  B.  H.  P.)     "    33000    ' 

This  power  is  that  which  is  available  for  doing  work 
when  we  remove  the  dynamometer  ;  and  it  is  a  true 
measure  of  the  power  of  the  engine  as  a  worker. 

The  type  we  have  just  described  is  known  as  the  Tail 
Rope  Dynamometer  ;  and  it  is  simple  and  works  very 
nicely,  so  that  it  is  much  used  where  the  power  is  not  very 
great.  It  has,  however,  a  disadvantage  if  much  friction 
be  required,  as  will  be  the  case  when  the  power  to  be 
measured  is  large.  The  disadvantage  lies  in  the  fact 
that  we  can  increase  the  friction  F  only  by  increasing 
W,  and  this  increases  the  downward  pull  Q  -f  W  on  the 
wheel  ;  which  of  course  strains  the  shafting,  and  causes 
increased  friction  in  the  shaft  bearings.  The  equations 
show  this  effect  ;  for  referring  to  them  we  see  that  the 
force  balancing  M  is  only  the  difference  of  W  and  Q, 
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while  the  force  straining  as  above  is  the  sum ;  thus  it  is 
quite  possible  to  have  a  large  load  on  the  wheel,  while 
the  resisting  force  W  -  Q  is  small,  since  W  and  Q  may 
both  be  large. 

Prony  Brake. — To  get  over  the  above  difficulty  a 
form  of  dynamometer  is  used  in  which  the  friction  force 
F  can  be  increased  to  any  extent  independently  of  W. 

A  is  the  shaft,  revolving  between  two  blocks  of  wood 
which  can  be  brought  together  by  the  bolts  and  nuts 


L\ 


Fig.  165. 

shown.  Thus  any  amount  of  friction  can  be  caused 
without  hanging  on  any  weight  at  all.  The  weight  W, 
which  measures  the  moment,  is  hung  on  the  end  of  a 
long  arm,  so  that  only  a  small  weight  is  required  ;  and 
there  are  stops  fitted  as  shown  above  and  below  the  arm. 
In  the  great  majority  of  cases  the  lower  block  is 
replaced  by  separate  blocks  on  an 
iron  strap,  as  here  shown  (Fig.  166). 
This  admits  of  better  lubrication. 

Now  to  measure  the  power  at  say 
N  revolutions. 

Start    the    engine,   and    screw   up 
the    nuts     until     the    shaft     revolves 


JEL 


Fig.  166. 


steadily  at  N  revolutions ;  during  this  time  the  arm  will 
bear  against  the  upper  stop. 

Now  adjust  W  till  the  arm  just  leaves  the  stop,  hang- 
ing in  equilibrium  between  the  two.      If  now 
/=  distance  of  W  from  centre  of  shaft, 

we  have,  by  proceeding  identically  as  in  the  preceding 
case, 
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Turning  moment  of  engine  =  W/. 

[In  comparing  with  the  preceding  take  as  the  first  body  the 
piece  of  shaft  inside  the  blocks,  and  consider  the  remaining  part 
as  an  external  body  acting  on  it.] 

And 


There  is  one  point  in  which  the  tail-rope  brake  has 
an  advantage  over  the  Prony  ;  which  is  that  any  small 
discrepancies  between  (W  -  Q)r  and  M,  caused  by  slight 
variations  of  M,  or  by  inequality  of  lubrication  altering 
F,  and  hence  W-  Q,  are  automatically  adjusted.  For 
suppose  M  increases  slightly,  becoming  momentarily 
greater  than  (W-Q)r;  then  (Fig.  164)  M  carries  the 
rope  round  to  the  left  ;  but  this  decreases  Q,  and,  there- 
fore, W  being  constant,  increases  W  -  Q  ;  and  so  the 
balance  is  restored.  If  on  the  other  hand  M  fall  off,  W 
pulls  the  rope  round  to  the  right,  increases  Q  and  there- 
fore decreases  W  -  Q,  restoring  the  balance  once  more. 
Next  suppose  the  lubrication  fall  off  a  little,  then  the 
coefficient  of  friction  increases  ;  so  that  the  wheel  seizes 
the  rope,  carrying  it  slightly  to  the  left  j  this  decreases 
Q  and  therefore  also  W  +  Q,  but  the  total  amount  of 
friction  depends  on  W  +  Q  the  total  load,  so  that  the 
friction  at  once  falls  off  and  the  rope  slips  back.  Simi- 
larly for  an  increase  of  lubrication  the  balance  restores 
itself.  In  the  Prony  brake  these  inequalities  would  keep 
the  brake  continually  striking  against  one  or  other  of 
the  stops. 

In  actual  practice  then  the  brake  is  not  still  but 
oscillates  continuously  ;  but  we  must  be  careful  to  notice 
that  this  does  not  affect  our  results,  because  there  is,  on 
the  whole,  no  velocity  imparted  to  the  brake  (compare 
page  60),  the  small  oscillations  simply  cancelling  each 
other. 

[Various  means  have  been  adopted  for  producing  an  automatic 
adjustment,  but  space  prevents  our  examining  them.  If  the 
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student  should  have  occasion  to  examine  such  cases,  let  him  be 
very  careful  to  consider  the  action  on  the  brake  of  every  body  that 
touches  it.  Examples  of  the  utter  confusion  arising  from  not 
attending  to  this  point  may  easily  be  found.] 

Integrating  Dynamometers.  —  Great  accuracy 
can  be  obtained  by  making  the  dynamometer  register 
the  force  transmitted  on  a  paper  band  which  is  moved 
by  connection  to  the  engine  shaft,  thus  a  curve  is  traced 
out,  the  area  of  which  gives  the  work  done.  We  may 
look  upon  it  as  a  sort  of  continuous  indicator  diagram, 
the  principle  being  the  same.  Such  dynamometers  are 
called  Integrating  Dynamometers. 

Brakes  and  Governors. — The  absorption  dynamo- 
meter can  be  used  as  a  brake  to  absorb  surplus  energy, 
and  in  this  case  the  problems  arising  are  solved  exactly 
as  those  already  treated.  If  now  we  have  an  engine 
working  at  constant  power,  while  the  work  required  to 
be  done  varies,  we  could  keep  the  speed  constant  by 
means  of  a  brake,  so  adjusted  as  to  absorb  the  surplus 
energy  of  the  engine.  But  this  would  be  a  wasteful 
process,  since  the  surplus  energy  would  be  wasted,  hence 
for  such  a  purpose  we  use,  not  a  brake,  but  an  instru- 
ment which  cuts  off  partially  the  supply  of  energy,  or  of 
steam  to  the  engine.  Such  an 
instrument  is  called  a  Governor, 
and  we  propose-  now  to  consider 
the  action  of  the  simplest  and 
most  general  form  used.  Fig. 
167  shows  this  form. 

AB  is  a  spindle  rotated  by  the 
engine,  so  that  its  angular  velocity 
bears  a  constant  ratio  to  that  of  the 
shaft.  CC  are  heavy  balls  con- 
nected by  rods  DD  to  a  point  B  of 
the  spindle,  then  as  the  spindle 

revolves  the  balls  fly  out  and  pull  up  the  piece  G,  which 
can  slide  on  the  spindle,  the  pull  being  applied  by  the 
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rods  EE.  The  slider  G  is  connected  by  linkwork,  not 
shown,  to  the  regulating  valve ;  and  the  proportions  are 
so  arranged  that,  when  the  engine  is  running  at  the 
proper  speed  for  the  work  it  has  to  do,  the  regulating 
valve  is  just  wide  enough  open  to  enable  the  engine  to 
run  against  the  average  resistance.  Suppose  now  the 
resistance  rise  above  this  mean  value,  then  the  speed 
falls  off,  consequently  the  balls  fall  in  towards  the  spindle, 
pushing  down  the  slider,  and  the  linkwork  is  so  arranged 
that  this  opens  the  regulator,  admitting  more  steam,  and 
so  enabling  the  engine  to  overcome  the  increased  resist- 
ance. Similarly  when  the  resistance  falls  off  the  speed 
increases,  the  balls  rise,  and  G  rises  shutting  off  the 
steam. 

The  question  we  now  wish  to  solve  is — Given  the 
speed  of  revolution,  what  position  will  the  balls  take  up  ? 
and  after  that,  supposing  the  speed  change,  what  force 
will  be  exerted  to  move  the  slider  ? 

The  first  of  these  questions  cannot  be  solved  by  the 
use  of  the  principle  of  work,  there  being  no  energy 
exerted  or  work  done,  consequently  we  must  treat  it  by 
use  of  the  laws  of  motion,  or  at  least  we  will  use  the 
result  obtained  in  theoretical  mechanics  for  this  case. 

Circular  Motion — Centrifugal  Force. — The  two 
balls  move  in  a  circle,  the  plane  of  which  is  at  right 
angles  to  the  spindle, 
their  motion  is  then 
one  case  of  circular 
motion,  and  hence  we 
will  first  consider  cir- 
cular motion  gener- 
ally. 

In  order  to  cause  a 
body  to  move  at  uni- 
form velocity  in  a 
horizontal  circle,  we 
must  do  one  of  two  things.  Either  we  must  place  it 
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inside  a  cylinder  of  the  given  radius,  Fig.  168  (#),  or 
else  we  must  fasten  it  to  a  centre  O  in  the  plane  by  a 
string  equal  in  length  to  the  given  radius. 

[This  latter  is  not  quite  accurate,  as  we  shall  see  a  little  further 
on,  but  is  put  in  this  way  for  simplicity,  to  keep  all  the  bodies  in 
one  plane  ;  also  we  consider  a  small  particle,  whereas  in  the 
figure  we  have  given  it  definite  dimensions.] 

If  now  we  start  the  body  with  a  velocity  V  at  right 
angles  to  the  radius,  it  will,  in  the  absence  of  friction, 
and  of  resistances  generally,  continue  to  move  in  the 
circle  at  this  speed. 

We  can  now  easily  see  what  is  the  nature  of  the 
actions  between  the  body  and  the  cylinder  or  string 
respectively. 

The  only  action  which  can  exist  between  the  body 
and  the  cylinder  is  a  direct  normal  pressure  between 
their  surfaces,-  since  there  is  no  friction.  But  there 
must  be  an  action  of  some  sort,  because  otherwise  the 
body  would  go  on  moving  with  a  velocity  V  in  the  same 
direction  as  we  started  it,  i.e.  along  the  tangent.  Hence 
then  there  is  a  normal  pressure,  say  X,  between  the  body 
and  the  cylinder  surface,  or  at  any  instant  the  body  exerts 
a  push  X  outwards  on  the  cylinder,  and  the  cylinder  exerts 
a  push  inwards  towards  O  on  the  body. 

Next  for  the  string,  this  plainly  can  exert  no  effect 
on  the  body  other  than  a  direct  pull ;  .by  having  a  solid 
rod  in  place  of  the  string  (Fig.  168)  and  taking  hold  of  it 
at  O,  it  would  be  possible  to  apply  a  force  at  right  angles 
to  the  rod,  but  it  is  evidently  impossible  to  do  any  such 
a  thing  with  a  string,  a  direct  pull  along  its  length  is  the 
only  possible  force  the  string  can  apply.  The  action 
between  body  and  string  then  is  a  mutual  pull,  the  string 
pulls  the  body  with  a  force  X,  and  the  body  pulls  the 
string  with  a  force  X  also  (see  page  106).  It  appears 
then  that  a  body  which  is  constrained  by  contact  with 
some  other  body  to  move  uniformly  in  a  circle,  is  at 
every  instant  exerting  on  the  constraining  body  a  force  X, 
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outward  along  the  radius  at  the  instant.  The  force  is  of 
course  constant,  since  all  parts  of  the  path  are  absolutely 
identical  as  regards  motion,  and  therefore  also  force. 

This  force  X  is  called  the  Centrifugal  Force ;  we 
have  seen  that  it  must  exist,  but  its  value  we  will  take 
as  known,  being  determined  in  treatises  on  theoretical 
mechanics.  If 

W= weight  of  body, 
r—  radius  of  circle  it  describes, 
A  =  angular  velocity  in  the  circle, 
_V 

Then 

X_WAV_W  v» 
'.  g   ~  s  '  *' 

The  first  is  generally  more  convenient. 

In  dealing  with  a  body  of  definite  dimensions,  r  is 
the  radius  of  the  circle  described  by  the  C.  G.,  and  the 
total  centrifugal  force  is  given  by  putting  W  =  weight  of 
whole  body. 

We  can  now  return  to  the  considera- 
tion of  the  Governor. 

When  the  whole  is  steadily  rotating 
in  equilibrium  there  will  be  no  pull  on 
the  rods  EE  (Fig.  167)  ;  hence  we  may, 
in  the  first  instance,  omit  them,  and  thus 
obtain  Fig.  1 69,  where  also  we  only  con- 
sider one  ball,  the  motions  being  iden- 
tical. 

O  is  the  centre  of  the  ball.     W  its  weight. 

ON  =  r,     AN  =  <$,     <NAO  =  0,     A  =  angular  velocity. 

Since  the  ball  is  rotating  in  a  circle  at  a  constant  speed 
some  body  must  be  exerting  on  it  a  force  X  along  ON, 
or  it  must  be  exerting  on  the  constraining  body  a  force 
X  in  the  direction  NO. 

The  constraining  body  is  now  the  rod  AO,  which  does 
not  lie  in  the  plane  of  the  circle  (see  note  on  page  248), 
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but  its  effect  on  the  body  in  that  plane  must  be  a  force 
X  along  ON. 

But  if  S  be  the  tension  of  the  rod,  its  effect  along 
ON  is  S  cos  AON  =  S  sin  0, 

.'.  Ssin0  =  X-  (i). 

Also   the  ball   moves  horizontally,  and   is   therefore   in 
equilibrium  vertically.     Whence 

Scos0=W  (2). 

[The  rod  is  the  only  body  touching  the  ball,  therefore  S  is  the 
only  force  acting  on  it  besides  W.] 

Therefore  from  (i)  and  (2) 

X     WAV 


.,*=£, 

h  is  called  the  height  of  the  simple  governor,  or  the 
height  due  to  the  revolutions,  and  the  result  shows  that 
it  is  independent  of  weight  of  ball  or  of  the  length  of 
the  rods. 

The  method  we  have  used  is  not  that  usually  given, 
nor  is  it  a  very  convenient  method.      Usually  the  ball 
is  shown,  as  in  Fig.  170,  in  equilibrium 
under  the  forces  S,  X,  and  W. 
Then  we  have  at  once 


and  hence  the  same  results  as  before. 
X     But  there  is  in  this  method  a  danger 
that  the  student  may  think  of  X  as  a 
force    acting    on    the    revolving    body, 
whereas,  as  drawn  in  Fig.  170,  it  is  the 
force  exerted  by  the  ball  on  the  rod. 
The  forces,  as  drawn  in  Fig.  170,  do  not  represent 
forces   acting   on   the  ball,  but  on  the  end  of  the  rod 
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where  it  meets  the  ball.  Suppose  now  the  rod  to  extend 
to  O,  and  to  be  connected  to  the  ball  by  a  pin  passing 
through  its  centre  (Fig. 
171).  Then  if  we  consider 
the  equilibrium  of  this  pin, 
we  have — • 

Bodies  touching  it  -  Rod 

and  Ball. 

Actions  .  .  .  (S-W) 
andX. 

And  then  Fig.  170  repre- 
sents correctly  the  forces 
keeping  this  pin  in  equili- 
brium. Results  obtained 


Fig.  171. 


then  as  from  Fig.  170  are  quite  correct,  always  bearing 

in  mind  what  we  have  just  been  saying,  and  hence  we 

shall  always  put  the  forces  in  that  form. 

The  next  question  is — If  the  speed  change  from  A 

to  A'  what  pull  is  caused  on  the  rods  EE,  and  hence 
on  the  slider  G  ?  As  the  speed  in- 
creases the  balls  tend  to  rise,  but 
they  cannot  actually  do  so  until  they 
exert  a  sufficient  pull  on  the  rods 
EE  (Fig.  167);  we  are  now  then 
going  to  consider  the  governor  re- 
volving at  A',  but  at  the  proper 
height  for  A,  i.e.  before  the  slider 
has  moved. 

Let  T  be  the  tension  of  NC  (we 
~Xf    consider    one    only),    C    being  the 
middle    point   of  AO,   and    let   the 
other  forces  be  as  usual.     Then  the 
forces  acting  on  the  rod  and  pin  at 

O  are  T,  W,  X',  and  the  action  at  the  point  A. 

To  avoid  considering  this  latter,  take  moments  about 

A,  and  we  have 


Fig.  172. 
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X'  is  the  centrifugal  force  due  to  A', 


But  £/A'2  =  h't  the  proper  height  for  the  new  revolutions 
.  • .  T/fc  sin  0=  -1-  •  h  -Wr 
__^h-h' 

Next  consider  the  slider ;  it  is  acted  on,  taking  now 
the  two  balls,  by  the  two  tensions  T,  there- 
A^         fore  the  total  pull  on  the  slider,  say  F,  equals 
|  ^  ^T  3T  cos  e, 


Fig.  173- 


//      h  sin 
h-h' 


If  h  and  h'  be  found,  this  gives  at  once 
the  value  of  F. 
Now  the  resistance  to  motion  of  the  slider,  say  R, 
will  prevent  motion  taking  place  till  F  equals  R  ;  so 
that  if  we  know  R  we  can  find  the  change  of  speed 
necessary  before  the  slider  begins  to  move.  We  shall 
have  for  this 

^L_^L 

A2      A'2  A'2      A2 


.. 

A 


A'2 


or  this  will  give  the  necessary  weight  of  the  balls  in  order 

that  a  given  change  of  velocity  may  be 

sufficient    to    move    the    slider.      The 

smaller  the  change  of  speed  necessary 

the  greater  is  said  to  be  the  sensitive- 

ness of  the  Governor. 

Bursting  Effect  of  Centrifugal 
Force.  —  This  effect,  mentioned  on 
page  228,  we  can  now  explain. 

The  figure  represents  the  rim  of 
a  fly-wheel,  rotating  with  angular  velocity  A.  Let 
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r=  radius  of  rim, 

b= thickness  or  width  perpendicular  to  the  paper, 

t=  width  in  plane  of  paper. 

Consider  now  the  forces  acting  on  I  inch  in  length  of 
the  rim,  contained  between  the  two  radial  lines  ab,  cd.     If 

iv  =•  weight  of  i  c.  in.  in  Ibs. 
iv.  t.  b.  =  weight  of  I  inch  length  of  rim. 

Then,  to  make  this  piece  rotate  in  the  circle,  there  must 
be  applied  to  it  a  force 

w.t.b.APr 

g 

This  force  can  only  be  applied  by  the  action  on  the  i-inch 
length,  shown  shaded,  of  the  remainder  of  the  wheel ; 
which  action  is  applied  over  the  plane  ends  db  and  cd\ 
and  if  A  be  so  great  that  the  strength  of  the  metal  is  not 
sufficient  to  supply  such  a  force,  then  the  shaded  piece 
will  no  longer  travel  in  the  circle,  i.e.  the  rim  will  burst. 
For  the  completion  of  this  investigation  we  must  refer 
to  page  274  ;  where  the  nature  of  the  actions  between  the 
small  piece  which  we  have  picked  out  for  considera- 
tion, and  the  rest  of  the  rim  will  be  better  understood. 


EXAMPLES. 

1.  In  testing  the  power  of  an  engine  by  the  transmission 
dynamometer  of  Fig.  163,  the  revolutions  of  B  were  observed  to 
be  300  per  minute  and  the  thrust  P  10  Ibs.      The  dimensions 
were,  radius  of  B  24  ins. ,  centres  of  C  and  D  44  ins.  apart,  arm 
E  30  ins.  long.     Find  the  brake  H.  P.  Ans.  1.56 

2.  The  power  of  an  engine  is  tested  by  a  tail-rope  dynamo- 
meter.   The  wheel  is  5  ft.  diameter,  the  weight  300  Ibs.    Find  the 
horse  power  when  the  spring  balance  shows  a  pull  of  180  Ibs., 
and  the  fly- wheel  makes  150  revolutions  per  minute.     Ans.  i^. 

3.  The  coefficient  of  axle  friction  is  sometimes  determined  by 
hanging  a  heavy  pendulum  on  a  shaft  so  that  it  can  revolve  freely 
on  the  shaft.     The  shaft  is  then  rotated  at  a  given  speed  and 
the  pendulum  takes  a  position  of  equilibrium  at  an  angle  6  to 
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the  vertical.  If  W  =  weight  of  pendulum,  /  the  distance  of  its 
C.  G.  from  the  centre  of  the  shaft,  N  the  number  of  revolutions 
per  minute,  prove  that  the  horse  power  lost  in  friction  is 
W/N  sin  0/5255.  Deduce  the  value  of/'  (page  69). 

Ans.  f  —  — - — ,     r=  radius  of  shaft. 

4.  In  question  2  find  the  effect,  ist,  of  a  fall-off  of  3  per  cent 
in  the  power  of  the  engine  ;  2d,  of  a  decrease  of  10  per  cent  in 
the  friction  due  to  increased  lubrication. 

Ans.  1st,  Leaving  the  weight  unaltered,  the  revolutions  will 
drop  3  per  cent,  and  the  spring  balance  be  unaltered ; 
2d,  the  balance  will  show  190  Ibs.,  and  the  revolu- 
tions rise  to  164  nearly. 

5.  In  testing  an  engine  by  a  Prony  brake,  the  arm  was  ver- 
tical and  connected  to  a  spring  balance.     In  order  to  support 
the  weight  of  the  brake,  720  Ibs.,  a  stiff  spring  was  fitted  on 
which  the  brake  rested.      This   spring   being   supposed  to  be 
directly  under  the  centre  of  the  shaft ;    if  the  engine  were  run- 
ning  at  140  revolutions,  show  that  a  displacement  of  I  ft.  in 
the  position  of  the  spring  will  falsify  the  results  by  19  H.  P. 

6.  Find  the  height  of  a  simple  governor  revolving  at  75  re- 
volutions. Ans.  6|  ins. 

7.  The  balls  of  a  governor  weigh  each  3  Ibs.,  and  are  each 
hinged  to  a  pair  of  equal  rods,  one  of  each  pair  connected  to  the 
spindle,   and  the  other  to  a  slider  which  moves  the  throttle. 
The  speed  suddenly  increases  from  75  to  77  revolutions.     Find 
the  pull  on  the  slider.  Ans.  .  162  Ibs. 

8.  Solve  the  preceding 'when  the  governor  is  constructed  as  in 
Fig.  167,  page  246.  Ans.  .324  Ibs. 

9.  If  a  plate  rotate  about  any  axis  perpendicular  to  itself, 
prove  that  the  centrifugal  force  is  the  same  as  if  the  whole  mass 
were  concentrated  at  the  C.  G.,  revolving  with  the  same  angular 
velocity. 

Ans.  Let  P  be  any  point,  w  the  weight  of  a  small  particle  at 
P,  O  the  centre  of  rotation,  G  the  C.  G.  The  centri- 
fugal force  of  w  is  iv\g'  A2OP  along  OP.  This  is  by 
statics  equivalent  to  two  forces  ivjgA? .  OG,  and 
w/gA2 .  GP.  Adding  up  all  these  the  first  set  gives 
W/^A2  .  OG,  and  the  second  set  vanish  because  G  is 
the  C.  G.  Hence  the  result. 

10.   A  fly-wheel,  diameter  12  ft.,  weighing  5  tons,  is  bored  out 
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of  truth,  so  that  its  C.  G.  is  I  in.  from  the  centre  of  rotation.     Find 
what  pull  this  will  cause  on  the  shaft  at  80  revolutions. 

Ans.  2036  Ibs.  This  pull,  since  it  always  lies  along  OG,  will 
be  continuously  bending  the  shaft  in  different  direc- 
tions, and  will  set  up  very  great  vibration.  Hence 
the  necessity  for  perfect  balance,  especially  at  high 
speeds. 


PART    II 

STRENGTH   OF  MATERIALS  AND 
STRUCTURES 


CHAPTER    XIII 

STRESS    AND    STRAIN — TENSION  AND  COMPRESSION 

A  MACHINE  transmits  energy  by  means  of  force,  which 
is  transmitted  along  the  chain  of  pieces  of  which  the 
machine  consists.  At  each  contact  of  a  pair  we  have 
seen  there  is  a  mutual  action  between  the  surfaces  in 
contact,  which  mutual  action  we  have  called  a  Stress 
(page  1 06).  • 

The  connections  between  energy  exerted,  work  done, 
velocities,  and  the  forces  acting  on  the  various  pieces, 
have  been  considered  in  Part  I.  We  now  wish  to  go 
further,  and  inquire  into  the  effects  which  the  forces 
produce  on  the  pieces  to  which  they  are  applied. 

For  the  purposes  of  Part  I  we  did  not  require  to 
know  the  transverse  dimensions  of  the  pieces  ;  but  for 
our  present  purpose  these  will  be  of  primary  importance. 

The  effects  produced  by  forces  on  a  piece  of  material 
depend  very  much  on  the  manner  in  which  they  are 
applied  to  it ;  we  shall  consider  various  modes  of  applica- 
tion in  order,  commencing  now  with  the  case  in  which 
the  forces  are  applied  in  the  direction  of  the  length  of 
the  piece.  The  forces  applied  are  often  called  Loads 
even  when  not  due  to  the  action  of  gravity,  and  we  are 
now  about  to  study  the  effect  of  Longitudinal  Loads. 

The  shape  of  the  piece  must  be  defined,  and  the  case 
we  consider  is  that  of  a  straight  rod  of  uniform  cross- 
section  ;  in  most  cases  the  section  will  be  taken  to  be 
circular,  this  being  most  common  in  actual  practice. 
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There  are  now  two  ways  in  which  the  rod  may  be 

acted  on — 

-£+\\  1) +*-(«;  ist  As  in  Fig.  175 

(a},  there  maybe  forces 


-<-p-  {}  Ihp5~(t>)      P,  P  acting  inwards  at 

Fig.  I75>  the  ends.     This  action 

is  called  Compres- 
sion, and  either  of  the  forces  P  is  the  Compressive 
Load. 

2nd.  As  in  (£),  where  the  forces  P,  P  act  outwards. 
This  effect  is  called  Tension,  and  either  P  is  the 
Tensile  Load. 

In  either  case,  either  of  the  forces  P  may  be  the 
action  on  the  end  of  the  bar  of  one  other  piece,  or  the 
resultant  action  of  several  pieces  ;  in  any  case  it  is 
called  the  Load  on  the  bar. 

[We  notice  here  that  the  forces  are  taken  so  as  to  balance,  the 
bar  being  supposed  in  equilibrium ;  this  will  be  the  case  all 
through,  the  effect  of  the  forces  being  unbalanced  being  not 
within  the  limits  of  the  present  book,  and  it  is  very  rarely  that  in 
any  case  we  find  this  effect  considered.] 

The  load,  it  must  be  noticed,  is  not  2P  but  P, 
although  there  are  two  forces  P,  Thus  in  Fig.  176  the 
bar  AB  rests  on  the  ground  supporting  a 
weight  P  Ibs. ;  in  this  case  we  should  naturally 
say  the  load  is  P  Ibs.  But  there  must  be 
an  exactly  equal  action  P  on  the  bottom 
(neglecting  the  weight  of  AB  itself),  which 
we  should  call  the  reaction  of  the  ground,  or 
the  supporting  force.  But  we  have  just  as 
much  right  to  call  the  bottom  force  the 
load,  and  the  top  one  the  reaction  ;  because, 
although  we  say  the  rod  prevents  the  weight 
falling,  yet  we  know  that  a  perfectly  accurate 
statement  is  that  the  rod  prevents  the  weight 
•and  ground  coming  together,  and  we  may  as  well  say  the 
rod  keeps  the  ground  down  as  that  it  keeps  the  weight 
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up  (compare  chap,  i.,  pages  17  and  18).      In  either  way 
of  looking  at  it  the  load  is  not  2?  but  P. 

Tension — Method  of  Sections. — To  examine  the 
effect  of  the  load  on  the  bar,  we  shall  use,  for  the  first 
time,  a  method  of  very  great  importance,  and  on  the 
correct  comprehension  of  which,  ability  to  treat  these 
questions  to  a  great  extent  depends.  The  method  is 
that  of  dividing  a  bar  into  two  parts  by  means  of  an 
imaginary  section,  and  then  examining  the  mutual  action 
between  the  surfaces  of  the  two  parts.  For  reasons 
which  will  be  seen  at  the  end  of  the  chapter,  we  will 
take  now  the  case  of  tension. 

AB  is  a  bar  under  a  tensile  load  P. 

Now  imagine  AB  divided  into  two  parts  by  a  plane 
at  right  angles  to  the  axis  of  the  bar,  through  CD. 
This  we  call  taking  a  transverse  section  through  CD. 
Then  this  imaginary  sec-  fi 

tion  divides  the  bar  into  two 


lion  divides  me  oar  mio  iwo        p      'A 
parts,  i  and  2.     If  we  made  \_ 


an  actual  cut  through  CD,  P 

i   and   2  would  of  course 

be  separate  pieces  ;  and  the  idea  which  the  student 
requires  to  thoroughly  grasp  is  that  of  considering 
i  and  2  as  separate  pieces,  although  no  actual  cut 
is  made.  This  idea  is  not  a  false  one,  because  the 
two  pieces  are  actually  distinct ;  if  we  had  cut  them  and 
moved  them .  i  inch  apart,  they  are  plainly  distinct 
pieces ;  now  move  them  together  till  they  are  ^  in. 
apart,  they  are  just  as  distinct ;  and  equally  so  when 
they  are  J",  i",  or  y^^"  aPart>  or  if  tne  particles  of 
metal  come  into  absolute  contact,  the  fact  of  their 
touching  will  not  make  them  any  less  distinct. 

Internal  Stress. — We  can  now  find  out  what  kind 
of  actions  must  go  on  in  the  interior  of  the  bar.  For 
consider  the  piece  i  by  itself.  Then  (Fig.  178)  it  is 
pulled  to  the  left  by  P ;  but  we  know  it  does  not 
go  on  moving  to  the  left,  but  remains  still.  It  follows 
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then  that  some  force  must  be  exerted  on  it  to 
balance  P. 

We  are  not  now  taking  gravity  into  account,  so  that 
the  force  necessary  can  only  be  applied 
"  by  some  other  body  ;  and  the  only  body 
which  touches  i,  besides-  that,  whatever 
Fi  i  8  °  ^  ke>  which  exerts  the  load  P,  is  2. 
Whence  it  follows  at  once  that  the 
action  of  the  surface  CD  of  2,  on  the  surface  CD  of  i, 
is  such  as  to  exactly  balance  P. 

We  can  now  consider  2  by  itself,  when  by  exactly 
similar  reasoning  to  the  above,  we  can  show  that  the 
action  of  the  surface  CD  of  i,  on  the  surface  CD  of  2,  is 
such  as  to  exactly  balance  the  other  P. 

We  have  thus  proved  that,  between  the  particles  of 
the  bar  on  opposite  sides  of  any  transverse  section,  there 
is  a  mutual  action  consisting  of  two  equal  and  opposite 
forces,  either  of  which  balances  the  load  on  the  bar. 

An  action  of  the  preceding  kind  we  have  already 
named  a  Stress  (page  106),  and  we  say  then  that  the 
effect  of  the  load  is  to  produce  a  stress  on  the  section 
CD,  or  on  any  section,  CD  being  taken  anywhere. 
The  total  amount  of  the  stress  is  sufficient  to  balance  P, 
and  is  hence  equal  to  P.  So  P  is  the  Total  Stress  on 
the  section. 

Intensity  of  Stress. — The  wor-d  stress  by  itself 
usually  means  intensity  of  stress,  or  stress  .per  unit  area. 
In  the  present  case,  if  A  be  the  area  of  the  section  in 

square  inches,  and  P  be  in  Ibs., 

P 
Mean  intensity  of  stress  on  the  section  =  -r-  Ibs.  per  sq.  in. 

We  say  the  mean  intensity,  because,  so  far,  we  have 
said  nothing  as  to  the  distribution  of  the  stress  over  the 
section.  If  the  stress  be  uniformly  distributed  then  P/A 
is  its  actual  value  over  any  square  inch  of  the  section. 
But  if  the  stress  be  not  uniformly  distributed,  we  must 
have  some  way  of  expressing  its  intensity  at  a  point. 
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Since  a  point  has  no  area,  and  the  force  on  it  must  be 
also  zero,  we  cannot  find  the  intensity  by  dividing  the 
force  by  the  area.  We  have  then  to  follow  the  method 
always  adopted  in  expressing  the  value  of  such  varying 
quantities,  i.e.  we  estimate  what  would  be  the  stress  on 
a  unit  area,  if  it  had  the  same  intensity  all  over  the  area 
as  it  has  at  the  point ;  and  this  amount  we  call  the 
intensity  at  the  point.  At  all  points  of  a  surface  under 
uniform  stress  the  intensity  is  P/A. 

The  present  division  of  our  work  will  be  chiefly 
devoted  to  a  determination  of  the  distribution  and  conse- 
quent intensity  of  stress  produced  in  a  piece  of  material 
by  various  loadings.  The  question  then  naturally  arises 
- — Why  is  this  quantity  of  importance  ?  To  which  we 
answer,  that  on  its  value  depends  the  ability,  or  otherwise, 
of  the  piece  to  withstand  the  load  which  is  applied  to  it. 

Strength — Limiting  Stress. — There  is,  for  every 
material,  a  certain  value  which  the  stress  must  not 
exceed  ;  this  value  depending  on  the  kind  of  material, 
and  also,  as  we  shall  see  in  chap,  xxi.,  on  the  manner  of 
application  of  the  load.  If  this  stress  be  exceeded  the 
piece  is  liable  to  be  injured,  and  rendered  unfit  for  its 
work.  Plainly  then  this  stress  is  of  great  importance, 
and  it  is  known  as  the  Strength  of  the  material,  or 
sometimes  is  called  the  Limiting  Stress. 

Distribution  of  Stress  in  a  Stretched 
Bar. — We  consider  now  the  question — If 
a  bar  be  exposed  to  a  tensile  load  P,  what  is 
the  intensity  of  stress  produced  ?  We  shall 
first  require  to  ask — How  is  P  applied  ? 

ist.  Let  P  be  applied  with  perfect  uni- 
formity over  the  ends  of  the  bar.  | j 

[We  do  not  say  this  is  practically  possible,  this        Ijjiii 
we  shall  see  is  unnecessary.]  »fm 

Then  the  part  below  CD  is  in  equilibrium 
under  a  set  of  equal  small   forces  all  over  the  end  B, 
and  a   set  of  small  forces  over  the  section  CD.      And 


ffllt 


264 


APPLIED  MECHANICS 


PART  II 


we  say  that  in  this  case  the  distribution  of  stress  will 
be  uniform  over  CD,  for  there  is  no  conceivable  reason 
why  it  should  be  greater  or  less  at  any 
•2  one  point  than  at  any  other. 
But  now — 

2nd.  Let  AB  be  of  the  shape  shown  in 
Fig.  1 80,  which  is  used  for  test  pieces, 
and  let  the  load  be  applied  by  jaws  CC, 
DD  gripping  AB  under  the  collars,  and 
which  are  forcibly  pulled  apart. 

Then  plainly,  if  we  take  CD  very  near 
either  to  A  or  B,  the  stress  must  be 
nearly  all  concentrated  on  the  outer  rings 
of  the  area ;  and  it  would  be  only  by 
very  elaborate  methods,  if  at  all,  that  we 
could  determine  its  distribution. 

In  this  case,  however,  a  very  important 
practical  fact  helps  us,  viz.,  although  near 
A  and  B  the  stress  is  not  uniform,  yet 
the  nature  of  materials  is  such  that  the 
stress  very  rapidly  distributes  itself,  and  at  a  very  small 
distance  from  the  ends  it  will  have  assumed  a  practically 
uniform  distribution.  Thus  then,  in  the  figure,  the 
stress  over  any  section  taken  between  the  dotted  lines 
would  be  uniformly  distributed. 

[A  principle  similar  to  the  foregoing  will  be  found  necessary 
in  chaps,  xviii.  and  xx.] 

Line  of  Application  of  Load. — There  is,  how- 
ever, one  condition  which  must  be  satisfied  before  we 
are  justified  in  taking  the  foregoing  as  true,  this  being 
that — The  line  of  action  of  the  resultant  load  must  be 
in  the  axis  of  the  bar.  By  axis  we  mean  a  line  pass- 
ing through  the  centres  of  gravity  of  all  the  transverse 
sections. 

We  have  now  obtained  the  following  result : — 
If  a  tensile  load  P  be  applied  in  any  manner  to  the 
end  of  a  bar,  provided  only  that  the  resultant  action 


Fig.  180. 
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passes  through  the  C.  G.  of  the  sections,  then  for  any 
transverse  section  except  very  near  the  ends  we  have 

p 

Intensity  of  stress  at  any  point  =  -r-  Ibs.  per  sq.  inch. 

A. 

This  we  generally  denote  by  /,  and  thus  we  have 


We  have  seen  that  p  must  not  exceed  a  certain  value, 
viz.  the  strength  of  the  material  ;  for  this  value  we  shall 
use  the  symbol/  then  the  greatest  load  which  the  bar 
can  safely  bear  will  be  given  by 

/=^,     orW=/A. 

Extension  under  the  Load.  —  We  have  next  a 
different  effect  to  consider,  i.e.  the  change  of  length  of 
the  bar  which  is  produced  by  the  loading. 

In  order  to  find  what  this  will  be  we  must  go  to 
experiment,  subjecting  bars  of  various  sectional  areas 
and  lengths  to  given  loads,  and  noting  the  extensions 
produced.  The  effects  obtained  will  be  fully  discussed 
in  chap.  xxi.  ;  for  the  present  we  will  consider  only  that 
one  which  is  perhaps  the  most  important  of  all,  and 
which  we  need  for  our  present  purposes.  This  one  is 
as  follows  :  — 

Hooke's  Law  —  Strain.  —  Let 

/=  length  of  bar, 
A  =  sectional  area, 
P  =  load, 
.#—  extension  under  the  load. 

Then,  so  long  as  P/A  does  not  exceed  a  certain  limit  , 
x  varies  directly  as  P  for  the  same  bar,  or  x\l  varies  as 
P/A  for  different  bars  of  the  same  material. 

Now  P/A=/,  the  intensity  of  stress,  or  briefly  the 
stress.  And 

x_  total  extension 
1~        length 
=  extension  per  unit  length. 
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To  this  latter  quantity  we  apply  the  name  Strain,  or 
Intensity  of  Strain.  The  meaning  which  we  attach  to 
strain,  then,  will  be  different  from  that  in  which  it  is  often 
used  in  common  language,  when  a  strain  of  so  many 
tons  is  often  spoken  of.  For  this  we  use  the  term 
stress  or  load,  keeping  strain  to  denote  alteration  of 
shape. 

The  experimental  fact  above  can  then  be  briefly 
stated  thus  :  — 

Strain  varies  directly  as  the  stress. 

This  is  generally  spoken  of  as  H  coke's  Law,  after  the 
name  of  the  original  discoverer. 

The  strain  per  unit  length  is  generally  denoted  by  the 
letter  <?,  and  we  have  then 


e  is  simply  the  ratio  of  x  to  /,  so  that  it  is  not  depend- 
ent on  the  units  of  length  employed,  but  is  a  simple 
number.  In  order  to  find  the  value  of  e  for  a  given  p  or 
vice  versd)  it  is  necessary  to  have  an  equation  connect- 
ing them,  and  this  equation  is,  since  p  oo  e, 

>=E*, 

E  being  a  constant,  the  value  of  which  must,  for  any 
given  material,  be  determined  from  experiment,  and 
which  is  called  the  Modulus  of  Elasticity. 

We  can  from  the  preceding  equation  give  a  definition, 
or  perhaps  it  would  be  better  to  say  a  means  of  remem- 
bering what  E  is.  For  suppose  e=  I,  that  is,  the  exten- 
sion equals  the  original  length,  then  p  —  E,  whence  it 
appears  that  E  is  the  stress  which  would  double  the 
length  of  a  bar,  if  Hookers  Law  held  good  for  such  an 
extension. 

We  have  italicised  the  last  words,  because,  as  we 
shall  see  in  chap,  xxi.,  the  law  does  not  hold  good 
unless  the  extension  is  very  small.  This  shows,  how- 
ever, that  E  must  be  stated  in  the  same  units  as  p,  and 
its  value  will  thus  depend  on  the  units  in  which  p  is 
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stated.  For  wrought-iron  or  mild  steel  E  is  29,000,000  in 
Ibs.  per  sq.  inch,  or  13,000  in  tons  per  sq.  inch.  Values 
for  other  materials  are  given  in  chap.  xxi. 

Limits  of  Elasticity.  —  On  page  265  we  have 
italicised  the  words  "  so  long  as  P/A  does  not  exceed 
a  certain  limit  "  ;  it  is  of  great  importance  to  bear  this 
carefully  in  mind.  This  limit  is,  for  reasons  explained  in 
chap,  xxi,,  called  the  Elastic  Limit,  and  so  long  as  P/A 
or  p  does  not  exceed  this,  the  material  is  said  to  be  in 
the  elastic  state. 

In  any  case  Hooke's  Law  holds  good  only  within  the 
limit  stated,  and  the  whole  of  our  work  in  the  present 
and  subsequent  chapters  which  will  depend  on  this  law 
will  be  subject  to  the  same  limitation. 

It  must  not  be  imagined  that  this  detracts  from  the 
usefulness  of  the  work,  because,  as  we  shall  see,  we  are 
obliged  in  all  practical  cases,  for  very  sufficient  reasons, 
to  keep  the  stress  within  this  limit.  For  wrought-iron 
this  limit  is  about  24,000  Ibs.  per  sq.  inch,  and  in  all 
practical  cases  the  stress  on  a  wrought-iron  bar  is  very 
far  below  this,  being  usually  not  more  than  4  tons,  or 
9000  Ibs.  about,  per  sq.  in.  For  steel  and  other  metals 
the  limit  differs  ;  its  value  is  given  for  some  common 
materials  in  chap.  xxi. 

We  have  now  means  by  which  we  can  find  the 
stress  and  strain  produced  in  a  bar  of  given  dimensions 
by  a  given  load.  For  example,  a  bar  2  ins.  square  is 
loaded  with  10  tons;  material,  wrought-iron.  Find  the 
stress  and  strain  produced.  Then 

P=iotons,     A  =  4  sq.  ins., 


Also 


P     10 

p=  -  =  —  =  2.5  tons  per  sq. 


esst 

*~E 


The  material  being  wrought-iron, 

E=  13,000  tons, 


268 


APPLIED  MECHANICS 


PART  II 


showing  how  very  small  e  is  in  all  practical  cases. 

We  have  found  the  strain  e  without  requiring  to  con- 
sider what  length  the  bar  is,  and  the  meaning  is  that 
every  inch  original  length  stretches  to  1.0002  ins.,  or 
every  foot  to  1.0002  feet.  Suppose  then  we  are  now 
given  in  addition  that  the  bar  is  1 8  ft.  long,  then  it  will 
stretch  to 

1 8  x  1.0002  feet, 

or  the  total  extension  is 

1 8 x. 0002  =  .0036  ft., 
=  .0432  ins., 

or  not  quite  -^  inch. 

Bar  of  Varying  Section. — Strictly  speaking,  the 
result/  =  P/A  applies  only  to  bars  of  uniform  cross-section, 
but  it  can  also  be  used  in  cases  where  the  cross-section 
varies,  so  long  as  the  variation  is  a  gradual  one.  If  the 
change  of  section  be  abrupt,  then  the  formula  does 
not  hold  for  parts  very  near  the  point  of  change.  For 
example,  ABC  is  a  rod  from  which  P  hangs,  then  in  the 

case  (a)  the  stress  very  near 
B  on  either  side  could  not 
be  found  by  dividing  P  by 
the  area  of  the  section, 
because  the  distribution  of 
stress  near  B  would  be  un- 
equal, and  this  would  be 
shown  practically  by  the 
fact  that  under  a  heavy 
load  the  bar  would  in  all 
probability  break  at  B.  For 
this  reason  such  a  bar 
would  not  in  practice  be  cut 
square  in,  but  the  corner 
(b).  Even  in  case  ($)  there 


would  be   rounded   as  in 
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would  be  a  little  doubt  as  to  the  application  of  the  for- 
mula to  sections  in  the  round,  but  when  we  come  to 
cases  such  as  (^)  the  formula  may  be  used  with  perfect 
safety. 

We  cannot,  however,  calculate  the  extension  of  such 
a  bar  with  the  mathematical  knowledge  with  which  the 
student  is  at  present  credited,  because  since  /  varies 
from  point  to  point,  e,  or  the  rate  of  extension,  also 
varies,  and  to  find  the  extension  of  a  given  length 
requires  the  use  of  the  Calculus.  When,  however,  a 
bar  has  definite  lengths  of  different  diameters,  but  the 
diameter  constant  for  each  length,  then  we  can  find  the 
total  extension  by  finding  that  of  each  length  separately 
and  adding  the  results. 

"Work  done  in  Stretching. — When  a  bar  is 
stretched,  the  stretching  body,  e.g.  the  jaws  of  the  test- 
ing machine,  moves  against  the  resistance  of  the  extend- 
ing bar ;  hence  work  is  done,  and  it  is  of  importance  to 
know  how  much.  Let  the  bar  AB  be  held  at  A,  and 
stretched  steadily  by  applying  a  gradually  f///////////M 
increasing  load  or  pull  to  B.  Suppose 
it  be  thus  stretched  to  the  length  AC, 
BC  being  in  the  figure  greatly  exagger- 
ated for  clearness.  Then,  since  the 
stretching  is  gradual,  and  BC  is  such  a 
very  small  length  (see  preceding  example), 
none  of  the  parts  will  have  any  measur- 
able velocity,  or  K.  E.,  consequently  we 
have  at  each  instant  balanced  forces,  the 
external  load  and  the  resistance  of  the 
bar.  If  then  R  be  the  final  load,  R  is 
also  the  final  resistance  of  the  bar. 

In  order  now  to  calculate  the  work  done  we  must 
know  how  the  resistance  varies.  This  is  very  easily 
seen. 

For  at  any  point  E  of  the  path  BC  of  the  moving 
body,  we  have,  by  H coke's  Law, 


Fig.. 182. 
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Resistance  at  E  :  R  =  BE  :  EC. 

If  then  we  set  off  at  C,  CD  to  represent  R  graphically  ; 
and  at  E,  EF  to  represent  the  value  of  the  resistance  at 

E, 

EF:CD  =  BE:BC. 

Therefore  F  lies  on  the  straight  line  joining  D  and  B, 
and  this  line  is  the  Curve  of  Resistance. 
,'.  Work  done  =  area  of  BCD, 


x  being  the  extension  BC. 

The  mean  resistance  is  thus  R/2.  The  energy  exerted 
by  the  effort  is  in  this  case  also  R.r/2.  But  it  must  be 
noticed  that  the  above  calculation  of  work  done  holds, 
even  if  there  be  not  at  every  instant  a  balance  between 
the  stretching  force  and  the  resistance.  Hooke's  Law  is 
properly  a  relation  not  between  load  and  extension  but 
between  resistance  and  extension,  for  it  is  verified  by 
applying  loads  and  measuring  extensions,  the  bar  being 
in  each  case  in  a  state  of  equilibrium,  so  that  resist- 
ance =  load,  and,  therefore, 

Load  oo  extension 
is  equivalent  to 

Resistance  oo  extension. 

Now,  we  assume  as  a  fundamental  axiom  that  the  re- 
sistance to  extension  depends  on  the  amount  of  stretch 
and  not  on  the  particular  load  which  may  be  hanging  on 
the  end  of  the  bar.  Thus  if  a  certain  bar  supports  a 
weight  of  i  ton,  and  is  then  stretched  say  T^  inch, 
the  ton  hanging  quietly  ;  then  we  say  that  whenever 
that  bar  is  stretched  j-J^  inch,  its  resistance  will  be  i 
ton,  even  although  there  may  be  2  or  3  or  any  number 
of  tons  connected  to  its  end. 

For  what  happens  in  this  latter  case  we  refer  to  chap. 
xxi.,  page  423,  but  it  is  well  to  impress  on  the  student 
at  the  commencement  that  stress  depends  on  strain, 
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and  not  necessarily  on  the  external  load  producing  the 
strain,  except  for  the  case  of  balance,  e.g.  to  prove  p  =  P/A 
we  were  obliged  to  consider  the  whole  bar  and  each  of 
its  parts  to  be  in  equilibrium. 

Resilience. — The  work  done  in  stretching  can  be 
expressed  in  terms  of  the  stress  produced  and  the  volume 
of  the  bar.  For  let 

/=  length     (inches),  A  =  sectional  area     (sq.  ins.), 

p  =  final  stress  produced,     x  =  extension, 

then 

/=T»      •'-  R=/A> 
and 


. ' .  Work  done  =  — -  =+-—=^-. 

2          2E 

But  A/  =  volume  of  bar, 

.  • .  Work  done  =  ~  x  volume. 

Let  now  the  bar  be  stretched  till  the  proof  stress  fp  is 
reached,  then 

f 2 
Work  done  =  --^  x  volume. 

This  quantity  of  work  is  of  importance,  since  it  repre- 
sents the  greatest  amount  of  work  which  can  be  done 
on  the  bar,  or  of  energy  which  can  "be  stored  in  it.  For 
the  bar  would  on  again  extending  exert  this  amount  of 
energy,  subject,  however,  in  all  actual  materials  to  a 
certain  loss,  due  to  what  may  be  called  internal  friction, 
and  which  appears  as  heat,  without  overpassing  the 
limit  of  elasticity.  It  is  hence  denoted  by  a  special 
name,  viz.  Resilience.  Hence 

/2 
Resilience  of  a  stretched  bar  =^=  volume. 

2ii/ 

fp2/2~E  is  called  the  Modulus  of  Resilience. 

Stress  in  a  Thin  Cylindrical  Shell. — The  stress 
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we  are  now  about  to  investigate  does  not  appear  at  first 
to  be  a  case  of  simple  tension,  nor,  to  be  strictly  accurate, 
is  it  really  so,  but  for  all  practical  cases  it  may  be  taken 
to  be  so. 

ABCD  represents  a  section  through  a  cylindrical 
boiler,  O  being  the  centre  ;  and  the  boiler  is  exposed  to 
internal  steam  pressure.  Let 

/—  length  of  boiler 
D  — diameter 

t—  thickness  of  plates 
p=-  pressure  by  gauge 

It  is  immaterial  whether  by  D  we  mean  the  internal 
or  mean  diameter,  since  /  is  small  compared  to  D. 


inches  and  Ibs. 


Fig.  183. 


The  boiler  shell  is  subjected  to  a  pressure  p  +  1 5  Ibs. 
per  square  inch  inside,  and  1 5  Ibs.  per  square  inch  outside, 
so  the  effect  is  the  same  (practically)  as  if  the  intensity 
of  pressure  inside  were  p  and  outside  zero. 

Take  now  a  longitudinal  section  by  a  plane  AC 
through  O  ;  and  consider  the  equilibrium  of  a  body 
composed  of  the  half  shell  ABC  and  its  contents — steam 
or  water  or  both.  This  body  is  acted  on  by  a  pressure 
p  all  over  the  surface  AACC  in  Fig.  183  (<£),  which  shows 
an  elevation  of  the  longitudinal  section,  this  pressure 
being  applied  by  the  surface  AACC  of  the  steam  and 
water  in  the  other  half  ADC.  To  balance  this  there  is 
only  the  stress  on  the  section  of  the  plates,  and  thus  we 
see  that  there  must  be  a  tension  in  the  plates  supplying 
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forces  Q,  Q.  To  supply  these  forces  we  have  the  longi- 
tudinal sections  of  the  plates  of  the  cylindrical  portion 
or  the  shell  plates,  and  also  the  cross-sections  of  the 
two  ends.  We  always,  however,  neglect  the  effect  of 
the  ends,  and  this  will  cause  our  results  to  be  decidedly 
untrue  near  the  ends  ;  but  if  we  consider  a  ring  of  plate, 
say  a  foot  long,  in  the  centre  of  a  boiler  12  or  13  feet 
long,  then  this  ring  obtains  very  little  support  from  the 
ends,  and  our  results  will  be  then  practically  correct. 
In  any  case  it  must  be  noticed  they  err  on  the  safe  side. 
Leaving  out  the  ends  then  we  have  — 

Sectional  area  of  plate  =  2  (/x  t), 
therefore  if  q  be  the  tensile  stress, 

Resistance  of  plate  =  zqtl. 
This  balances  a  pressure  p  on  an  area  /  x  D, 


2t 

Thus  we  find  q  for  a  given  boiler  ;  or  if,  as  is  most 
common,  we  are  given  /  the  strength  allowed,  then 
pD        ,         fD 

f~2t'  ~   2f 

which  gives  the  necessary  thickness  of  plate. 

It  must  be  noticed  with  regard  to  the  value  of  /that 
a  boiler  being  composed  of  plates  riveted  together,  the 
strength  /must  not  be  taken  as  that  of  the  solid  metal, 
but  only  of  the  metal  in  the  joint.  Now  the  joint  is 
always  less  strong  than  the  solid,  the  ratio  being  called 
the  efficiency  of  the  joint  (chap.  xx.  page  395),  so  that 
Strength  of  joint  =  efficiency  of  joint  x  strength  of  solid  metal. 

If  the  /  be   taken,  as   it   usually  is,  to   denote   the 
strength  of  the  solid  metal,  the  equation  for  t  becomes 


_ 

2/x  efficiency  of  joint 
T 
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The  joint  here  will  be  that  connecting  together  the 
separate  plates  of  a  ring,  i.e.  the  longitudinal  joints  of 
the  boiler. 

Stress  on  a  Transverse  Section.  —  The  pressure 
on  the  ends  of  a  boiler  tends  to  separate  them,  and  thus 
produces  a  tensile  stress  on  a  cross-section  of  the  boiler. 
This  is,  however,  of  little  importance,  because  in  actual 
boilers  having  flat  ends  these  ends  are  connected  by 
stays  which  relieve  the  shell  plates  from  any  tension  in 
the  longitudinal  direction.  There  is  one  case  in  which 
this  is  not  done,  which  we  will  set  as  an  example. 

Bursting  Stress  due  to  Centrifugal  Force.  — 
We  can  now  complete  the  investigation  on  page  252. 
For  we  have  there  seen  that  the  sections  ab,  cd  (Fig. 
174)  must  apply  to  the  piece  abed,  an  action  sufficient  to 
have  a  resultant  wtbP^rjg-  passing  through  the  centre. 
But  this  is  exactly  what  these  sections  would  have  to 
do  if  there  were  an  internal  pressure  wbAPrjg  on  the 
rim,  and  it  follows  therefore  that  there  must  be  a  tension 
q  on  these  surfaces  given  by 


This  equation  then  gives  the  tension  caused  by  the 
centrifugal  force,  or  perhaps  it  is  better  to  say  —  this  is  the 
tension  necessary  to  keep  the  piece  revolving  in  the  circle. 

Compression.  —  We  leave  compression  to  the  last 
because  there  is  a  difficulty  connected  with  it  which  does 
not  appear  in  tension.  When  a  rod  is  stretched  it 
remains  straight  if  originally  so,  whether  it  be  I  inch 
thick  or  ^  inch  thick.  But  when  a  thin  bar  is  com- 
pressed it  always  has  a  tendency  to  bend  sideways,  and 
hence  experiments  are  difficult  to  carry  out  except  on 
very  short  pieces.  If  we  have  long  pieces  we  must  put 
them  in  a  sort  of  trough  to  prevent  this  bending,  and 
then  the  sides  of  the  trough  may  act  on  the  piece  in 
other  ways,  and  our  results  are  not  so  trustworthy. 
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Generally  we  may  say,  within  the  elastic  limit,  there 
is  little  difference  between  the  laws  of  tension  and  com- 
pression. The  values  of  E  and  the  proof  stress  are 
about  the  same  (see  chap,  xxi.),  and  the  calculations  of 
stress  and  work  done  will  be  the  same,  if  the  bar  be 
such  as  to  be  in  simple  compression.  The  strength  of 
columns  of  ordinary  dimensions,  however,  can  only  be 
properly  determined  by  a  formula  derived  from  special 
experiments,  and  which  is  given  in  chap.  xxi. 

EXAMPLES. 

1.  Find  the  stress  produced  in  a  pump  rod  4  ins.  diameter, 
lifting  a  bucket  28  ins.  diameter ;  the  pressure  on  top  of  the 
bucket  being  6  Ibs.  per   square  inch  in  addition  to  the  atmo- 
sphere, and  a  vacuum  below  of  26  ins.  by  gauge  ;  taking  each  inch 
as  £  Ib.  Ans.  925  Ibs.  per  square  inch. 

2.  The  rod  in  the  preceding  is  5  ft.  long,  find  its  extension. 
Material  of  rod  brass,  for  which  £  =  9,000,000. 

Ans.  .0061  ins. 

3.  Assuming  the  strength  of  a  chain  to  be  double  that  of  the 
bar  from  which  the  links  are  made,  find  the  proper  size  of  chain 
for  a  2O-ton  crane,  using  three  sheaved  blocks  ;  allowing/^  6000 
Ibs.  Ans.  i  inch. 

4.  A  steel  piston  rod  is  8  ins.  diameter ;  the  diameter  of 
cylinder  being  88  ins. ,  and  effective  pressure  40  Ibs.  per  square 
inch.     Find  the  stress  produced,  and  the  total  alteration  of  length 
during  a  revolution.     Length  of  rod  9  ft.     £  =  29,000,000. 

Ans.  4840  Ibs.  per  square  inch,  .036  ins. 

5.  A  cylindrical  boiler,  12  ft.  diameter,  is  constructed  of  ff" 
steel  plate.    The  test  pressure  applied  is  245  Ibs.  per  square  inch. 
Find  the  stress  produced  in  the  solid  metal,  and  hence  deduce 
the  stress  in  the  metal  of  the  joints,  the  sectional  area  being  there 
reduced  to  .77  of  the  solid.     Find  also  the  increase  of  diameter 
under  the  test,  neglecting  the  joints. 

Ans.  19,500,  25,300  Ibs.  per  square  inch,  .097  ins. 

6.  A  cylindrical  vessel  6  ft.   diameter,   with   hemispherical 
ends,  is  exposed  to  internal  pressure  of  200  Ibs.  per  square  inch 
above  the  atmosphere.      It  is  constructed  of  solid  steel  rings 
riveted  together.     Find  the  necessary  thickness  of  metal,  taking 
/=  7  tons  per  square  inch.     Also  find  the  longitudinal  stress  in 
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the  metal  of  the  ring  joints,  the  sectional  area  being  reduced  to 
TV  of  the  solid  plate.  Ans.  J  in.,  10  tons. 

7.  In  question  4  find  the  work  done  in  extending  or  com- 
pressing the  rod ;  and  also  find  the  resilience  of  the  rod.  f==  12  tons. 

Ans.  2,  60  inch-tons. 

8.  In  question  5  the  flat  ends  of  the  boiler  are  stayed  by  steel 
bar  stays,  pitched  16  inches  apart,  both  vertically  and  horizontally. 
Find  the  necessary  diameter  of  stay  that  the  stress  per  square  inch 
at  the  test  pressure  may  not  exceed  18,000  Ibs.  per  square  inch. 

Ans.  2.\  ins. 

9.  Find  the  area  of  the  base  of  a  stone  column  carrying  a  load 
of  5  tons,  allowing  a  crushing  stress  of  150  Ibs.  per  square  inch. 

Ans.  75  square  ins. 

10.  An  iron  rod  is  suspended  by  one  end.     Draw  a  curve 
showing  the  stress  at  any  section,  and  find  the  length  of  a  rod 
which  can  just  carry  its  own  weight,  allowing  f=  9000  Ibs.  per 
square  inch.  Ans.  Curve  is  a  straight  line  ;  2700  ft. 

11.  An  iron  bar  18  feet  long,  i^  in.  diameter,  is  heated  to 
400°  F.  ;  nuts  on  its  ends  are  then  screwed  up  so  as  to  bear 
against  the  walls  of  a  house  which  have  fallen  away  from  the 
perpendicular.     Find  the  pull  on  the  walls  when  the  bar  has 
cooled  to  300°  F.     Coefficient  of  expansion  of  iron  .0000068  per 
degree  Fahrenheit.  Ans.  35,000  Ibs. 

12.  A  bar  of  iron  is  placed  between  two  bars  of  copper  of  the 
same  section  and  length,  and  the  ends  are  rigidly  connected 
together  when  at  a  temperature  of  60°  F.     Find  the  stresses  in 
the  bars  when  the  temperature  is  raised  to  200°  F.     Coefficient 
of  expansion  of  copper  .0000095,  E=  17, 000,000. 

Ans.  Iron,  5920 ;  copper,  2960  Ibs.  per  square  inch. 

13.  A  bar  of  2-inch  round  iron,  3  ft.  long,  is  turned  down  to 
i    inch   diameter   over   the   centre   foot   length.      Compare   its 
resilience — ist,  with  that  of  the  original  bar  ;  2d,  with  that  of  a 
uniform  bar  of  the  same  weight.  Ans.  I  :  8,  i  :  6. 


CHAPTER    XIV 

TRANSVERSE  LOADS — BENDING  AND  SHEARING 

WHEN  the  forces  acting  on  a  bar  of  material  act,  not 
along  the  axis,  but  transversely  to  it,  the  bar  is  called  a 
Beam.  In  most  cases  the  forces  all  act  in  or  parallel 
to  one  plane  passing  through  the  axis  of  the  bar,  and  we 
shall  confine  our  work  to  this  case. 

Our  problem  then  is — To  investigate  the  straining 
actions  in  a  beam,  subjected  to  forces  all  in  one  plane. 

The  term  straining  action  here  used  means  any  action 
tending  to  strain — i.e.  alter  the  shape  of — the  piece  of 
material.  Thus  tension  and  compression  already  con- 
sidered are  two  cases,  and  the  simplest,  of  straining 
actions. 

AB  is  a  beam,  which  for  definiteness  we  will  suppose 
to  be  fixed  at  A  to  a  wall,  and  loaded  with  a  weight  W 
at  B.  Any  other  case  might  be  taken, 
as  what  we  are  going  to  say  will  apply 
generally.  Take  now  a  transverse 
section  of  the  beam  at  any  point  as 
KK.  Then  the  body  BK  is  in  equili- 
brium under  the  action  of  W  and  'W 
of  the  forces  which  the  end  KK  of 
AK  exerts  on  the  end  KK  of  BK.  These  forces  are 
the  stresses  on  the  section  KK  ;  and  we  see  that  the 
action  of  the  load  W  is  to  produce  stresses  which  can 
just  balance  the  effect  of  W,  and  so  keep  the  piece 
BK  in  equilibrium. 
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We  first  then  inquire,  What  is  the  effect  of  W  ?  For 
this  purpose  imagine  the  beam  actually  cut  through  at 
KK;  then  BK  will  fall  to  the 
position  shown  in  (a).  Now 
there  is  here  a  double  effect,  viz. 
falling,  keeping  parallel  to  itself, 
and  turning  round  K ;  each  of 
these  is  shown  separately,  the  first 
in  (c )  and  the  second  in  (b\  The 
combination  of  the  effects  ($)  and 
(c)  would  evidently  produce  (a). 

For  reasons  which  will  appear 
plainly  as  our  work  progresses  in 
the  present  and  succeeding  chapters,  it  is  convenient  to 
take  these  effects  separately;  and  we  will  commence 
then  with  effect  (b). 

Bending  Moment. — The  effect  (b}  may  be  ex- 
pressed as  a  turning  or  bending  round  K  as  a  joint ;  and 
it  would  occur  even  if  the  two  parts  AK,  BK  were  not 
separated  but  united  by  a  pin  joint.  In  this  case  effect 
(c}  could  not  take  place.  Now  the  magnitude  of  the 
actions  or  stresses  on  the  end  KK  of  BK  must  be  such 
as  to  enable  them  to  prevent  this  turning ;  and  hence 
we  must  have 

Moment  of  stresses  resisting  bending  =  moment  of  W  about  K 

.  (page  64), 

W  being  the  effort  and  the  stresses  the  resistances. 

We  are  not  now  going  to  inquire  into  the  magnitude 
of  these  stresses,  but  since  they  are  due  to  bending,  and 
their  magnitude  depends  on  the  moment  of  the  load  W, 
we  call  this  moment  the  Bending  Moment  at  KK. 

We  have  taken  for  simplicity  one  load  W  ;  but  all 
we  have  said  will  apply  equally  well,  no  matter  how  many 
forces  we  apply  to  BK  ;  some  may  act  upwards,  and 
others  downwards.  In  all  cases  we  have  BK  in  equili- 
brium, under  the  actions  of  all  the  loads  acting  on  it, 
and  of  the  stresses  on  the  end  KK,  and  hence 
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Moment  of  internal  _  Sum  of  the  moments  of  all  the  external 
stresses  forces  acting  on  BK  about  K. 

Sum  here  means  of  course  algebraic  sum,  allowing  for 
sign,  e.g.  in  Fig.  186  the  sum  is,  counting  clockwise 
turning  plus,  R 

W.BK-P.CK  +  Q.DK-R.EK,     m  \    ,       \ 

/v/'  A        K  I    K J__ 

and  this  is  the  bending  moment    W. 
at  K. 

Since  now  KK  is  any  section,    ; 
we   can   define,  for  any  section,  '<?         w 

the  term  bending  moment  as  the 

moment  about  the  section  of  all  the  forces  on  the  right 
of  the  section.  For  example,  for  the  section  through 
K'  (Fig.  1 86),  the  moments  about  K'  of  W,  P,  and  Q 
only  would  be  taken,  since  R  is  not  a  force  affecting  the 
equilibrium  of  K'B,  which  would  now  be  the  piece  con- 
sidered. 

[There  may  appear  to  be  an  ambiguity  in  writing  of  the 
moment  of  a  force  about  KK,  since  strictly  we  can  only  have 
moments  about  a  point ;  but  all  points  in  KK  are  equidistant 
from  W,  KK  and  W  being  parallel,  so  the  moment  about  KK 
is  really  about  any  point  in  KK.] 

Shearing  Force. — Let  us  now  return  to  the  effect 
(c\  Fig.  185.  This  is  a  bodily  vertical  movement,  and 
to  prevent  it  the  end  KK  of  AK  must  exert  on  KK  of 
BK  forces  or  stresses  sufficient  to  keep  BK  in  equili- 
brium vertically.  The  total  amount  of  this  stress  must 
therefore  be,  in  Fig.  185,  a  vertical  force  W,  in  Fig.  186, 
a  vertical  force  W  -  P  +  Q  -  R  ;  then  the  forces  balance 
vertically,  and  BK  is  in  vertical  equilibrium.  The 
magnitude  then,  generally,  of  this  action  is  the  algebraic 
sum  of  the  forces  acting  on  BK,  or  to  the  right  of  the 
section  ;  and,  since  the  effect  produced  is  that  which 
would  be  caused  by  the  jaws  of  a  shearing  machine,  this 
sum  is  called  the  Shearing  Force  at  the  section. 

Both  with  bending  moment  and  shearing  force  we 
have  spoken  of  the  forces  on  the  right  of  the  section 
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only,  but  there  is  no  particular  property  attached  to  the 
right  side  more  than  to  the  left,  and  hence  a  very  prob- 
able conclusion  to  draw  is,  that  on  the  right  may  mean 
simply  on  one  side  only,  either  right  or  left  but  not  both. 
This,  we  shall  see,  is  correct. 

For  take  the  beam  AB  as  a  whole,  acted  on  by  any 
number  of  forces  either  up  or  down — fixed,  if  we  please, 
to  the  wall  at  A,  but  then  this  only  means  that  the  wall 
applies  some  of  the  forces,  and  so  this  case  is  included 
in  the  preceding  statement — and  take  KK  any  section. 

Then  AB  is  a  body  in  equilibrium. 

[When  the  forces  are  first  applied  AB  bends,  and  while  bend- 
ing is  not  a  body  in  equilibrium  strictly  ;  but  the  bending  goes 
so  far  and  then  stops,  and  our  work  all  applies  after  this  balance 
is  attained.  Compare  page  270.] 

Therefore  the  sum  of  the  resolved  parts  of  the  forces 
in  any  direction  is  zero  ;  and  the  sum  of  their  moments 
about  any  point  is  zero. 

Take  then  K  as  the  point,  and  divide  the  forces  into 
two  sets,  to  the  right  and  left  of  K  respectively.  Then 
we  have 

Algebraic  sum  of  forces  —  o, 

. ' .  Algebraic  sum  of  forces  ,  Algebraic  sum  of  forces  _ 
to  left  of  K  to  right  of  K 

and  hence  we  see  that  we  shall  get  the  same  numerical 
value  for  the  shearing  force  if  we  take  the  forces 
to  the  left  as  if  we  took  those  to  the  right ;  there  is, 
however,  an  apparent  difference  in  sign,  for  if  one  of  the 
above  terms  be  plus  the  other  is  necessarily  minus. 

Exactly  similar  work  applies  to  the  bending  moment, 
and  there  will  be  the  same  apparent  difference  as  to 
sign. 

This  difference  in  sign  is,  however,  not  real  but  only 
apparent,  and  we  should  expect  to  find  it.  For,  as  we 
have  seen,  a  stress  consists  of  equal  and  opposite  forces, 
and  if  the  set  of  forces  on  the  right  give  us  one  part  of 
the  stress,  those  on  the  left  will  naturally  give  us  the 
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other  part.  The  question  as  to  which  of  the  results  plus 
or  minus  to  use  we  will  consider  in  an  actual  example, 
in  any  case  we  can  give  now  the  following 

Definitions. — The  shearing  force,  or  S.  F.,  at  any 
point,  or  on  any  transverse  section,  of  a  loaded  beam  is 
the  algebraic  sum  of  all  the  forces  acting  on  either  side 
of  the  point  or  section. 

The  bending  moment,  or  B.  M.,  at  any  point  of  a 
loaded  beam,  is  the  algebraic  sum  of  the  moments  of  all 
the  forces  on  either  side  of  the  point  about  the  point. 

[Particular  attention  must  be  paid  to  the  words  all  and  either. 
It  is  plain  that  no  correct  result  can  be  obtained  if  some  of 
the  forces  acting  be  omitted,  and  for  this  purpose  every  body 
touching  the  beam  must  be  credited  with  exerting  a  force  on  it 
without  it  be  expressly  stated  or  proved  not  to  do  so.  Then  as 
regards  either,  the  whole  of  the  preceding  work  is  based  on  the 
consideration  of  only  one  set  of  forces,  and  hence  if  forces  from 
the  other  set  are  brought  in  the  whole  work  falls  to  the  ground. 

Some  little  confusion  is  sometimes  caused  by  this  last,  as  it 
looks  as  if  we  were  neglecting  the  effect  of  one  of  the  sets  of 
forces.  This  is,  however,  a  false  idea.  Both  sets  together  pro- 
duce the  bending  action,  and  its  amount  is  measured  by  either. 
Compare  tension,  page  262.] 

We  will  now  consider  some  examples. 

Case  I — Beam  supported  at  the  Ends,  loaded 
at  some  Intermediate  Point. — The  beam  rests  on 
supports  at  A  and  B,  and  a  load 
W  rests  on  it  at  C.  Take  any 
point  K,  then  we  require  to  find 
the  B.  M.  and  S.  F.  at  K. 
These  quantities  we  shall  al- 
ways denote  by  the  symbols 
MK  and  FK  respectively. 

First :  Find  all  the  forces  acting,  at  least  on  one  side 
of  K,  but  we  shall  find  it  better  generally  to  find  those 
on  both. 

The  bodies  touching  the  beam  are  three,  viz.  the  load 
and  two  supports.  We  have  to  find  the  forces  exerted 
by  the  latter. 
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Let   these  be  P  at  A  and  Q  at  B,   represented  by 
the  arrows. 

[It  is  a  gain  in  clearness  and  sometimes  an  aid  to  the  avoid- 
ance of  error,  if  the  arrows  are  put  on  the  same  side  of  the  body 
acted  on  as  the  body  exerting  the  force  is.  Thus  P  and  Q  we 
put  under  the  beam,  because  the  supporting  bodies  are  under. 
If  the  ends  were  supported  by  ropes, 
we  should  put  P  and  Q  above  (see 
Fig.  188).] 

Let  also 
G     .      gg  AB  =  /,    AC  =  a,    EC  =  l>, 

then,  since  AB  is  in  equilibrium 

under   P,    Q,    and  W,    we    have,    by    taking    moments 
about  B, 

PxAB  =  WxBC, 


Similarly 

Wa  Wa 


f_L f 


by  taking   moments   about   A.      Or  we  can   obtain  the 
same  result  from 


Now  to  the  left  of  K  there  is  only  the  one  force  P. 


and  this  result  holds  for  all  positions  of  K  in  which  P 
only  is  on  the  left  of  it,  i.e.  for  all  sections  or  points 
in  AC.  It  follows  that 

Hc-P.AC-5" 

FC=P. 

But  if  K  be  taken  to  the  right  of  C  as  K',  we  have  on  its 
left  both  W  and  P,  so  that 

FK'  =  W-P. 

It  is,  however,  now  simpler  to  consider  the  forces  to 
the  right  of  K',  since  there  we  have  only  Q,  whence 
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MK-=Q.BK', 

evidently   the   two   values   of   FK,  are   the   same,    since 
W  -  P  =  Q. 

And  we  can  easily  see  that  the  same  value  is  obtained 
for  M  either  way.  For  looking  to  the  left 

MK'=P.AK'-W.CK', 
=  P.AK'-(P  +  Q)CK', 
=  P.AC-Q.CK'. 

But  P  .  AC  or  Pa  =  Qd,  by  taking  moments  about  C. 

.'.  MK'=Q.£-Q.CK', 
=  Q.BK', 

the  same  result  as  before. 

These  values  apply  to  all  points  in  BC,  hence  at  C 
we  have 

Fc=Q, 

-C-Q.BC.™ 

Signs  of  B.  M.  and  S.  F.—  The  B.  M.  and  S.  F. 
at  C  have  now  been  obtained  in  two  ways  —  ist,  by 
taking  C  as  a  point  in  AC  ;  2d,  by  taking  C  as  a  point 
in  BC. 

Taking  B.  M.  first,  we  have  obtained  in  each  way 


But  although  the  same  result  is  obtained  numerically, 

yet  that  obtained  first   gives  Mc  a  clockwise  moment, 

while    the    second    gives    it    anti  -  clockwise.      But,  as 

we  have  before  said,  this  is  not 

a    real   difference,    but    depends 

entirely    on    the   point    of  view. 

Looking  at  the  way  the  bar  would  Fig.  189. 

bend  if  jointed  at  C  (Fig.  189), 

there   are   three  ways   of  describing  it.      Supposing  an 

observer  fastened  to  AC,   he  would  say  BC  turns  left- 

handed  ;  while  one  fastened  to  BC  would  say  AC  turns 
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right-handed.  The  full  statement,  however,  would  be  that 
of  an  observer  standing  on  the  ground,  who  would  say  AB 
bends  downwards  ;  so  that  an  anti-clockwise  moment  on 
the  right,  and  a  clockwise  one  on  the  left  are  both 
bending  of  the  same  sign. 

There  is,  however,  a  bending  which  is  plainly  of  an 
opposite  kind  to  that  which  we  have  just  considered, 
viz.  as  Fig.  190.      Here  the  ends  bend  downwards,  and 
the  moments  required  to  pro- 
duce this  are  clockwise  on  the 
right  and   necessarily,  there- 
F.  fore,  anti-clockwise  on  the  left. 

These  bendingsthen  require  to 

be  distinguished  by  difference  of  sign,  so  that  if  the  first 
or  centre  drooping  be  plus,  the  second  or  ends  drooping 
is  minus.  There  is  no  necessity  to  specify  one  partic- 
ularly as  plus  always  ;  so 

long  as  in  each  example    ^-Bending  --  Bending 

it  is  clearly  stated  which      ^.^^      ^  /"*"'          N, 

is  to  be  considered  plus,  Fig<  IQI 

and  the    proper    sign    is 

kept  to  all  through  that  example.  The  first  kind  being 
the  most  common,  we  shall,  when  it  is  necessary  to 
discriminate,  use  the  plus  sign  for  it  as  here  shown. 

With  regard  to  Fc  there  are  two  difficulties — first, 
sign,  and  second,  there  are  two  different  values.  We 
will  take  first  the  question  of  sign,  and  for  this  we  need 
not  consider  C  especially,  other  points  will  do  rather 
better. 

Take,  for  example,  K.     Then,  looking  to  the  left, 

FK=+P, 
if  we  call  upward  forces  plus.     But  to  the  right, 

FK=+Q-W=-P, 
so  here  again  are  the  plus  and  minus  values. 

The  explanation  is  exactly  as  for  bending  :  +  P  on 
the  right  and  -  P  on  the  left  constitute  only  one  action  ; 
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and  if  the  beam  be  cut,  plainly  "BC  rises  relative  to 
AC  "  is  just  as  true  a  description  of  what  occurs  as 
"AC  falls  relative  to  BC." 

But  look  now  at  the  point  K'.      Then,  to  the  left, 

FK'=+P-W=:  -Q. 
But  to  the  right 

FK'=+Q. 

Here  then  is  an  exactly  opposite  kind  of  action  :  -  on 
right,  +  on  left  ;  or  we  may  say  right  hand  falls,  left 
hand  rises,  i.e.  relative  to  each  other. 

These  two  then  constitute  opposite  or  plus  and  minus 
shears,  and  we  will  take  +shgar  _shear 

for  definiteness   the   signs     ••  —  —  — 

as  shown  in  Fig.  192.  ~~~—  .         ~—  ~" 

Double  value  of  S. 
F.  —  We  have  found  two  values  for  Fc, 

-Q,     or  +P, 
and  *we  have  to  explain  the  reason  of  this. 

The  explanation  is,  that  we  have  taken  W  as  applied 
w  at  a  point  C.      Now  this  is  a 

A  _  |     |  _  B      physical  impossibility,  for  W 
must  cover  some  definite  dis- 
tance, however  small. 
\Q  Let    then    W    cover    the 

Fig-  I93>  small  distance  C,  then 


and  between  these  it  is  intermediate.  In  taking  C  as 
one  point  we  confuse  the  essentially  different  points  Cj 
and  C2.  Returning  now  to  the  usual  statement,  con- 
sidering C  as  one  point,  we  should  say  that  —  In  AC, 
F  is  +  P  ;  in  BC,  F  is  -  Q  ;  while  at  C  it  changes  from 
+  P  to  -  Q.  Remembering  that  "at  C  "  really  means 
between  Cj  and  C2. 

Diagrams   of  B.  M.  and  S.  P.  —  The   graphical 
method  is  very  suitable  for  recording  the  values  of  B.  M. 
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and  S.   F.,  by  drawing  in  the  usual  manner   curves   to 
represent  those  quantities. 

In    the    present    case  we 
have  : — 
MK'=Q  .  BK'     (see  Fig.  187). 

Set   up  then    K'L'   on    a 
scale  of  moment,  i.e.  Ibs.-feet 
A      K       c        Kf  B    to  the  inch,  to  represent  MK,, 

e.g.  if  Q  =  2olbs.,  BK'  =  2ft. 
Then 

MK'  =  4O  Ibs.-feet. 

Then  take  say  a  scale  of  50  Ibs.-feet  to  I  inch,  on 
which  MK,  will  accordingly  be  represented  by  -f-  inch. 
We  should  then  make 

K'L'  =  |  inch. 

Doing  this  for  all  points,  and  drawing  a  curve  through 
the  points  L'  so  found,  we  should  have  a  curve  of  B.  M., 
the  ordinate  of  which  at  any  point  would  give  us  the 
B.  M.  at  that  point. 

We  can,  however,  see  what  this  curve  will  be  without 
actual  construction. 

For  Q  being  constant,  MK,  or  K'L'  is  proportional  to 
BK'.  So  that  L'  lies  on  a  straight  line  through  B. 

This  holds  true  for  all  points  between  B  and  C.  But 
between  A  and  C 

MK  =  P.  AK, 

i.e.  MK  is  proportional  to  AK.      So  the  curve  of  B.  M. 
here  is  a  line  through  A. 

We  have  then  the  curve>  as  in  Fig.  1 94,  consisting  of 
two  lines  BD,  AD,  meeting  over  C,  because  Mc  is  the 
same  from  whichever  side  we  start. 

To  draw  this  curve  then  we  only  require  to  know  the 
height  CD  or  Mc.  But  this  we  already  have,  viz. 
Wd#/(a*+#)  (page  283). 

The  curve  of  B.  M.  then  is  a  triangle  of  height 
Wafi  I  (a  +  b\  and  having  its  vertex  directly  over  W  or  C. 
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To  verify  draw  KL. 

Then  the  moment  represented  by  KL  is 


CD     a+b     AC 
=  MK. 

Hence  the  curve  gives  the  value  of  the  B.  M.     Next 
for  the  S.  F. 


This  is  very  simple  in  the 
present  case.  For  at  any 
point  K  in  AC,  F  is  +  P. 
Set  up  therefore  on  a  scale 

of  Ibs.  to  the  inch  AE  to  M  N 

represent  P,  and  draw  EF 
parallel  to  AC. 

Then  EF  is  the  curve  of  S.  F.  for  AC,  because  its 
ordinate  at  any  point  is  +  P. 

In  BC,  F  at  any  point  is  -  Q.  Therefore  set  down- 
ward BN  to  represent  Q  on  the  given  scale,  and  being 
below  the  base  shows  the  —value.  Draw  NM  parallel 
to  BC,  then  NM  is  the  curve  of  S.  F.  for  BC. 

Draw  now  MCF  through  C  at  right  angles  to  AB, 
and  this  represents  the  change  at  C  from  +  P  to  -  Q. 

The  whole  curve  of  S.  F.  is  then  EFCMN. 

S.  F.  at  Ends. — The  S.  F.  at  A  is  by  the  diagram 
+  P  and  at  B  -  Q  ;  but  A  and  B  are  the  ends  of  the 
beam,  and  there  can  be  no  S.  F.  or  B.  M.  or  any  other 
action  on  the  free  ends,  such  as  A  and  B,  of  a  beam. 
There  is  here  then  an  apparent  discrepancy,  which  is 
explained  exactly  as  the  double  value  at  C.  There  can 
be  no  supporting  force  at  a  point  A,  but  only  over  some 
distance ;  and  in  this  distance  the  S.  F.  changes  from  o 
to  +  P.  Similarly  for  B. 

Particular  Case. — When  the  point  C  is  the  centre, 
then  we  have  the  greatest  B.  M.  at  C,  or 

w.£.£ 
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And  the  S.  F.  is  ±  W/2. 

Case  II  —  A  Lever  loaded  at  the  Ends,  and 
Turning  in  a  Fulcrum  be- 
tween.  —  There  is  now  no 
need  to  examine  this  case  in 
detail,  because  it  is  only  Case 
I  turned  upside  down.  P  and 
Q  are  reversed,  and  P  +  Q, 


B 


Fig.  196. 


which  must  act  at  C,  is  simply  W  of  the  first  case  also 
reversed.  The  diagrams  of  Case  I  then  need  only 
turning  upside  down,  thus 


B.  M. 


S.  F. 


it&»  Fig.  198. 

Case  III  —  Beam  fixed  at  one  End  and  loaded 
at  the  Other.  —  This  is  the  case  which  we  first  used  to 
explain  B.  M.  and  S.  F. 

Taking  K  any  point  what- 
ever, 

FK  =  W,     andMK  =  W.BK. 
holds     everywhere, 


This 
hence 
FA=W,     MA=W.BA=W/. 

Now,  does  this  contradict 
what  we  have  said  in  Case  I 
as  to  there  being  no  possible 
action  on  the  free  end  of  a 
beam  ?  The  answer  is  No  ! 
Because  A  is  not  a  free  end, 


Fig.  199. 


nor   is    it  really  the    end  at  all,  for  some  part  of  the 
beam  would  be  fastened  into  the  wall:    AB  is,  however, 
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called  the  length  of  the  beam,  and  A  is  spoken  of  as  the 
end  ;  but  we  say  it  is  not  free  but  is  acted  on  by  the  wall. 

In  this  case  we  must  take  the  forces  on  the  right  of 
K  ;  because  we  have  no  knowledge  of  those  on  the  left, 
i.e.  the  actions  of  the  wall,  except  that  they  are  such  as 
to  balance  W,  and  so  we  cannot  find  all  the  forces  in  this 
case.  The  graphic  construction  is  simpler  than  Case  I. 

For  at  all  points,  as  K,  M  varies  directly  as  BK. 

So  the  curve  of  B.  M.  is  a  straight  line  BC,  drawn  by 
making  AC  represent  on  some  selected  scale  W/  Ibs.-feet 
of  moment,  i.e.  to  represent  MA. 

Then  we  can  prove,  as  in  Case  I,  that  the  ordinate 
KL  represents  MK. 

The  S.  F.  being  everywhere  equal  to  W,  we  take  AD 
to  represent  W  and  draw  DE  parallel  to  AB.  Then 
DE  is  the  curve  of  S.  F. 

Notice  that  the  bending  is  now  minus,  so  AC  is  below 
AB.  The  shearing  is,  however,  plus  everywhere. 

Case  IV — Beam  supported  at  the  Ends  and 
loaded  at  two  Intermediate  Points. — The  loads 
are  Wp  W.,  at  C  and  D  (Fig.  200). 

First  to  find  P  and  Q. 

Take  moments  about  B,  then  we  have 

P.  AB=Wi.BC  +  W2.BD, 
P_W1.BC  +  W2.BD. 

AB 
Similarly 

r,_W1.  AC  +  W2.  AD 
^~  AB 

Then  for  Kx  in  AC  (not  marked  in  the  figure) 

MK^P.AKJ,    .-.  MC=P.AC, 

and  the  curve  is  the  straight  line  AE,  where 

CE  =  P.  AC. 
Similarly  for  BD  the  curve  is  BF,  where 

DF=rMD  =  Q.  BD. 

U 
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f'  I' 


B 


Now  for  a  point  K  between  C  and  D.  There  is  no 
choice  of  sides,  suppose 
we  take  the  left,  then 

MK-P.AK-WJ.CK, 

If  then  we  draw  KL  = 
MK  (Fig.  200),  and  draw 
EM  parallel  to  AB ;  we 
have 

KL  =  KM  +  LM  =  CE  +  LM. 
But  CE  =  P  .  AC, 
.-'.  LM  =  (P-Wi)CK(fromi). 

Therefore  LM/CK  or 
LM/EM  is  constant  for  all 
positions  of  K,  so  that  L  lies 
on  a  straight  line  through  E. 

Evidently  exactly  similar 
reasoning  would  prove  that 
L  must  lie  on  a  straight 
line  through  F.  Hence 
we  conclude  that  L  lies  on 
EF,  and  therefore  AEFB 
is  the  diagram  of  B.  M. 


Fig.  200. 

Next  for  the  S.  F. 

Commencing  at  A,  between  A  and  C,  F  is  +  P,  and 
the  curve  is  RS  parallel  to  AC. 

Between  C  and  D  we  have  to  the  left  of  any  point 
p  _  Wj  upward  ;  now  we  notice  that  in  Fig.  200  we 
have  drawn  L  above  E,  which  assumes  that  P  -  Wl 
is  positive ;  therefore  F  is  +  (P  -  Wa)  between  C 
and  D,  and  the  curve  is  TV  where  CT  =  P-W1  or 
ST=*Wr 

In  BD  we  have  P  -  (Wx  +  W2),  which  is  negative,  on 
the  left,  or  +  Q  on  the  right ;  F  then  is  -  Q,  and  we  set 
off  Q  downwards,  the  curve  then  being  UX.  Thus 
RSTVUX  is  the  full  curve  of  shear. 
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The  student  may  for  practice  commence  at  B  and 
work  to  the  left ;  he  should  thus  obtain  the  same  curve. 

We  have  worked  this  question  by  the  preceding 
method  simply  to  show  how,  by  keeping  strictly  to  the 
definitions,  we  are  able  to  find  the  value,  and  hence 
draw  the  curves,  of  B.  M.  and  S.  F.  at  every  point. 
Generally,  however,  the  simpler  way  will  be  to  use  a 
method  which  will  be  explained  in  the  next  chapter. 


EXAMPLES. 

1.  A  plank  is  laid  across  an  opening  12  feet  wide.     A  man 
weighing  156  Ibs.  walks  across  it.     Draw  diagrams  showing  the 
S.  F.  and  B.  M.  when  he  is  2,  4,  and  6  ft.  respectively  from  one 
end.     Give  the  maximum  values  in  each  case. 

Ans.  130,  104,  78  Ibs.;  260,  416,  468  Ibs.-feet. 

2.  A  similar  plank  to  that  of  (i)  is  broken  by  the  bending 
effect  of  3  cwt.  placed  3  ft.  from  the  end.     What  is  the  greatest 
load  the  man  could  safely  carry  across  ?  Ans.  96  Ibs. 

3.  The  air  pump  of  an  engine  is  driven  by  a  lever  or  rocking 
arm,  total  length  8  feet.     The  air  pump  stroke  is  half  the  piston 
stroke.     Find  the  greatest  bending  moment  on  the  lever,  when 
lifting  the  pump  bucket  18  ins.   diameter  against  an  effective 
pressure  of  16  Ibs.  to  the  square  inch.          Ans.  10,862  Ibs.-feet. 

4.  The  speed  of  periphery  of  a  spur  wheel  is  20  f.s.     The 
teeth  are  \\  in.  long.     Find  the  bending  moment  at  the  root  of 
a  tooth,  for  each  H.  P.  transmitted,  assuming  only  one  tooth  in 
gear  at  a  time,  and  the  whole  pressure  to  come  on  the  point  of 
the  tooth.  Ans.  41 J  Ibs. -inches. 

5.  A  loaded  truck  weighing  10  tons  rests  on  two  axles.     The 
axles  are  supported  by  the  wheels  5  ft.  apart,  and  the  centres  of 
the  axle  boxes  are  4  ft.  4  ins.  apart.     Draw  curves  of  B.  M.  and 
S.  F.,  and  give  numerical  values. 

Ans.  B.  M. — o  at  ends  to  10  tons-inches  at  and  between  axle 
boxes;  S.F.—  -f  ton  from  ends  to  boxes,  o  between 
boxes. 

6.  The  horse-power  of  an  engine  is  100.      Stroke,  4  feet. 
Revolutions,  50  per  minute.     Find  the  bending  moment  on  the 
crank  arm  at  its  junction  with  the  shaft,  the  diameter  of  the 
latter  being  6  ins.  Ans.  14,437.5  Ibs.-feet. 
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7.  A  beam,  /  feet  long   between   supports,  overhangs  a  ft. 
and  b  ft.  at  the  two  ends  respectively.     At  the  first  end  a  load 
Wi  hangs,  and  at  the  second  a  load  Wg.     Show  from  the  defini- 
tion that  the  bending  moment  midway  between  the  supports  is 

— — ,  and  is  thus  independent  of  /.     Draw  the  curves  of 
B.  M.  and  S.  F. 

8.  The  top  of  a  combustion  chamber  2  ft.  8  ins.  deep  is  sup- 
ported by  rows  of  three  stays,  each  stay  carrying  a  load  of  6000 
Ibs.,  spaced  at  equal  distances   apart   and  from  the  front  and 
back  plates.     Each  row  is  supported  by  a  "girder"  or  "dog," 
the  ends  of  which  rest  on  the  front  and  back  plates.     Find  the 
bending  moment  on  a  girder  at  each  of  the  three  points  where  it 
carries  a  stay.  Ans.  6000,  8000,  6000  Ibs. -feet. 


CHAPTER    XV 

B.   M.  AND  S.   F.  UNDER  DISTRIBUTED  LOADS PRIN- 
CIPLE OF  SUPERPOSITION 

IN  the  last  chapter  we  considered  the  effects  of  loads 
acting  at  points,  qualified  by  explaining  that  "  at  a  point  " 
really  means  over  a  small  length.  The  work  then  applies 
to  cases  in  which  the  load  carried  is  concentrated  on  one 
or  more  small  lengths  of  the 
beam,  e.g.  a  locomotive  on  a 
bridge. 

Here  the  total  weight  is  4- 
concentrated  at  the  two  points  /%- 
C  and  D,  in  proportions  de-  ' 
pending  on  the  distribution 

of  weights  in  the  locomotive.  In  Fig.  201  the  engine 
is  of  appreciable  length  compared  to  the  bridge ; 
but  if  the  engine  were,  say,  on  one  of  the  spans  of  the 
Forth  Bridge,  then,  for  all  practical  purposes,  it  would 
be  quite  sufficient  to  consider  the  engine  as  one  weight 
only,  concentrated  at  its  C.  G. 

But  now  take  the  case  in  which  a  bridge  is  covered 
by  a  densely  packed  crowd ;  then  the  points  of  applica- 
tion of  the  loads  are  so  numerous  that  practically  there 
is  a  continuous  load  at  every  point  of  the  bridge.  One 
kind  of  load  we  can  see  is  perfectly  continuous,  viz.  the 
weight  of  the  beam  itself. 

Such  loads  as  we  have  just  mentioned  are  called  Dis- 
tributed Loads  ;  and  if  they  be  so  distributed  that  the 
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load  on  every  unit  length  is  the  same,  they  are  then  said 
to  be  uniformly  distributed.  In  the  present  work  this 
latter  is  the  only  kind  we  shall  consider. 

Intensity  of  Load. — The  intensity  of  the  loading 
is  generally  estimated  by  the  load  on  each  foot  length, 
or  running  foot,  of  the  beam  ;  so  that  it  will  be  stated 
as  so  many  Ibs.,  cwts.,  or  tons  per  foot  run. 

For  example,  a  bridge  20  ft.  span,  loaded  with  a  uni- 
formly distributed  load  of  10  tons,  would  be  said  to  be 
under  a  loading  of  \  ton  per  foot  run.  The  word  span 
here  used  signifies  the  length  between  the  supports. 

We  will  now  investi- 

^^JL^  gate  some  cases  of  such 

A    \\\\\\\\\\\\\  B       loading. 

Case       V  —  Beam 
supported      at      the 
Ends,      and      loaded 
Fig.  202.  with  TV  Ibs.  Per  Foot 

Bun. — Let  the  span  AB 

be  denoted  by  /  or  2.0, — the  latter  being  often  useful 
to  avoid  fractions.  These  must  be  in  feet.  Then 

The  total  load  on  the  beam  =  w/,     or  2wa. 
This  we  generally  denote  by  W, 

.  • .   W  =  wl,     or  2wa. 

First  we  must  find  the  supporting  forces.  These  are 
evidently  equal,  and  each  is,  therefore,  W/2  or  wa. 

The  uniform  loading  is  represented  by  the  small 
arrows,  but  its  amount  is  not  indicated  in  the  figure. 

Take  C  the  centre,  and  take  any  point  K,  K  being 
defined  by  its  distance  CK  from  the  centre.  This  dis- 
tance we  call  x.  Then 

MK  =  moment  offerees  to  the  left  of  K  about  K, 
=  wa .  AK  —  moment  of  load  on  AK. 

This  latter  consists  of  an  infinite  number  of  small 
forces,  but  we  can  find  its  moment,  because,  by  a  prin- 
ciple of  Statics, 
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The  moment  about  any  point  _  The  moment  about  the  point 
of  a  set  of  forces  of  their  resultant. 

The  resultant  of  the  load  on  AK  is  a  force  «/ .  AK, 
acting  through  the  centre  of  AK. 

AK 
. '.   moment  of  resultant  =  w  .  AK  x about  K. 

M    -         AK  -  W '  AK2 
But  AK  =  «-*, 


We  must  here  call  particular  attention  to  a  constantly 
occurring  source  of  error  in  these  cases. 

In  finding  M  we  have  to  estimate  the  moment  of  the 
loads  on  AK  by  taking  the  moment  of  their  resultant. 
Then  the  mistake  is  constantly  made  of  putting  the 
resultant  in  the  figure,  and  treating  it  as  if  it  actually 
could  replace  the  loads. 

For  example,  we  wish  say  to  find  Mc.     Then 

a 
MC  =wa  .  a-iva  .  -, 

and  then  the  resultant  force  wa  is  drawn  in,  as  in  Fig. 

203,  and    the    problem    is  . 

treated     as     if     this    force  \W(t  \-wa 

actually  acted   at  E.       Let    A- H— i — i — B 

us  see  now  what  result  this    j        E   K     c 
would  give  us  at   K.     We     'w*  'wa 

should  have  Fi&-  2°3- 

MR  =  wa  -  AK  -  wa  .  EK, 

a 
=  «*.-, 

which  is  of  course  wrong. 

The  whole  source  of  the  error  lies  in  supposing  that 
the  resultant  of  a  set  of  forces  can  replace  them  for 
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all  purposes,  whereas  it  can  only  replace  them  for  one, 
viz.  the  movement,  as  a  whole,  of  the  body  acted  on. 
Thus  for  Mc,  the  body  whose  movement  is  prevented  is 
AC,  and  so  far  as  Mc  is  concerned,  wa  may  be  spread 
over  AC  or  concentrated  at  E.  But  for  MK  the  body 
is  AK  ;  and  the  part  of  iva  which  lies  along  CK  does' 
not  act  on  this  at  all,  so  that  it  is  plainly  wrong"  to  take 
a  force  wa  acting  at  E. 

The  student  must  remember  that  in  abstract  me- 
chanics the  motion  of  a  body,  as  a  whole,  is  generally 
the  thing  considered  ;  while  here  we  are  seeking  to 
find  the  relative  movements  of  the  parts  of  the  body. 

In  all  cases  then  in  which  we  require  to  deal  with 
a  set  of  forces  such  as  those  on  AK  (Fig.  202),  it  is 
conducive  to  clearness  not  to  draw  in  their  resultant, 
but  if  it  be  desired  to  indicate  in  some  way  the  set  with 
which  we  are  for  the  moment  dealing,  it  is  best  to  do 
it  by  drawing  a  bracket  over  them,  and  marking  their 
total  amount  on  it  as  is  done  in  Fig.  202.  Resuming 
now  our  calculation  ;  we  had 

T...          IV,    9         „> 

MK  =  -(tf---*2). 
For  the  point  C  we  put  .r=o,  whence 


We  put  it  this  way  to  facilitate  the  consideration  of  the  shape 
of  the  B.  M.  curve  (Fig.  204). 

For  set  up  CD  =  Mc  =  ^' 

and  KL  to  represent  MK. 
Draw  DM  parallel  to  AB,  and 
produce  KL  to  M.  Then 

ML=MC-MK=—  '• 

Therefore  L  lies  on  a  curve  such  that  the  distance  of 
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any  point  in  it  from  DM  varies  as  the  square  of  its  dis- 
tance from  CD.  This  curve  is  a  parabola  (page  6). 
And  since 

MA  =  MB  =  o, 

the  curve  of  B.  M.  is  a  parabola,  on  AB  as  a  base,  D 
being  its  apex.  The  height  CD  may  be  variously  ex- 
pressed as 

wa2  wP  W/ 

~V  '     or  ~JT'    or  ~«  ' 

2  o  o 

Looking  at  the  latter  value  we  see  that  the  maxi- 
mum bending  moment  produced  by  a  distributed  load 
is  only  one  half  of  that  which  would  be  produced 
if  the  load  were  concentrated  at  the  centre  of  the 
beam. 

To  actually  draw  the  curve  ADB,  we  first  set  up  CD 
=  |W/,  and  then  use  the 
method  of  page  6. 

Next  for  the  S.  F., 

Looking     to     the     left     j 
(Fig.  205),  \™<*  «* 

a-w .  AK,  D 

x. 

For  C  then  the  curve 
is  a  straight  line  passing 
through  C  and  D,  where 
D  is  found  by  making  AD 
=  wa.  The  shear  at  K 
being  plus,  we  draw  CD  above  AC. 

At  a  point  K'  in  CB,  at  a  distance  x  from  C,  we  shall 
have 

FK'= wa  -  "w .  BK'     (looking  to  the  right), 


So  it  is  the  same  numerically  as  FK,  but  being  a  case  of 
right  hand  rising,  its  sign  is  minus. 
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If  then  we  produce  DC  to  E,  DCE  will  be  the  curve 
of  S.  F.  for  the  whole  beam.      For 


and 


BE=-AD 

K'L'=  - 


[If  we  compare  this  curve  with  those  in  the  preceding  chapter, 
we  see  that  we  have  replaced  steps  by  a  continuous  incline, 
or  succession  of  indefinitely  small  steps,  this  being  the  effect  of 
the  distribution  of  the  load.  ] 

Case  VI — Beam   loaded  uniformly,   fixed  at 
One  End. — AB  is  fixed  at 

A'  len^th  /ft'  loaded  With  w 
Ibs.  per  foot  run  (Fig.  206). 

^e  have  no\/no  su'p_ 

porting  force  to  find. 

Take  then  any  point    K. 
LetBK  =  .r.     Then 

MK  =  W  .  BK  . (compare 


page  295), 


wx* 


and  the  bending  is  negative, 
the  convex  side  being  up- 
ward (page  284).  Set  off 


A  B  2 

Fis-  2°6-  But  we  see  now  that  KL 

has  the  identical  value  which  ML  in  Fig.  204  had. 

Hence  then  we  say  at  once  that  L  lies  on  a  parabola, 
whose  apex  is  B  and  base  parallel  to  AB.  To  find 
another  point  we  find  the  value  of  MA.  Putting 
*=/, 


and  is  minus  as  MK  is. 
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So  then  set  off  AE  downwards,  then  E  is  a  point  in 
the  parabola,  and  it  is  then  drawn  by  the  rule  given 
in  the  Preliminary  Chapter. 

[Notice  carefully  the  difference  between  this  and  the  preceding 
curves.  In  the  present  case  the  base  from  which  the  moments 
are  measured  is  not  what  in  the  Preliminary  Chapter  we  called 
the  base,  nor  is  it  the  base  as  in  the  last  case.  In  the  present 
case  the  apex  is  on  the  base  for  measurements,  and  the  convexity 
is  towards  that  base  ;  while  in  the  preceding  the  apex  was  above 
the  measurement  base,  and  the  concavity  was  towards  it.] 

The  calculation  of  S.  F.  is  very  simple.      For 


Thus  the  shear  at  A  is  TV/,  and  the  curve  is  the 
straight  line  BF,  drawn  by  setting  up  AF  =  <ze//,  since  the 
shear  everywhere  is  plus,  and  joining  BF.  Then 


which  verifies  the  curve. 

Platform  Loads  —  Weight  of  Beam.  —  In  most, 
perhaps  all,  cases  the  load  is  distributed  not  only  along 
the  length  of  the  beam,  but  also  in  a  direction  per- 
pendicular to  the  beam  —  one  or  more  beams  being 
used  to  support  a  loaded  platform.  We  should  be 
given  the  load  per  sq.  ft.  of  this  platform,  and  we  wish 
to  determine  from  this  the  load  per  foot  run  on  the 
beam. 

Take  now  the  case  of  a  bridge  platform,  span  /  ft, 
width  b  feet,  loaded  with  n  Ibs.  per  sq.  ft.  Generally  such 
a  platform  would  be  supported  by  two  beams  of  span  /, 
one  under  each  side. 

Taking  then  one  foot  length  of  the  bridge,  its  load 
will  be  divided  equally  between  the  two  foot-lengths  of 
the  beams.  Therefore,  if  w  be  the  load  per  foot  run  on 
each  beam, 

2w  =  n  x  I  x  /;, 
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.'.  w  =  —  Ibs.  per  foot  run. 

If,  in  addition,  the  beam  itself  weighed  w'  Ibs.  per 
foot  run,  we  should  have  finally, 

w  =  fyib-}-iv'  Ibs.  per  foot  run, 

and  we  must  use  this  value  of  w  to  find  the  B.  M.  and 
S.  F. 

In  the  general  case,  where  a  number  of  parallel  beams 
support  a  loaded  platform,  the  load  on  each  beam  would 
be  found  by  supposing  it  to 
7  support  the  piece  of  platform 
\  which  extends  on  each  side  of 
/  it,  half  way  towards  the  next 
|  beam.  Thus  in  Fig.  207  AB, 
I  CD,  etc.,  are  the  beams  shown 
A  in  plan,  and  CD  would  support 
the  piece  of  platform  dotted  ; 
and  the  total  load  on  this  piece, 
divided  by  the  length  of  CD,  would  give  the  load  per 
foot  run. 

Floating  Beams — Case  VII. — In  some  cases  the 
distributed  loads  may  act  upwards,  or,  in  other  words, 
the  supporting  forces  may  be  distributed.  Such  a  case 
is  that  of  a  wooden  -beam  floating  in  water. 


D        F 

Fig.  207. 


ttttttl 
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Fig.  208. 

Taking  the  beam  alone,  there  is  on  every  foot-length 
a  distributed  load  «/  Ibs.,  where  <w'  is  the  weight  of  i 
foot.  But  the  upward  pressure  of  the  water  will  also  be 
uniform,  and  must  therefore  be  also  w'  per  foot  run.  At 
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I 

?%= 


wl 


B 


tmttttttm 

Fig.  209. 


every  point,  then,  there  are   equal  and   opposite  forces 
acting,  so  there  is  no  tendency  to  bend  or  shear. 

But  now  let  us  place  a  load  W  =  wl  pounds  on  the 
centre  of  the  beam,  then  the  beam  sinks  until  the 
increase  in  the  upward  pressure  is  sufficient  to  balance 
W  or  wl.  Since  W  is  put  on  the  middle  the  beam 
sinks  evenly,  and  there  is  therefore  a  uniform  increase 
of  pressure  over  the  whole 
length. 

[The  case  in  which  the  load- 
ing is  not  symmetrical  is  out- 
side our  limits.] 

This  increase  of  press- 
ure, then,  is  w  Ibs.  per 
foot  run. 

The  beam  is  then  in 
equilibrium  under  a  down- 
ward load  W  Ibs.,  an  up- 
ward distributed  load  w 
Ibs.  per  foot  run,  and  equal 
and  opposite  distributed 
loads  w'  Ibs.  per  foot  run. 
Since  these  latter,  how- 
ever, produce  no  B.  M.  or 
S.  F.,  we  can  omit  them, 
and  we  are  left  with  the 
beam  loaded,  as  in  Fig. 
209. 

To  make  it  more  easily 
recognisable  we  turn  it  up- 
side down  (Fig.  210)  ;  this 
cannot  affect  the  values  of 


M  or  F,  and  for  their  signs 
we  can  look  to  the  original  figure.  We  appear  now  to 
have  a  case  quite  different  from  any  of  the  preceding, 
but  by  a  little  consideration  we  shall  be  able  to  make 
use  of  previous  results. 
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For  consider  the  part  CB,  then  CB  is  a  beamjfixed  at 
C,  and  loaded  uniformly.  Now  this  may  at  first  sight 
appear  a  somewhat  strange  statement,  but  it  is  neverthe- 
less perfectly  correct.  In  Fig.  206  AB  is  fixed  to  a 
wall,  but  then  the  question  as  to  what  sort  of  wall  it  was 
did  not  enter  into  our  work  ;  what  we  require  in  order  to 
be  able  to  fix  the  end  A  is  something  which  is-  capable 
of  standing  MA  and  FA  without  giving  way,  and  so  long 
as  it  can  do  that  we  care  nothing  else  about  it.  Now 
CB  is  fixed  at  C  to  the  other  half  of  the  beam,  and  the 
fixing  is  strong  enough  to  withstand  Mc  and  Fc,  because 
if  it  were  not  the  beam  would  break,  which  we  suppose 
it  not  to  do.  Hence  then  we  treat  CB  as  a  beam  fixed 
at  C,  and  we  can  at  once  draw  the  curve  for  CB  from 
Case  V.  We  set  up  then  CD  (the  bending  being  plus, 
see  Fig.  191)  equal  to  w,CB2/2,  and  draw  the  parabola 
DB  with  apex  B. 

Then  from  symmetry  a  parabola  AD  will  be  the  curve 
for  AC,  that  being  a  beam  also  fixed  at  C. 

Hence  ADB  is  the  curve  of  B.  M.,  CD  being  7vt'2/8 
or  W//8. 

In  BC  the  shearing  force  is  negative  (Fig.  192), 
therefore  from  Case  V  set  down 

CE  =  w.CB=— , 

and  join  BE. 

In  AC  the  shearing  is  positive  (Fig.  192),  therefore 
from  Case  V  set  up 

CF=w.CA=— , 

2 

and  join  AF. 

Then  AFEB  is  the  full  curve. 

[For  the  explanation  of  the  drop  at  C  see  page  285.] 
The  bending  and  shearing  of  a  ship  is  a  similar  case 
to  the  preceding  ;  but'  there  is  an  uneven   distribution 
both   of   load    and    of    buoyancy  or  upward    pressure, 


CHAP,  xv  DISTRIBUTED  LOADS  303 

for    the  effect   of  which   we   must   refer    to   the   larger 
treatise. 

Principle  of  Superposition.  —  When  a  beam  is 
loaded  with  more  than  one  load,  we  can,  as  in  Case  IV 
of  the  last  chapter,  obtain  the  curves  of  B.  M.  and  S.  F. 
by  strict  adherence  to  the  definitions  ;  this  is  also  true  if 
one  or  more  concentrated  loads  be  combined  with  a  dis- 
tributed load.  But  the  process  can  generally  be  con- 
siderably adopted  by  the  use  of  what  is  known  as  the 
Principle  of  Superposition. 

This  principle  may  be  generally  stated  thus  :  The 
effect  due  to  a  combination  of  causes  ts  the  sum  of  the 
effects  which  would  be  produced  by  each  cause  acting 
separately. 

This  may,  at  first  sight,  appear  to  be  a  truism,  but  it 
is  not  so,  for  it  is  only  true  under  certain  conditions. 
To  show  this,  and 

also    what    are    the      ^j^-  -  .  /  -  _v, 
conditions,    we  will    ||r  -  »  -  .  -  >"  "J 

consider  a  case.  vtr*  --    /  - 


Suppose    AB    a  ^/%LA  'tv; 

beam     fixed    at    A,  m  "^^^^^I^ B(b} 

and  so  thin  that  the  ypfr 12 ^ 

hanging   to    B  of  a  ////\A 

weight  Wj  bends   it  %   ""' — ^ 

as  Fig.  2ii  (a),   so  '\%h ^"--.^^ 

that  the  distance  ^  ^T~  ~  la  ~~       — ^] 

of  B  from  the  wall 


is     perceptibly    less  ^ 

than  /,  the  original 

length.      Similarly  in  (b)  a  weight  W2  bends  it,  so  that 

B  is  distant  /2  from  the  wall. 

Plainly  then  if  we  put  on  both  Wx  and  W2  the  dis- 
tance /3  in  (c)  will  be  less  that  either  /T  or  /2.      Now 

MA  due  to  Wi  and  W2  =  (  Wi  +  W2)  4, 
which  is  not  the  sum  of  W^  and  W2/9,  the  moments  at 
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A   produced   by  Wj   and 

m 


W2  acting  separately,  but  is 
plainly  less. 

We  see,  then,  that  what 
-i5     is  necessary  for  the  prin- 

|      ciple  to  apply  is  that  /,, 
Iv/ 


should  be  practically 


v D 


Fig.  212. 

2  1  1  )  are  indistinguishable 
so  the  principle  holds.   For 


identical,  and  then  they 
will  also  each  be  identical 
with  /. 

Generally  we  may  say 
that  all  the  separate  effects 
should  be  very  small. 

Now  it  is  proved  both 
theoretically  and  practi- 

y  cally  that  in  all  ordinary 
cases  of  bending,  the  bent 
lengths  /p  /2,  and  /3  (Fig. 

from  the  original  length  /,  and 


=  M  due  to  Wi  alone  + 
M  due  to  W2  alone. 

We  will  now  illustrate 
the  principle  by  using  it 
for  Case  IV  of  the  last 
chapter. 

Case  IV  Repeated. 
—  We  take  first  a  beam 
AB  supported  at  A  and  B, 
and  loaded  at  C  with  the 
weight  Wr 

The  supporting  forces 
are  P1  and  Qp  and  Fig. 
212  shows  the  diagrams 
of  B.  M.  and  S.  F.  from 
Case  I.  The  values  are 


\          & 

*          b               D 

\ 

9. 

i 

Fig.  213. 
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AC 


Wi.AC.CB 


AB 


and  the  height  CE  = 

Next  take  W2  alone  (Fig.  2 1 3). 

Then  by  again  applying  Case  I  we  get  the  diagrams 
of  Fig.  213.     And 


and 


AD.DB 

DF  =  W"-AB-- 

Now  combine   the   two   sets   of  results, 
total  supporting  forces  are  given  by 

P  =  P  +P=w  .?£+w,.—  , 


Then  the 


Compare  these  and  also  all  the  succeeding  results 
with  those  obtained  in  the  last  chapter. 

Next,  for  the  combined  curve  of  BM,  add  the  two 
curves  together  thus  : — 

Draw  AEB  from  Fig.  212;  then  at  E  set  up  EN  =  CG 
(Fig.  213);  and  at  M  set 
up  MS  =  DF  (Fig.  213); 
and  then  joining  ANSB, 
the  curve  ANSB  represents 
the  sum  of  the  curves  AEB 
and  AFB  (Fig.  213).  We 
add  them  together,  because 
they  are  both  positive,  and 
we  obtain  a  positive  result. 

A  quicker  way,  however,  is  to  set  off  AFB  on  the 
opposite  side  of  AB  to  AEB  ;  and  then  obtain  the 
moment  at  any  point  by  measuring  right  across.  Thus 
at  K  (Fig.  215) 
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We  have  now  no  base  line,  and  no  guide  as  to  the  sign  of 

the  bending,  but  this  latter 
is  generally  quite  plain 
from  the  original  figure. 

Now  for  the  S.  F. 
7B         We  have  to  add  Figs. 
212  and  213.      We  draw 
then  in  Fig.  216,  Fig.  212, 
dotted,  and  proceed  to  add 
to  it  Fig.  2 1 3. 
Fig-  2I5>  Between  A  and  C  we 

have  in  each  case  +  shear,  so  we  set  off  P9  above  P}  ; 
also    between   B    and   D  v 

both  are  — ,  and  so  we 
set  off  Q2  below  Qr  Be- 
tween C  and  D  we  have 
a  +  and  -  to  add.  So 
Qj  being  -  ,  we  add  to  it 
P2  +  ,  by  setting  P2  up- 
ward, and  P2  being 
greater  than  Qp  the  sum 
is  + ;  this  is  shown  by  Fis-  216. 

the  full  curve  coming  above  AB.      This  curve  is  exactly 
that  on  page  289,  for  the  height  along  CD  is  now  P2  - 

which  is  the  height  given  in  Fig.  200. 

In  the  curve  just  drawn  all  ordinates  are  measured 
from  the  base  line  AB. 
But  we  can  add  the  curves 
of  S.  F.  by  drawing  them 
on  opposite  sides  of  AB, 
^  and  measuring  across  as 

we  did  for  B.  M. 
Fls-  2I7-  We  thus  get  Fig.  217, 

and  the  S.  F.  at  any  point  is  given  by  the  breadth  of  the 
shaded  figure. 


_l_ 

? 

D     v 

C 
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The  second  method  of  adding  has  the  advantage  of 
being  automatic,  but  we  lose  our  base  line,  so  the  curve 
does  not  indicate  the  sign  of  the  shear ;  also  we  can  in 
this  way  add  only  two  results  together,  while  the  first 
method  is  applicable  to  any  number. 

The  common  form  of  error  in  the  application  of 
superposition  is  to  first  find  P  and  Q,  the  total  support- 
ing forces  ;  and  then  to  use  P,  Wp  and  Q  as  one  set  of 
forces,  and  P,  W2,  and  O  as  another  set.  This  is  of 
course  erroneous  ;  because  superposition  requires  us  to 
examine  the  separate  effect  of  each  load,  and  the  effect 
of  Wl  is  not  to  pro- 
duce P  and  Q  but 
only  P-j^  and  Qr  The 
production  of  P  and 
Q  is  a  joint  effect. 

Case  VIII.— We 
will  next  consider  a 
combination  of  dis- 
tributed load  with 
concentrated  load. 
AB  is  fixed  at  A, 
loaded  uniformly,  and 
also  with  a  single 
load  at  B.  Fig.  218 
(a)  shows  the  loading. 
Then  in  (£),  taking 
AC  =  w/2/2,  the  par- 
abola BC  is  the  curve 
of  B.  M.  for  the  dis- 
tributed load  only  ; 
and  in  (<:),  taking 
AD  =  W/,  the  line 
BD  is  the  curve  of  B.  M.  for  W  only. 

They  can  then  be  added,  either  as  in  (£)  by  drawing 
AD'B  representing  ADB  inverted,  and  measuring 
across  the  shaded  area,  or  as  in  (c\  by  keeping  AB  as  a 
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base  and  adding  the  ordinates  of  CB  to  those  of  BD, 
thus  obtaining  the  curve  C'B.  It  is  easy  to  show  by 
actual  construction  that  C'B  is  also  a  parabola,  con- 
structed on  C'C'  as  half  base,  and  its  greatest  height 

from  that  base  being  at 
B  (page  7). 
For  the  S:  F. 
Fig.  219  (cz)  shows 
CB,  the  curve   for  the 
|  (a)    distributed    load ;    and 
(b)  shows  DE,  the  curve 
for  W.      Then    in    (a) 
the     two     curves     are 
added  by  inverting  DE 
as   D'E'  ;  while    in  (b} 
the  ordinates  of  CB  are 
added  to  those  of  DE, 
giving  the  total    curve 
C'E.      The  results  are  identical. 

Innumerable  other  combinations  can  be  made,  but 
enough  has  been  done  to  show  the  application  of  the 
methods  ;  and  other  cases  will  be  left  to  the  student 
to  solve  for  himself,  by  one  of  the  modes  of  the  present 
chapter. 

EXAMPLES. 

1.  A  timber  beam  is  18  feet  between  supports,  and  is  12  ins. 
deep  by  4  ins.   broad.     Draw  curves  of  B.  M.  and  S.  F.  pro- 
duced by  its  own  weight,  giving  numerical  values  at  each  quarter 
span.     Weight  of  the  timber,  48  Ibs.  per  c.  ft. 

Ans.  F=I44,  72,  o,  72,   144  Ibs.  ;    M  =  o,  483,  648,  483,  o 
Ibs. -ft. 

2.  Allowing  a  bending  moment  of  6800  Ibs. -ft.,  how  far  apart 
should  such  beams  be  spaced  when  supporting  a  floor  loaded 
with  40  Ibs.  per  sq.  ft.?  Ans.  3  ft.  9  ins. 

3.  A  balcony  projects  6  ft.,  and  is  supported  by  beams  spaced 
6  feet  apart.     Find  the  bending  moment  at  each  foot  length  when 
the  balcony  is  loaded  with  120  Ibs.  per  sq.  ft. 

Ans.   360,  1440,  3240,  5760,  9000,  12,960  Ibs. -ft. 
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4.  Obtain  the  results  of  questions  5  and  7,  pages  291  and  292, 
by  the  principle  of  superposition. 

5.  An  oak  beam  15  ft.  long,  i  ft.  square,  floats  in  sea -water 
and  is  loaded   at  the   centre  with  a  weight  just  sufficient  to 
immerse  it  wholly.     Draw  the  curves  of  B.  M.  and  S.  F.,  giving 
their  maximum  values.     35  c.  ft.  of  sea- water  weighs  I  ton.     I  c. 
ft.  of  oak  weighs  48  Ibs.  Am.   120  Ibs. ;  450  Ibs.-ft. 

6.  If,  in  question  3,  the  end  of  each  beam  were  supported  by 
a  pillar  which  carried  one-third  of  the  whole  load  on  the  beam ; 
find  the  results. 

Ans.  -  1080,  -  1440,  -  1080,  o,  1800,  4320  Ibs. -ft. 

7.  The  steel  crank-shaft  and  pin  of  a  vertical  engine  is  12  ins. 
diameter,  each  crank  arm  is  14  ins.  by  8  ins.,  the  distance  from 
centre  to  centre  of  bearings  is  50  ins. ,  the  crank  pin  length  being 
15  ins. ,  stroke  4  ft.     The  thrust  of  the  piston  rod  is  45  tons,  and 
may  be  taken  as  applied  to  the  centre  of  the  pin.     Draw  the 
curves  of  B.  M.  and  S.  F. ,  and  give  values  at  the  centre. 

Ans.  There  is  a  continuous  load  due  to  the  shaft  and  pin, 
plus  the  extra  load  of  the  arms.  Take  the  latter  as 
acting  in  the  centre  line  of  each  arm.  Then  distrib- 
uted load  is  380  Ibs.  per  ft.  run,  load  at  centre  100,800 
Ibs.,  extra  load  due  to  each  arm  870  Ibs.,  therefore 
maximum  B.  M.  =  106,800  Ibs. -ft. 

8.  A  bar  of  iron  I  inch  diameter  can  only  withstand  a  moment 
of  .4  tons-inches.     Determine  the  greatest  length  of  bar  which 
can  just  carry  its  own  weight  when  supported  at  the  ends. 

Ans.   141  ft. 

9.  A  piece  of  plate  8  ins.  broad,  2  ft.  long,  is  supported  by 
3  stays,  one  at  the  centre,  and  one  8  ins.  from  the  centre  on  each 
side.     The  plate  is  subject  to  a  pressure  of  130  Ibs.  per  sq.  inch. 
Assuming  that  each  stay  carries  the  same  load  ;  find  the  bending 
moment  at  each  stay,  and  draw  the  curve  of  S.  F. 

Ans.  693!  Ibs.  -ft. 


CHAPTER   XVI 

OPENWORK    BEAMS — WARREN   AND    N    GIRDERS 

THE  beams  which  carry  the  platforms  of  bridges,  etc., 
may  be  solid,  or,  more  generally,  built  up  of  bars  and 
plates  connected  together  by  pins  or  rivets.  They  are 
then  usually  called  Girders,  or,  when  consisting  of  a 
network  of  bars,  Trusses  ;  and  since  the  manner  in 
which  the  B.  M.  and  S.  F.  are  resisted,  and  the  nature 
of  these  actions,  is  shown  more  clearly  in  open  work 
than  in  solid  beams,  we  will  take  them  first  in  order. 
Fig.  220  shows  such  a  girder  in  skeleton.  There 


Fig.  220. 


are  two  horizontal  members,  AB  and  CD,  called  the 
Booms  or  Flanges.  These  booms  are  connected  by 
cross  bars  AC,  CE,  etc.,  called  the  Diagonals,  or  collec- 
tively constituting  the  "Web. 

In  the  figure  the  top  and  bottom  booms  are  parallel, 
and  hence  the  girder  is  called  a  Parallel  Girder ;  in 
many  cases  either  CD  or  AB  may  not  be  straight  and 
parallel,  but  these  cases  we  shall  not  discuss  at  present. 

In  the  figure  also  the  diagonals  do  not  cross  each 
other,  or  we  say  the  web  is  a  simple  triangulation  ;  in 
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many  cases  this  is  not  so  (see  next  chap.),  but  in  the 
present  chapter  we  shall  deal  only  with  such  a  simple 
triangulation.  There  are  two  main  forms  which  the 
simple  parallel  girder  takes,  viz.  the  form  of  Fig.  220, 
the  diagonals  being  inclined  at  60°  to  the  horizontal, 
known  as  the  "Warren  Girder ;  or  the  form  shown  in 
Fig.  221,  with  diagonals  alternately  upright  and  sloping  at 
45°,  known  as  the  Linville  or  N  Girder.  In  this  case 
the  uprights  are  not  usually  called  diagonals  but  verticals  ; 
"diagonals,"  however,  may  be  used  when  we  wish  to 
denote  generally  any  bar  of  the  web. 

Pin  Joints  and  Riveted  Joints. — There  are  two 
distinct   ways  in   which  a  girder  may  be   constructed  : 


Fig.  221. 

First,  the  booms  may  consist  (Fig.  220)  of  separate 
bars — CF,  FH,  etc.,  and  AE,  EG,  etc. — jointed  by  pin 
joints  to  each  other  and  to  the  diagonals,  no  bar  being 
continuous  through  a  joint.  Or — 

Second,  the  booms  may  be  continuous  bars,  or  the 
joints  all  riveted  so  as  to  make  the  structure  practically 
one  continuous  whole. 

For  reasons  explained  fully  in  chap.  xxii.  (page 
437)  we  shall  confine  our  attention  to  the  first  case. 
Our  girder  then  is  supposed  made  up  of  separate  bars 
united  by  pin  joints  ;  the  joints  being  supposed  friction- 
less,  so  that  they  can  offer  no  resistance  to  turning. 

Loads  at  the  Joints. — In  practically  all  cases  the 
loaded  platform  carried  by  the  girder  or  girders  rests 
not  on  the  bars  of  the  girder  but  on  cross  beams,  which 
cross  beams  rest  on  the  boom  or  booms  at  the  joints. 

Thus  Fig.  222  (a)  represents  the  plan  of  a  bridge, 
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this  is  carried  by  a  pair  of  girders  shown  in  plan  by  AB, 
A'B',  one  under  each  side  of  the  bridge.  Then  1  1',  22,' 

33'  represent  in 
plan  the  cross 
beams  which  would 
carry  the  platform; 
these  in  turn  rest- 
ing on  the  joints 
i  ,  2,  3  of  AB,  shown 
in  elevation  in  (<£), 
and  the  corre- 
spending  joints  of 
A'B'. 

The  girder  then, 

as  distinguished  from  the  platform  or  the  bridge  as  a 
whole,  is  loaded,  not  with  a  distributed  load,  but  with 
loads  concentrated  at  the  joints.  The  loaded  joints 
may  be  those  of  the  top  boom,  as  Fig.  222,  or  of 
the  bottom  boom,  or  of  both  ;  also  the  girder  may 
be  supported  at  the  two  ends,  or  as  in  the  case  of  a 
balcony,  fixed  at  one 

tj 


Jfi 


end  only.  We  will 
proceed  to  examine 
some  of  these  cases. 

Warren  Girder 
fixed  to  a  Wall.— 
Taking  a  general  case, 
let  it  be  loaded  as 
shown  at  the  joints  I, 
2,  and  7,  with  the  loads  Wp  W2,  and  W3.  The  joints 
are  denoted  by  numbers,  which  is  found  more  convenient 
than  using  letters. 

We  want  now  to  find  the  stresses  in  the  bars,  and  we 
must  begin  by  finding  for  any  given  bar  what  duty  it 
performs.  The  simplest  way  of  doing  this  is  to  imagine 
the  bar  removed,  and  see  what  effect  would  be  produced. 

Action  of   Booms.  —  Consider  then   the  bar   34. 
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Imagine  it  removed,  then  evidently  (Fig.  224)  the  part 
to  the  right  swings  downward  round  the  joint  8,  i.e.  the 
joint  opposite  to  34. 
It  appears  then  that  » 
the  duty  of  34  is 
to  prevent  rotation 
round  the  joint  8. 
This  it  effects  by  pre- 
venting the  separation  Fig  224< 
of  3  and  4,  which  is 
necessary  if  the  rotation  take  place.  Since,  when  34  is 
removed,  3  and  4  would  separate,  or  the  distance  34 
would  increase,  it  follows  that  when  34  is  in  place  there 
is  a  tendency  to  elongate  34.  Now  we  know  from  chap, 
xiii.  that  such  a  tendency  will  be  resisted  by  the  internal 
stresses  on  the  cross-sections  of  the  bar,  or  that  34  tries 
to  regain  its  original  length  ;  and  in  so  doing  it  exerts 
pulls  on  the  pins  of  the  joints  at  3  and  4,  these  pulls 
being  equal  and  opposite,  and  each  representing  the 
total  stress  on  any  section  (page  262).  Let  us  denote 
this  total  stress  in  34  by  H34,  then  34  pulls  at  each  of 
the  points  3  and  4  with  a  force  H34,  and  this  is  repre- 
sented in  Fig.  223  by  placing  the  arrows  on  the  bar, 
these  arrows  pointing  inward,  and  thus  representing  the 
force  exerted  by  the  bar  on  the  joints.  This  is  a  point 
of  the  first  importance,  and  the  arrows  should  always  be 
put  in  this  manner ;  if  we  wished  for  any  reason  to 
denote  the  forces  acting  on  the  bar,  they  would  be  put  thus 

.<_t 3 — ^..      It  is  advisable  to  put  the  arrow  near 

the  joint  on  which  the  force  it  represents  acts  ;  and  always 
to  put  in  the  pair  of  arrows,  not  one  only  ;  then  the 
action  of  each  bar  is  plain,  e.g.  34  in  Fig.  223  evidently 
pulls  3  to  the  left  and  4  to  the  right. 

Next,  consider  the  effect  of  removing  a  bar  of  the 
bottom  boom,  say  89.  Then  the  right-hand  part  swings 
down  round  4,  the  joint  opposite  to  89. 
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Fig.  225. 


It  appears  then  that  the  function  of  a  bar  in  either 
boom  is  to  resist  rotation  round  the  opposite  joint. 

There  is,  however,  a 
difference  in  the  nature 
of  the  stresses  in  the 
two  cases,  for  whereas 
34  elongated,  •  we  now 
find  that  8  and  9  tend 
to  approach  and  are" 
thrust  apart  by  the  forces 
in  89  ;  hence  the  arrows 
point  outward,  and  Hg9  is  the  resistance  of  89  to  com- 
pression. We  see  then  that  in  this  instance  the  bars 
of  the  top  boom  are  extended,  and  of  the  bottom  boom 
compressed. 

Next,  we  want  to  find  the  magnitudes  of  H34,  Hg9,  etc. 
Take  now  H34,  then  to  find  a  connection  between  it 
and  the  loading,  we  must  consider  the  equilibrium  of 
some  body  on  which  H34  acts.  We  have  (Fig.  223) 
a  choice  of  two  bodies,  one  being  the  piece  8,  3, 
2,  i,  6,  7,  which  H34  pulls  to  the  left,  and  the  other 
the  body  5 ,  4,  8,  9,  i  o,  which  it  pulls  to  the  right.  We 
select  the  first  because  we  know 
more  about  the  forces  acting  on 
it.  Fig.  226  shows  the  piece 
8316  taken  out  separately.  ' 
This  is  now  a  body  in  equilibrium 
under  Wj,  W2,  Wg,  H34,  and 
the  forces  which  act  at  the  joint 
8.  These  latter  we  do  not 
know,  but  we  can  avoid  con- 


7 

| 
^wa 

Flg-  22<5- 


sidering    them    by    taking    moments    about    8. 
gives  us 


This 


Moment  of  H34  about  8  =  moments  of  Wi,  Ws,  and  W3  about  8. 

But  the  quantity  on  the  right-hand  side  is  what  we 
have  defined  as  the  B.   M.   at   8,   and,   moreover,   this 
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holds  not  only  for  our  present  loading,  but  for  any 
number  of  W's.  If,  then,  we  call  the  depth  of  the  girder 
h  (Fig.  226),  we  have 


The  work  above  applies  exactly  to 
any  other  bar  and  the  joint  opposite,  e.g. 
take  23. 

Then  H23  keeps  7261  in  equilibrium, 
and  taking  moments  about  7, 
H23  .  k  =  moments  of  Wi  and  Wa  about  7, 


p;g>  227> 


Or,  taking  the  bottom  boom,  Hg9  keeps  4168  in 
equilibrium,  and  taking 
moments  about  4, 


\w2 


Hence,  then,  we  say  that  in 
all  cases 


where  H  is  the  stress  in  any 
bar,  and  M  is  the  B.  M.  at 
the  opposite  joint.  By  the  opposite  joint  we  mean  this 
one  about  which  rotation  takes  place  if  the  bar  is 
removed,  i.e.  the  apex  of  the  triangle  of  which  the  bar  is 
the  base.  In  order  to  determine  whether  H  be  tension 
or  compression,  we  must  consider  whether  the  bar  keeps 
the  joints  at  its  ends  together,  or  whether  it  thrusts 
them  apart  ;  in  the  first  case  we  have  tension,  in  the 
second  compression. 

Since  we  have  not  in  the  work  used  any  distinctive 
property  of  the  Warren  girder,  the  result  will  also  apply 
to  any  system  of  simple  triangulations  whatever. 

Action  of  Diagonals.  —  Referring  to  Fig.  223,  let 
us  now  suppose  one  of  the  diagonals,  say  48,  removed. 
Then  the  girder  takes  the  form  of  Fig.  229.  Hence  the 
office  of  48  is  to  prevent  the  part  8316  from  falling 
bodily,  keeping  parallel  to  itself.  The  bar  effects  this  by 
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means  of  its  resistance  to  extension,  so  that  48  exerts  on 
the  joints  4,  8  equal  forces,  say  S48,  pulling  the  joints 


Fig.  230. 

together.       This   we  show  in   Fig.    223  by  the  arrows 
(compare  page  313),  and  S48  is  the  tension  in  48. 

For  the  magnitude  of  S48,  consider  the  equilibrium 
of  8316. 

[We  may  here  notice  that,  although  we  suppose  the  girder  to 
distort  in  order  to  see  what  sort  of  action  there  is,  yet  we  must 
not  take  the  distorted  position  to  consider  the  equilibrium,  because 
that  is  not  the  position  in  which  the  forces  hold  the  piece,  but 
they  hold  it  in  its  original  position.  ] 

8316   is    now  in    equilibrium   under  Wj,    W2,  W3, 

H34>   H89>  and  S48' 

We  have  here  six  forces,  but  by  resolving  vertically 
we  can  get  rid  of  the  H's  ;  representing  the  angle  the 
diagonal  makes  with  the  vertical  by  0,  this  gives 


But  Wl  +  W2  +  W3  is  the  S.  F.  for  any  cross-section 
between  4  and  8,  i.e.  for  any  cross-section  cutting  the 
bar  48.  We  have  then 

843  COS  6  =  F48  , 

F4g  meaning  as  just  stated. 

We  will  now  take  a  bar  sloping  in  the  other  direction, 
say  27. 

Then  on  removal,  Fig.  231  shows  the  form  assumed, 
hence  we  see  27  is  in  compression,  and  by  its  resistance 
thrusts  2  and  7  apart.  This  is  shown  by  the  arrows. 
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For  the  magnitude  of  S27  we  have,  by  the  same  method 
as  before, 


0  is  the  same  as  before  for  the  Warren  girder,  but 


Fig.  231. 

it  may  in  some  cases  be  different  for  different  bars  ;  this 
will  not  affect  the  equation. 
We  see  then  that  just  as 


gives  the  stress  in  any  bar  of  the  booms,  so 


gives  the  stress  in  any  diagonal,  noting,  however,  that 
M  is  at  a  point,  while  F  is  the  value  of  the  S.  F.  at  any 
point  of  the  length  covered  by  the  particular  diagonal 
considered. 

[It  is  important  to  note  this  difference,  because  if  we  give  F 
at  a  point  where  a  weight  acts,  there  comes  in  a  difficulty  as  to 
the  weight  at  the  point.  For  example,  what  is  ¥7?  Is  it 
W!  +  W2  or  Wj  +  Wa  +  Wg;  or  is  F2  Wi  +  W2  or  W1  only? 
These  questions  are  not  easily  answered,  but  when  we  write  Far, 
then  that  is  plainly  Wi  +  W2,  because  it  is  for  any  point  between 
2  and  7.  (See  N  girder,  page  326.  )] 

These  two  formulae  give  us  the  numerical  value  of 
the  stress  in  any  bar,  and  for  its  nature  we  study  the 
distortion  as  already  explained. 

We  will  now  show  the  application  of  these  formulae 
to  certain  definite  cases. 

Gas©  I.  —  Warren  girder  supported  at  the  ends, 
loaded  at  any  one  intermediate  joint.  The  figure  shows 
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a  girder  of  5  divisions  in  the  lower  boom,  loaded  at  the 
second  joint  from  the  left. 


Fig.  232. 

Number  the  joints  as  shown,  and  let  the  length  of 
each  division  be  a.      Then 

/     a  s°     #\/3 

h  =  -  -  tan  60  =   -      • 

2  2 

First,  we  find  P  and  Q,  the  supporting  forces. 
Taking  moments  about  A, 

Qx5tf=Wx2rf,     .-.  Q=fW, 
and 


Stress  in  Booms.  —  We  will  commence  with  the 
booms,  and  take  the  bars  in  order  of  the  joints  to  which 
they  are  opposite,  and  we  may  say  in  commencing  that 
much  time  is  saved  in  these  questions  by  working 
systematically.  Then 


H13  .  7;  =  M2=P  •  a, 

H24  •  A  =  M3  =  P  -  ^, 

H35  •  /£  =  M4=P  •  2a. 

Now  we  will  alter  our  procedure,  since  both  P  and 
W  will  lie  on  the  left,  so  we  look  to  the  right.  We  will 
not,  however,  proceed  farther  with  this  mode  of  writing 
down  the  results,  because  it  is  best  done  as  a  part  of  a 
tabular  method  of  calculation,  by  which  greater  speed 
and  accuracy  are  obtained.  Make  out  then  a  table  as 
follows  :  — 
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Joint 

i 

2 

3 

i     ' 

6 

7 

8 

9 

Bar 

O    2 

1  3 

2  4 

35 

4  6 

5  7 

6  8 

7  9 

8  10 

M 

P.- 

Prt 

P3* 

P.2« 

QJS 

Q      2« 

Q'.t? 

Q.« 

Q;« 

2 

2 

2 

2M 

P 

2p 

,p 

4? 

sQ 

4Q 

3Q 

2Q 

Q 

aVi 

V3 

v? 

A/3 

VI 

V3 

V3 

VI 

Vi 

In  the  top  line  we  write  the  joints  in  order,  next  the 
opposite  bars,  and  by  adopting  the  method  of  numbering 
of  Fig.  232,  i.e.  running  along  the  diagonals,  we  can 
quickly  write  down  the  bars,  since  the  three  numbers 


are  in  order  thus 


. 


Next,  write  down  the  values  of  M  ;  and  this  we  can 
quickly  do,  since  they  are  in  arithmetic  progression  from 
each  end,  only  being  careful  to  stop  in  each  case  at  the 
loaded  joint. 

Then  the  last  line  comes  at  once  by  multiplication  by 
2,  and  division  by  a  >/3,  for 

M       M          2 


Then  in  any  practical  case  the  values  of  P  and  Q 
must  be  inserted  and  the  square  root  taken  out,  the 
final  results  should  not  be  left  with  surds  in  them. 

Now,  for  the  nature  of  the  stresses,  we  see  that  if  any 


V 


233- 


top  bar,  say  57,  be  removed,  the  joints  approach  as  Fig. 
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233.  Hence  all  the  top  bars  are  in  compression,  and 
similarly  all  the  bottom  bars  are  in  tension. 

Struts  and  Ties.  —  One  way  of  denoting  the  stress 
in  a  bar  is,  as  we  have  explained,  by  arrows  ;  but  this 
becomes  complex  when  there  are  a  large  number  of  bars, 
and  hence  a  simpler  system  is  adopted,  viz.  by  double 
lining  all  the  bars  in  compression,  as  Fig.  232.  .  Bars  in 
compression  are  also  distinguished  from  those  in  tension 
by  a  distinctive  name,  being  known  as  Struts,  while 
tension  bars  are  called  Ties. 

Stress  in  Diagonals.  —  Examination  shows  that  all 
the  diagonals  leaning  towards  the  weight  are  struts,  and 
those  leaning  away  from  it  ties.  This  we  have  shown 
by  lining  the  struts. 

For  the  magnitudes  of  the  stresses  we  have 


- 

V3 

The  calculation  is  simple,  for  from  o  to  4  F  is  P,  and 
from  4  to  10  F  is  Q  ;  we  could  then  say  all  diagonals 
to  left  of  load  are  stressed  to  2P/  v/3?  and  those  to  the 
right  to  2Q/  x/J. 

It  is  better,  however,  for  a  reason  we  shall  soon  see, 
to  tabulate  them  ;  and  also  we  will  in  the  table  denote 
the  nature  of  the  stress,  which  we  have  not  before  done, 
using  +  for  tension  and  —  for  compression.  We  get  then 
the  following  table  :  — 


Bar 


O.I 

1.3 

2-3 

3-4 

4-5 

5-6 

6.7 

7-8 

8.9 

9.10 

P 

P 

p 

P 

Q 

Q 

Q 

Q 

Q 

Q 

2p 

2P 

2p 

2P 

2Q 

2Q 

20 

2Q 

2Q 

2Q 

v-3 

'Vs 

</3 

*Vjf 

'^3~ 

v3- 

'A/S- 

*7 

hvl 

^3 

Suppose  now  we  consider  the  effect  which  would  be 
produced  by  loading  another  joint,    in   addition   to   4, 
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Then,  for  the  booms,  this  would  produce  compression  in 
the  top  and  tension  in  the  bottom  boom,  whichever 
joint  be  loaded,  and  the  effect  would  be  an  increase  of 
stress  in  all  the  bars  of  the  booms. 

For  the  diagonals,  however,  we  cannot  say  this, 
because  the  effect  of  the  new  load  will  be  to  produce 
tension,  or  to  tend  to  produce  it,  in  some  of  the  bars 
already  in  compression,  and  vice  versd  —  e.g.  let  the  new 
load  be  at  6,  then  it  would  produce  tension  in  56, 
but  there  is  already  compression  in  56,  so  that  we 
do  not  know  whether  the  resultant  effect  will  be  ten- 
sion or  compression,  or  perhaps  even  no  stress  at  all, 
if  the  tension  which  the  load  at  6  would  produce  alone 
should  be  equal  to  the  compression  produced  by  the  load 
at  4. 

We  have  here  been  using  the  principle  of  Super- 
position, and  this  principle  is  well  suited  for  appli- 
cation to  the  case  in  which  a  girder  is  loaded  at 
more  than  one  joint,  because  of  the  ease  with 
which  by  the  tabular  method  the  separate  effects  of 
each  load  can  be  found.  As  an  example  we  will 
consider 

Case  II.  —  A  Warren  girder,  supported  at  the  ends, 
carrying  a  uniformly  loaded  platform.  First,  to  find  the 
load  at  each  joint  (page  312).  Let 

2w  =  load  per  ft.  run  of  platform  in  Ibs. 

Then,  if  as  usual  there  be  two  girders,  each  one  sup- 
ports a  platform  loaded  with  w  Ibs.  per  foot  run. 

Take  now  any  three  consecu- 
tive joints  of  the  boom  on  which  A    H  4  4-  1  g'\  I  \  \  \  \   tf 


e   oa    ress.       n  ts  case  we  j 

take  the  bottom  boom.      Let  A,  ^  V  G 

B,  and  C  (Fig.  234)  represent  in  p.&  ^ 

skeleton  the  joints,  and  A'B'C' 
the  platform  resting  on  the  cross  girders. 

Then  the  piece  of  platform  A'B'  is  supported  at  A'  and  B' 
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and  loaded  uniformly,  so  that  half  of  the  load  on  it  is  carried 
by  B.  Similarly  half  the  load  on  B'C  is  carried  by  B, 

-D     w.A'B'  +  w.B'C'     a/.A'C' 

.'.  Load  on  B=  = , 

2  2 

and  we  see  that  we  have  the  general  principle  that 
the  load  on  any  joint  is  one  half  the  load  on  the  platform 
between  the  two  joints  on  either  side  of  it.  If  the  joint 
be  an  end  joint,  then  of  course  there  is  platform  on  one 
side  only,  and  it  carries  half  the  load  on  the  piece  be- 
tween itself  and  the  next  joint,  e.g.  if  A  be  an  end  joint, 

Load  at  A  =  4te>.A'B'. 

Applying  this  to  our  case,  the  girder  is  loaded  as  in 
Fig.  235,  and  we  must  now  dismiss  all  thought  of  dis- 


Fig.  235. 

tributed  loading  from  our  minds,  because  the  load  on  the 
girder  is  not  a  distributed  but  a  concentrated  one,  i.e. 
concentrated  at  the  several  joints,  not  of  course  at  one 
point  only. 

Loads  at  Points  of  Support. — A  question  must 
now  be  considered  which  often  causes  trouble. 

At  o  and  10  there  are  loads  waJ2,  wa/2.  Now  it  is 
evident  that  no  amount  of  loading  at  o  and  10  can  pro- 
duce any  stress  in  the  bars  of  the  girder,  because  o  and 
I  o  rest  directly  on  the  ground,  and  putting  a  load  on  top 
of  the  joint  simply  squeezes  it  between  the  load  and  the 
ground.  Since  these  loads  produce  no  effect  we  may,  if 
we  please,  neglect  them.  But  if  we  neglect  them  we 
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must  do  so  entirely,  and  treat  the  question  as  if  they  did 
not  exist ;  it  is,  in  fact,  safer  to  draw  a  fresh  figure  as 
Fig.  236. 

The  point  where  mistakes  arise  is  in  finding  the  sup- 
porting forces.  Looking  at  Fig.  236,  these  are  2wat 
2?va.  But  the  total  load  on  the  bridge  is  not  4wa 
but  $wa,  and  hence  the  supporting  force  at  each  end 
must  be  $wa/2  ;  how  then  can  it  be  correct  to  take  iwa  ? 
The  reason  is,  that  although  5ze/<z/2  must  be  the  upward 
pressure  of  the  ground,  yet  there  is  also  the  wa/2  at  o 
and  10,  and  thus  the  resultant  force  at  o  is  2.wa.  It 
does  not  matter,  then,  which  way  we  treat  the  question, 
the  results  will  be  the  same,  but  what  we  must  not 


Fig.  236 

do  is  to  take  ^waJ2  as  the  supporting  force,  and  then 
neglect  the  wa/2.  To  avoid  confusion  5iva/2  may 
be  called  the  Real,  and  2wa  the  Virtual,  supporting 
force. 

The  preceding  work  will  not,  however,  affect  our 
method  of  proceeding,  because  we  are  going  to  treat 
each  load  separately,  and  shall  not  require  the  total 
supporting  force,  but  it  comes  naturally  after  we  con- 
sider loading  at  the  joints,  and  hence  we  have  here  put 
it  in. 

We  will  now  then  take  each  weight  in  turn,  commenc- 
ing, on  the  left,  and  of  course  omitting  the  wa/2,  its  effect 
being  nil.  We  use  the  tabular  method  as  below,  taking 
first  the 
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Booms 

Joint 
Bar 
Load  at  2          (  M 

Load  at  4         (  M 

Load  at  6  -  H 
Load  at  8  -  H 
Total  R  =  ^x 

3  :  — 

i 

. 

3 

4 

5 

6 

7 

8    i    9 

O    2 

1  3 

2  4 

3  5 

4  6 

57          68 

7  9 

8  i 

i\iWafi 
5^f 

^7- 

$jWtf2 

jioa 

5^3 

-g 

15 

^ 

'W«2 

1^)W^2 

wa 

sV; 

•faflvcfl 

yjua 

%f 

gtva 

«£ 

IO7t'<Z 

ts" 

T6wf 

PJ 

•2WC 

s*7 

5^3" 

5^r 

JP? 

5^3- 

5^r 

zwa. 

5^ 

6wa 

s«,. 

tow  a. 
5^3 

^r 

fe 

$j 

37UC 

5^- 

27V/Z 

^a 

^ 

5«'« 

6zf(* 

7W« 

8i<'« 

476V 

5V3 

5^3 

5v/3- 

5^F 

5^3 

5^3 

5^ 

IO 

20 

25 

30 

30 

30 

25 

20 

IO 

The  process  appears  long,  but  is  in  reality  very 
quickly  done,  as  after  the  first  rows  there  is  no  need  to 
put  in  the  wo.2,  wa,  or  5  \/3  when .  working  an  actual 
example.  Also  for  6  and  8  we  do  not  require  M, 
because  6  and  4  being  symmetrically  situated  the  line 
of  H's  for  6  is  simply  4  turned  end  for  end  ;  the 
same  applies  to  8  and  2,  as  can  in  each  case  be  seen 
from  the  table. 
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Diagonals. — We  write  the  table  as  follows  :— 


Bar 

O.I 

1.2 

2-3 

3-4 

4-5      5-6 

6.7 

7.8     j     8.9 

9.10 

I 

/  F  =  w«X 

| 

1 

} 

1 

.    t         t 

i 

i 

£ 

Load  at  2\  <,      ««*  v 

i   o  —       /  —  X 
*         5^3 

-8 

+8 

+  2 

-  2 

2 

—  2 

+  2 

-2 

+  2 

—  2 

(F=w«X 

f 

f 

§ 

f 

i 

1 

1 

1 

f 

£ 

Load  at  4\  ~     .«*» 
(      —     /  — 

-6 

+  6 

-6 

+6 

+4 

-4 

+4 

-4 

+  4 

-4 









Load  at  6     S  =  —  -7=-  x 
5^3 

-4 

+4 

4 

-r4 

~~  4 

+4 

+  6 

-6 

+6. 

-6 

7f'rt 

Load  at  8     S=  —  T=X 

5^3 

—  2 

+  2 

-2 

+  2 

-  2 

+  2 

—  2 

+  2 

+  8 

-S 

1 

Total  S  =  —  :  —  X 
5^3 

-20 

+  20 

-  IO 

+  10 

0 

0 

+  10 

-  10      +20 

-20 

6  and  8  are  again  4  and  2  reversed.  The  sign  of  F  is 
not  put  in,  because  for  the  sign  of  S  we  look  not  to  F 
but  to  the  figure. 

The  case  can  also  be  treated  directly  from  the 
general  formulas,  and  the  student  should  in  this  way 
verify  the  results  we  have  obtained  by  superposition. 

The  N  Girder. — The  general  treatment  is  identical 
with  that  of  the  Warren  type,  but  there  are  one  or  two 
points  which  require  examination.  The  figure  shows  a 


•:~ 


2  4-  6  8  10 

\ 

Fig.  237. 

girder  in  six  divisions,  the  sloping  bars  leaning  away 
from  the  centre,  as  is  always  the  case,  and  inclined,  as  is 
usual,  at  45°.  Then  for  the  diagonals, 
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and  for  the  uprights 


=     seco  = 


Let  now  the  girder  be  loaded  at,  say,  joint  4  of  the 
lower  boom.  Then 

P  =  §W,     Q  =  £W. 

Now  the  question  is,  What  is  S45  ?  45  being  directly 
over  W,  F  there  changes  from  P  to  Q  ;  but  S45  must 
have  a  definite  value,  and  so  we  have  to  inquire  what 
value  of  F  is  there  to  be  taken. 

We  shall  now  have  to  examine  45  from  first 
principles.  Its  duty  is  to  keep  up  the  end  4  of  the  body 


a  H  35 


Fig.  238. 


Fig.  239. 


0134  (Fig.  238).      This  body  is  acted  on  by  P,  W,  H35, 
and  S45.      Resolving  vertically 


.-.  S«=W-P  =  Q. 

So  it   appears   that   F  is   to   be   taken   as  Q,  and  it  is 
tension. 

If,  however,  W  had  been  at  the  top  joint  5,  then  we 
should  have  simply 

845  -P, 

from  the  equilibrium  of  0134,  as  before  (Fig.  239),  and 
S  would  be  compression. 

This  special  examination  must  be  applied  to  all 
vertical  bars,  which  are  directly  under  or  over  loaded 
joints. 

There  is  another  bar  which  requires  special  considera- 
tion, viz.  66'. 
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If  we  remove  66',  then  without  there  be  a  load  at  6', 
no  effect  at  all  is  produced,  for  in  theory  the  bar  57  can 
withstand  either  pull  or  thrust,  even  though  it  be  jointed 
at  6'.  Practically,  however,  we  know  that  a  jointed  bar 
cannot  take  compression,  because  some  slight  accidental 
circumstance  bends  the  joint  a  little,  and  then  the 
strength  is  gone.  This,  then,  is  the  reason  for  fitting 
66',  that  is,  to  keep  57  straight,  and  so  enable  it  to  take 
thrust ;  and  then  5  7  being  straight,  there  can,  from  the 
equilibrium  of  the  joint  at  6',  be  no  stress  in  66'  (see 
page  439).  In  any  case  we  cannot  calculate  what  stress 
is  on  66',  because  it  depends  on  accidental  causes  ;  but 
we  know  it  will,  in  the  absence  of  a  load  at  6',  be  small. 
If  there  be  a  load  at  6'  then  66'  must  wholly  support  it, 
because  the  jointed  bar  57  has  no  sideways  strength 
(see  page  439). 


EXAMPLES. 

. 

i.  A  Warren  girder  9  ft.  long  on  top  projects  from  a  wall, 
the  top  boom  being  in  three  divisions:  A  load  of  two  tons  is 
placed  at  the  end.  Find  the  stresses  in  all  the  bars. 

Ans.  Number  as  in  Fig.  223,  then  the  stresses  are,  in  tons — 


Top  boom 


Bottom  boom 


Diagonals 


12 

23 

34 

Bar. 

1.16 

3-47 

5-77 

Stress. 

56 

67 

78 

Bar. 

Stress. 

•  2.31 

-4  '62 

-6.94 

15          52 

26 

63 

37          74 

Bar. 

-2.31    +2.31 

-2.31 

+  2.31 

-2.31    +2.31 

Stress. 

2.  Obtain  the  above  results  when  either  of  the  other  joints  of 
the  top  boom  is  loaded,  and  hence  deduce  the  result  when  a  dis- 
tributed load  of  |  tons  per  foot  run  is  carried. 
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Ans. 


2  tons  at  2. 


Top  boom 


Bottom  boom 


Diagonals 


12 

23 

34 

Bar. 

0 

1.16 

3-47 

Stress. 

56 

67 

78 

Bar. 

0 

-2.31 

-4.62 

Stress. 

15 

52 

26         63 

37          74 

Bar. 

o 

o 

-2.31    +2.31 

-2.31    +2.31 

Stress. 

2  tons  at  3. 


Top  boom 


Bottom  boom 


Diagonals 


I 

2 

23                        34 

Bar. 

c 

> 

o                      1.16 

Stress. 

5 

6 

67                       78 

Bar. 

c 

> 

o                  -2.31 

Stress. 

15 

52 

26         63          37         74 

Bar. 

0 

o 

o           o       +2.31    +2.31 

Stress. 

The  load  at  I  will  be  only  I  ton,  therefore  halve  the 
first  results  and  add  the  last  two  for  the  distributed 
load. 

3.  A  Linville  girder  in  8  divisions  carries  a  load  of  25  -tons  at 
the  joint  next  on  the  left  to  the  centre  of  the  lower  boom.  Find 
the  stresses  in  all  the  bars. 
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Ans. 


BOOMS. 

WEB. 

Bar. 

Stress. 

Bar. 

Stress. 

Bar. 

Stress. 

Bar. 

Stress. 

i-3 

-15 

O.2 

0    ! 

O.  I 

-15 

1.2 

+  21.2 

3-5 

-30 

2.4 

15 

2-3 

-15 

3-4 

+  21.2 

5-7 

-45 

4.6 

30 

4-5 

-15 

5-6 

+  21.2 

7.8'  J 

6.8 

45 

6.7 

+  10 

7.8 

-I4.I 

8'.  9  i 

4° 

8.10 

30 

8.8' 

O 

8.9 

+  I4-I 

9.11 

-30 

10.12 

20 

9.10 

-  10 

10.  II 

+  I4.I 

11.13 

—  20 

12.14 

10 

II.  12 

-  IO 

12.13 

+  I4-I 

I3-I5 

-  10 

I4.I6 

0 

I3-I4 

-  10 

14-15 

+  I4.I 

15.16 

-  IO 

4.  What  would  be  the  effect  on  the  results  of  the  preceding  if 
the  load  were  placed  at  the  top  joint? 

Ans.  The  stress  in  6.7  would  be  15  tons  tension. 

5.  A  bridge  100  feet  span  is  supported  by  a  pair  of  Warren 
girders  under  the  platform,  which  rests  on  the  joints  of  the  upper 
boom,  which  is  in  12  divisions,  and  also,  by  struts,  on  the  joints 
of  the  lower  boom.     The  bridge  is  loaded  with  i£  tons  per  ft, 
run.     Find  the  stresses  on  the  bars. 

Ans.  23  joints  are  loaded  with  2|f  tons  at  each,  and  each 
end  joint  with  if$  tons.  The  virtual  supporting 
forces  are,  therefore,  30  tons  almost  exactly ;  and  apply 
the  tabular  method. 

NOTE.  — The  truss  described  in  this  chapter  as  an  N  girder  is 
also  known  as  a  Linville,  a  Pratt,  or  a  Whipple- Murphy  girder 
or  truss,  after  various  designers,  who  have  made  small  changes  in 
details  of  construction. 
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LATTICE  GIRDER — TRAVELLING  LOAD — 
COUNTERBRACING 

AT  the  end  of  the  last  chapter  we  saw  that  there  was  in 
the  N  girder  one  bar,  viz.  the  central  upright,  on  which 
the  stress  was  theoretically  zero  ;  but  which  was  never- 
theless practically  necessary,  since  without  it  the  least  jar 
would  destroy  the  structure.  If  we  inquire  further  we 
shall  find  two  more  bars  which  are  in  this  condition,  viz. 
the  end  bars  of  the  lower  boom. 

For  in  theory  the  girder  could  stand  as  Fig.  240,  but 


Fig.  240. 

its  equilibrium  would  be  unstable,  and  the  least  shake 
would  overturn  it. 

Redundant  Bars — Lattice  Girder. — Bars  such 
as  we  have  considered,  not  being  in  strict  theory  neces- 
sary, may  be  called  redundant,  but  in  the  cases  we  have 
so  far  considered  they  are  redundant  only  for  particular 
kinds  of  loading,  e.g.  the  centre  upright  is  not  redundant 
if  there  be  a  load  at  its  top  joint,  and  the  end  bars  of 
the  booms  are  not  redundant  if  there  be  any  force  not 
exactly  vertical.  These  bars,  then,  are  necessary  if  the 
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girder  is  required  to  keep  its  shape  under  all  kinds  of 
loading,  and  hence  the  term  redundant  is  not  applied  to 
them. 

But  now  consider  the  common  type  of  girder  shown 
in  Fig.  241,  and  known  as  the  lattice  or  trellis  girder. 


Fig.  241. 

Here  in  each  space  between  two  uprights,  or  bay,  two 
diagonals  are  fitted,  whereas  one  is  quite  sufficient  to 
prevent  any  change  of  form  except  actual  breaking.  In 
this  case  the  extra  diagonal  is  truly  redundant,  and  the 
structure  is  called  a  redundant  structure. 

These  structures  are  common,  for  reasons  explained 
later  in  the  chapter,  hence  we  will  examine  this  case  to 
see  how  the  stresses  can  be  determined  ;  and  the  method 
pursued  will  be  in  principle  applicable  to  all  cases  of 
redundancy. 

First,  we  shall  find  that  our  former  rules  fail,  for — 

Number  the  joints,  and  suppose  the  girder  be  loaded 
with  W  at  4  (Fig.  241).      Let     , 
P   and    Q    be  the  supporting 
forces.      We  shall  now  find  it 
impossible  to  obtain  the  stress 
in  any  bar  by  considering  the 
equilibrium    of    a   portion    of 
the  girder.      For  example  take 
0132. 

Then    we    have    acting    P 
known,    and  four  forces,  H35, 

H24,   S25  and  S34  unknown.      We  have  drawn  the 
as  shown,   since    it    is   evident    that    all    top    bars 


25 


H's 
are 
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compressed  and  bottom  bars  extended.  The  direction 
of  the  S's  can  also  be  seen  by  imagining  both  34  and  25 
removed,  then  the  girder  distorts  as  Fig.  243,  34  length- 
ening and  25  shortening,  hence  34  is  hi  tension  and  25 
in  compression.  It  is  not  necessary,  however,  to  spend 


Fig.  243. 

time  over  this,  since  if  a  force  be  put  in  the  wrong 
direction  no  harm  will  result,  but  the  answer  obtained 
will  be  negative,  and  then  the  arrow  must  be  reversed. 

Now  we  cannot,  either  by  resolving  or  by  taking 
moments,  obtain  a  definite  result  for  any  of  these  forces. 
For  vertically, 

P  =  834  cos  6  +  S25  cos  6  (i). 

(9  =  inclination  of  bars  to  vertical.) 

Horizontally 

H35  +  S25  sin  0  =  HM  +  S84sin0  (2). 

We  can  take  moments  about  any  point,  either  in  or  out 
of  the  body,  and  the  best  point  to  select  is  the  inter- 
section of  the  S's,  that  is  (fr)  in  Fig.  244,  since  the 
moments  of  the  S's  then  vanish,  and  we  have 


-  +  H24-  =  moment  of  P  about 


(3), 


where  h  =  height  of  girder. 
These  equations  then  give 


=  F  sec  6. 


(from  (I)), 
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Since  F  =  P,  and  it  can  be  easily  seen  that  this  holds 
generally.      For  consider  1760,  then  we  obtain 


and  similarly  if  there  were  any  number  of  loads. 


Next  (2)  gives, 


-H84=  (834-825)  sin  0, 


and  (3) 


This  latter  can  be  shown  also  to  hold  generally  by  con- 
sidering i  760  (Fig.  244). 

These  equations  are  similar  in  form  to  S  =  F  sec  0, 
H^  =  M  ;  but  we  have  two  forces  S,  and  two  forces  H, 
connected  by  one  more  equation  (2),  but  this  is  in- 
sufficient to  determine  them. 

The  solutions  then  are  not  in  themselves  determinate, 
and  we  can  only  get  definite  results  by  obtaining  some 
fresh  relation  between  the  forces  ;  and  this  relation  must 
come  from  practical  considerations,  because  we  have  got 
all  we  can  from  theory. 

We  will  commence  now  to  examine  further,  and  first 
notice  that  taking  the  general  equation 


H  and  H'  being  the  stresses  in  two  corresponding  bars 
of  the  respective  booms,  M  is  taken  about  the  inter- 
section of  the  diagonals.  Now  the  diagonals  would 
always  be  continuous  bars,  often  connected  to  each  other 
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by  riveting,  and  in  rare  instances  by  a  pin  joint.  We 
shall,  however,  treat  them  as  if  they  were  actually  jointed 
at  «,  b,  <r,  etc.  ;  those  at  £,  for  instance,  being  taken  as 
four  separate  bars,  3^,  26,  $&,  4$ ;  and  we  can  now  call 
b  the  joint  opposite  to  24  or  35,  so  M  is  still  the  B.  M. 
at  the  opposite  joint. 

[We  must  notice  that  the  assumption  here  made  is  perfectly 
legitimate,  because  34  being  in  tension  would  be  just  as  strong 
jointed  as  not,  while  although  jointing  25  may  be  supposed  to 
impair  its  power  of  resisting  compression,  yet  this  is  not  so, 
because  3^  and  4^  are  there  to  keep  it  in  a  straight  line,  and  it 
is  then  just  as  strong  jointed  as  solid.] 

We  are  not,  however,  any  nearer  the  determination 
of  the  forces,  although  the  work  can  in  many  cases  be 
simplified  by  treating  a,  bt  etc.,  as  joints,  so  we  must 
examine  farther  still. 

We  shall  have  to  consider  a  question  which  hitherto 
has  been  neglected,  viz.  the  material  of  which  the  girder 
is  composed — and  we  shall  find  that  on  this  depends 
the  question  as  to  the  extra  relation  between  the  forces  ; 
also  we  shall  see  why  these  extra  or  redundant  diagonals, 
or  braces,  are  fitted. 

Consider  the  bay  2345  of  the  girder.  Then  2345 
tends  to  change  shape  from  (<?)  to  (b).  Now  this  change 
of  shape  can  be  resisted  either  by  fitting  a  diagonal  34 


to  take  tension  or  25  to  take  compression,  and  so  far  as 
we  have  seen  at  present  it  is  quite  immaterial  which  we 
fit.  But  now  suppose  the  structure  is  of  wrought -iron 
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or  steel,  and  that  F,  the  shearing  force,  which  causes 
the  distortion,  is  not  very  large ;  then  we  should  at  once 
decide  to  fit  34  and  not  25  ;  because  34  need  be  only  a 
slender  rod,  while  across  25  a  thin  rod  would  be  of  no 
use,  since  a  very  little  compression  would  bend  it  side- 
ways, and  we  should  have  to  increase  its  dimensions 
considerably  to  prevent  this. 

If,  however,  the  stress  were  considerable,  and  the 
bays  short,  so  that  the  transverse  dimensions  of  the 
brace  are  necessarily  large,  while  its  length  is  moderate, 
then  it  would  be  immaterial  which  we  fitted.  In  this 
case  the  brace  is  usually  a  flat  bar. 

Take,  however,  now  the  case  in  which  wood  is  the 
material.  Then  in  the  first  place  the  transverse  dimen- 
sions would  generally  be  considerable,  but  besides  this 
another  question,  viz.  fastenings,  comes  in.  In  this  case, 
not  only  is  there  no  preference  for  fitting  34,  but  there 
is  a  great  objection  to  it  on  account  of  the  great  diffi- 
culty of  making  a  timber  joint  which  can  take  tension  ; 
in  metals  there  is  no  such  difficulty.  We  should  then 
fit  a  brace  across  25,  and  it  would  take  the  compression 
by  its  ends  butting  against  the  joints,  fastening  being 
required  only  to  keep  it  in  place. 

Now  proceed  further  to  consider  what  would  be 
necessary  if  the  girder  were  so  loaded  that  2345  tended 
to  change  shape  to  (c)  and  not  (b\  i.e.  'suppose  the 
shearing  force  to  be  changed  from  +  to  - .  Then  all 
we  have  said  above  must  be  reversed  :  if  wrought-iron  a 
slender  rod  would  be  across  25,  if  wood  a  strut  across 
34- 

Combining  the  preceding  we  now  see  that  if  the 
bridge  or  girder  be  sometimes  loaded  so  that  the  shear 
over  the  division  2345  is  plus,  and  at  other  times  so 
loaded  that  it  is  minus,  then  we  should  fit  either  two 
slender  ties  25  and  34,  or  two  wooden  struts;  and  it 
would  be  better  to  do  this  as  a  rule  than  to  make,  say, 
25,  if  of  wrought-iron,  thick  enough  to  be  able  to  resist 
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the  change  of  shape  in  Fig.  245,  or  if  of  wood  to  attempt 
to  make  a  tension  joint. 

In  the  second  case  of  wrought-iron,  viz.  the  flat  bar 
stay,  one  would  be  sufficient  in  many  cases,  but  even 
here  it  is  usual  to  fit  two  ;  and,  as  before  stated,  in  all 
these  cases  the  braces  are  usually  connected  where  they 
cross  for  the  sake  of  stiffness. 

We  shall  see  at  the  end  of  the  chapter  that  bridges 
are  subjected  to  loads  which  produce  the  change  of  shear 
spoken  of  above,  and  hence  we  see  why  these  redundant 
bars  are  fitted  ;  and  we  shall  now  see  also  that  the  same 
considerations  which  show  us  why  they  are  fitted  also 
assist  us  in  determining  the  stresses  on  them. 

Consider  the  first  case  in  wrought-iron,  then  25  and 
34  are  slender  rods,  practically  useless  against  compres- 
sion ;  hence  when  a  tendency  to  change,  as  Fig.  245  (a), 
comes  on  the  bay,  25,  instead  of  resisting  the  change 
equally  with  34,  gives  way  by  bending,  directly  it  is  in  the 
least  compressed,  and  so  the  whole  work  of  resisting  the 
change  is  practically  thrown  on  34.  Hence,  then,  we 
say  that — 

When  the  braces  are  long  and  slender ',  the  question  is 
to  be  treated  as  if  only  the  one  in  tension  were  fitted. 

Evidently  when  we  consider  the  case  of  wood,  exactly 
the  opposite  is  true,  since  the  fastenings  of  the  ends  of 
34  will  be  loose  enough  to  admit  of -an  extension  of  the 
distance  34,  without  any  stress  being  produced  in  the 
piece  34,  hence  25  does  the  whole  duty,  and  there- 
fore— 

In  wooden  structures,  consider  only  the  brace  in  com- 
pression. 

Next,  consider  the  intermediate  case  of  the  fiat  bar 
braces  ;  then  these  are  equally  capable  of  resisting  ex- 
tension or  compression,  hence  since  34  lengthens  and 
25  shortens  practically  equal  amounts,  we  divide  the 
stress  equally  between  them,  and  hence — 

In  metal  structures,  where  the  braces  are  not  slender 
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compared  'with  their  lengths,  divide  the  stress  equally 
between  the  two. 

This  latter  is  the  most  common  in  parallel  bridge 
girders  —  the  first  case  in  metal  structures  applying 
chiefly  to  roof  trusses  —  so  we  shall  treat  our  parallel 
lattice  girder  in  this  way. 

Before  proceeding,  however,  the  student  should  notice 
that  the  determination  of  the  stresses  depends  on  questions 
of  material,  and  also  of  workmanship  as  regards  fasten- 
ings, etc.,  which  did  not  enter  into  our  original  equations 
at  all.  We  make  certain  suppositions  of  which  we  have 
given  the  three  principal,  but  it  is  easily  seen  that  there 
will  be  many  cases  in  which  intermediate  suppositions 
must  be  made,  e.g.  the  bar  25  may  offer  a  decided 
resistance  to  compression,  but  yet  not  quite  so  much  as 
34  does  to  extension,  then  we  should  make  S25  say  a 
half  of  S34  instead  of  equal  to  it  —  this  necessity  for  con- 
sideration of  other  than  purely  statical  questions  con- 
stitutes the  great  distinction  between  redundant  and 
non-redundant  structures. 

Proceeding  now  with  our  lattice  girder,  we  had  as 
general  equations,  for  the  four  bars  of  any  bay, 

')    =  M  (about  middle  joint  of  bay)  (i), 


'  =  Fsec0  (2), 

(S-S')sin0  =  H-H'  (3), 

S  and  S'  being  the  stresses  in  the  diagonals,  and  H,  H' 
those  in  the  booms.     These  equations  are  simply  those 
of  pages  232  and  233,  written  in  a  more  general  form. 
We  are  now  going  to  assume 


whence  it  at  once  follows  that 

H  =  H'    (from     (3)), 
and  therefore 

h 

2~       ' 
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where  H  is  the  total  stress  in  either  boom  bar,  not  in 
both  (a  common  mistake).     Also 


.-.S  =  -sec0. 

2 


These  then  are  the  general  equations  for  all  cases 
in  which  the  assumption  holds  good,  and  we  will  now 
apply  them. 


Fig.  246, 


The  figure  (Fig.  241)  on  page  331  is  here  reproduced 
(Fig.  246).  0  is  7T/4,  and  let  a  be  the  length  and  height 
of  each  bay.  Then  first 


Now  proceeding, 


Pa          W 


6 

—  Jtl24=-T-» 


=  H46  =  -7-) 


TT  TT  rf 

±179  —  ties  —  --> 
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and  then 


since    the    M's    are    plainly   in    arithmetic    progression, 
whence  so  also  are  the  H's.     For  the  diagonals 


since  F  =  P  anywhere  between  o  and  4  ;  and  for  all  the 
diagonals  to  the  right  of  W, 


, 

We  have  now  the  uprights  left,  and  they  must  be  con- 
sidered separately. 

First  01  ;  this  has  to  keep  up  the  end  of  21,  being 
assisted  in  doing  so  by  31,  and  being  vertical  while  31 
is  horizontal,  01  takes  the  vertical  component  of  S21 
while  31  takes  the  horizonal  component, 


and  0  being  7r/4  this  will  also  be  the  value  of  H31,  which 
we  have  already  found  is  so. 

Next  23  keeps  up  the  ends  of  03  and  34,  but  03 
pushes  3  up  as  much  as  34  pulls  it  down,  since  S03  =  S34, 
hence  there  is  no  total  effect,  and  S23  =  o,  so  that  23  is 
for  this  loading  not  needed  (compare  66',  page  327). 

Reasoning  in  the  same  way  we  find 

Sez^Sgg^1  8910  =  0, 
and 

c  a      W 

312.13  =  »10.13  COS  &  =  -£' 

We  have  left  now  45  directly  over  W.  This  keeps 
down  the  joint  5,  which  is  pushed  up  by  65  and  also 
by  25  )  35  and  57  being  horizontal  can  neither  push  up 
nor  down.  Hence 
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S«=S«$  cos  0  +  825  cos  0, 

w   ww 


and  it  pulls  5  down,  so  it  is  in  tension. 

[This  we  should  have  expected,  since  at  4  it  helps  to  support 
W,  but  it  does  not  from  that  necessarily  follow  that  it  is  in 
tension,  and  we  must  in  all  cases  make  sure  by  actual  cal- 
culation. ] 

We  have  now  found  all  the  stresses  due  to  a  load  at 
one  joint,  and  by  the  same  method  we  can  obtain  them 
when  any  other  joint  or  number  of  joints  are  loaded. 

Bridge  Girder  Loads  —  Permanent  and  Travel- 
ling. —  We  have  shown  that  the  reason  why  it  was 
necessary  to  have  two  diagonals  in  one  bay  was  to 
enable  the  bay  to  withstand  either  +  or  -  shear.  This 
process  of  doubling  the  diagonal  is  called  Counterbrac- 
ing,  and  we  are  now  about  to  inquire  how  it  is  that  the 
shear  on  some  bays  is  sometimes  +  ,  and  at  other  times 
-  ,  and  so  renders  counterbracing  necessary.  For  this 
purpose  we  must  consider  what  loads  a  bridge  has  to 
bear. 

The  first,  and  in  long  spans  most  important,  load,  is 
the  weight  of  the  bridge  itself,  and  of  the  platforms, 
rails,  etc.,  which  it  carries.  This  load  is  always  on  the 
bridge,  and  is  hence  called  the  Permanent  or  Dead 
Load. 

Secondly,  there  are  the  loads  due  to  the  passage  of 
bodies  across  the  bridge.  These  loads,  being  continually 
coming  on  and  going  off  again,  are  called  Live  Loads 
or  Travelling  Loads. 

The  permanent  load  will  be  in  all  cases  a  distributed 
load,  and  for  parallel  girders  may  be  taken  as  uniformly 
distributed.  It  is  then  equivalent  to  a  set  of  equal  loads 
applied  at  the  joints  of  whichever  boom  the  platform 
rests  on.  We  can  then  in  a  girder  so  place  the  diag- 
onals that  under  the  permanent  load  they  shall  be  all 
in  tension. 
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Fig.  247  shows  the  proper  arrangement ;  each  joint  is 
loaded  with  W,  say,  and  there  is  one  diagonal  in  each 
bay,  which  we  can  easily  see  is  in  tension,  for — 

There  is  symmetry,  and  S6(r  =  o  (page  326);  there- 
fore 56  and  67  are  in  tension,  since  they  support  W. 

Then  it  follows  that  45   and  78  are  in  compression, 


W 


W 


W 


W 


Fig.  247- 

since  they  hold  up  the  ends  of  56  and  67  respectively  ; 
and  hence  43  and  89  are  in  tension,  and  so  on. 

[We  see  here  that  although  the  diagonals  are  in  tension,  yet 
the  uprights  are  in  compression,  and  it  may  be  asked,  What  is 
the  gain  ?  It  is  this  :  that  the  uprights  are  shorter  than  the 
diagonals — in  some  cases  considerably  so — and  are  hence  better 
suited  to  withstand  compression,  since  they  bend  less.  As  a 
general  principle  we  try  to  keep  short  bars  in  compression  and 
long  bars  in  tension.] 

Effect  of  Travelling  Load. — We  now  consider  the 
effect  produced  when  a  load,  such  as  a  locomotive, 


j-w' 

Fig.  248. 

crosses  the  bridge.  Let  the  weight  of  the  locomotive  be 
W,  and  we  will  treat  it  as  a  concentrated  load,  examin- 
ing its  effect  as  it  reaches  each  joint  in  order.  Suppose 
it  to  come  on  from  the -left.  Then  (Fig.  247)  we  have, 
before  it  comes  on, 
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S3  4  =  S8  9    =  f  W  sec  e  \  all  tension. 
J 


Let  W  come  to  2.      Then  'due  to  W  (Fig.  248), 

Si.a  =  f  W  sec  0  tension, 
Sio.ii  =  S8.9  =  S67  =  £  W  sec  0  tension. 
But 

856=834  =  3-  W  sec  0  compression, 

because  they  slope  the  wrong  way  for  tension  (see.  Fig. 
237,  page  325). 

Now  34  had  originally  -|  W  sec  0  tension,  and  hence  if 

iW>|W, 

the  total  effect  when  W  is  at  2  is  that  34  is  in  compres- 
sion, and 

$34  =  (|  W  -  f  W)  compression. 

Therefore  56  is  also  in  compression,  for 

856  =  (3-  W  -  ^  W)  sec  0  compression, 

and  if  £  W  -  f  W  is  plus,  much  more  will  £  W  -  A  W 
be  plus. 

But  56  will  be  in  compression  if  -^  W  be  not  greater 
than  %  W,  so  long  as  it  is  greater  than  \  W.      If  then 

4W>*W, 

and  we  do  not  desire  the  braces  to  take  compression, 
we  must  counterbrace  both  bays,  2354  and  4$6'6.  If, 
however, 

W, 


we  need,  so  far  as  we  can  see  at  present,  only  counter- 
brace  456'6. 

The  effect  of  W  at  2  on  the  bars  1.2,  6.7,  8.9,  and 
i  o.  1  1  is  to  increase  the  tension  in  them  ;  but  this  does 
not,  for  our  present  purpose,  concern  us,  because  we  coun- 
terbrace not  to  decrease  tension,  but  to  prevent  com- 
pression. Suppose  finally  that 

|W'<i  W, 
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then  the  stresses  in  23  and  56  are  reduced  to 


but  they  remain  tensions,  and  thus  so  far  no  counter- 
bracing  at  all  would  be  required. 

Next,  let  W  move  to  4.     Then  due  to  W  at  4. 


Fig.  249. 

Sis  =  834  =  |  W  sec  6  tension, 
Sio.ii  =  S8.9  =  Se?  =  i  W  sec  0  tension. 

And  we  have  only  56  with  compression  due  to  W,  its 
amount  being 

The  total  stress  then  in  56  is,  total, 

Sg6=  (£  W  -  fc  W)  sec  0  tension, 
or 

(i  W'  -  \  W)  sec  0  compression, 

these  of  course  being  identical.      If  then 


there  would  be  compression  in  56,  and  we  should 
counterbrace.  All  the  other  bars  are  in  tension,  so  only 
this  one  bay  needs  counterbracing.  If 

i  w'<-JW, 

no  counterbracing  at  all  is  required. 

Next,  let  W  come  to  6. 

Then  the  only  effect  is  to  increase  the  tension  in  all 
the  diagonals,  hence  no  counterbracing  is  required  for 
this  position  of  the  travelling  load. 
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We  have  now  traced  the  load  half-way  across,  and 
we  will  summarise  our  results  as  follows  : — 

When  W'  is  at  2  it  produces  compression  in  34,  but 
not  when  at  4  or  6.  When  W  is  at  2  or  4  it  produces 
compression  in  56,  but  its  effect  is  greatest  when  it  is  at 
4  directly  under  the  end  of  56,  being  then  i  W  sec  0 
against  ~  W  sec  9  when  at  2. 

The  question  whether  34  requires  a  counterbrace  is 
then  settled  when  W'  is  at  2,  while  for  56  it  may  be 
settled  at  2  but  must  be  settled  at  4.  If 

&W>fW,     orW>9\V, 

doth  34  and  56  require  counterbraces  ;  while  if 
i  W>£  W,  or  W>f  W  but  <9  W, 

only  56  needs  it. 

We  need  not  now  go  through  the  work  while  W 
travels  from  6  to  12,  because  of  the  symmetry.  We 
shall  have  the  counterbracing  of  67  settled  when  W  is 
at  8,  and  it  will  be  necessary  if  W>f  W  ;  while  for  89 
it  is  settled  when  W  is  at  10,  and  is  necessary  only  if 
W'>9W. 

In  no  circumstances  can  12  and  10.11  require 
counterbraces  (though  practically  they  would  be  fitted  in 
most  cases),  while  if  56  and  67  do  not  require  counter- 
bracing,  much  less  will  34  and  89.  . 

We  can  now  then  give  a  general  method  of  proceed- 
ing for  any  number  of  bays  based  on  what  we  have  just 
seen,  as  follows  :  Commence  at  the  centre  bays,  because 
if  they  do  not  need  counterbraces,  the  outer  ones  will 
not  clo  so.  To  decide  whether  the  first  bay  from  the 
centre  needs  the  extra  brace,  consider  the  stress  when 
the  travelling  load  is  at  the  outside  extremity  of  that  bay 
(from  the  centre  outward),  because  it  then  produces  its 
greatest  compressive  effect  on  that  diagonal.  If  the  first 
bay  require  counterbracing,  go  on  to  the  second,  taking 
the  load  at  its  extremity ;  and  so  on  till  a  bay  is  found 
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which  needs  no  counterbrace  ;  and  we  can  then  be  sure 
that  none  of  the  outer  bays  will  need  it  either. 

The  foregoing  of  course  only  applies  to  the  case  in 
which  all  the  W's  are  equal,  and  the  original  bracing  as 
in  Fig.  248  ;  for  other  cases  the  work  should  be  gone 
through  as  we  did  in  the  first  instance. 

The  effect  of  the  passage  of  a  long  distributed  load, 
as  a  train,  is  rather  more  complex,  and  we  must  refer  for 
it  to  the  larger  treatise. 


EXAMPLES. 

1.  A  lattice  girder  20  feet  span,  3  feet  deep,  in  four  divisions, 
is  loaded  at  the  top  of  the  left  hand  quarter  span  with  5  tons, 
and  supported  at  the  ends  of  the  bottom  boom.     The  braces  are 
stout  flat  bars.     Find  the  stresses  in  the  bars. 

Ans.  Counting  from  the  left  —  uprights,  -  1  |,  -  2^,  o,  o,  -  -| 
tons;  diagonals,  ±  3.64,  i  1.2  1,  db  1.2  1,  ±  i.  21  ;  top 
boom,  3.12,  5.21,  3.12,  1.04  compression;  bottom 
boom,  same  as  top,  but  tension. 

2.  How  would  the  preceding  results  be  modified  if  the  braces 
were  slighter,  so  that  Ihe  compression  brace  only  took  half  as 
much  load  as  the  tension  brace  ? 

Ans.  Uprights,  -  2\,  -  3^,  o,  o,  -  f  ;  diagonals,  +4.84,  +  1.61, 
+  i.6i,  +  i.6i,  -2.42,  -.81,  -.81,  -.81  ;  'top  boom, 
-  4*,  -  5f  ,  ~  3K>  ~  ITS  ;  bottom  boom,  +  2TV,  +  4H, 


3.  Find  the  stresses  produced  when  a  bridge  platform,  which 
rests  on  the  bottom  booms  of  two  girders,  similar  to  that  of  (i), 
is  loaded  with  J  ton  per  foot  run. 

Ans.  Taking  the  bars  in  the  same  order  as  (i),  -yf,  +  •§,  o, 
+  f,-if;  ±i.82,±i.2i,±i.2i,±i.82;  1.56,3.66, 
3.66,  1.56  compression,  and  the  same  tension  for 
bottom  boom. 

4.  Find  the  greatest  stress  in  each  bar  of  the  bridge  of  ques- 
tion (3)  when  a  travelling  load  of  10  tons  crosses  it. 

Ans.  -2if,  +  3|,±|,  +  3^-2^f;  ±5.46^6.1,  ±6.1,  ±5.46  ; 
qp  5  .2,  :p  1  1.  5,  rp  1  1.  5,  qp  5.  2.  for  top  and  bottom  booms 
respectively  as  before. 
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5.  What  would  be  the  effect  on  the  results  of  the  preceding 
questions,  if  the  trusses  were  made  4  feet  deep  instead  of  3  ft.  ? 

Ans.  The  stresses  in  the  bars  of  the  boom  would  be  f  of  those 
found  before.  In  the  diagonals  the  stresses  would  be 
reduced  in  the  ratio  of  59  :  64  nearly. 

6.  An  N  girder  in  10  divisions  is  loaded  with  i  ton  at  each 
joint.     A  load  of  16  tons  travels  along  it.     Find  which  bays  will 
require  a  counterbrace.  Ans.  The  middle  six. 

7.  In  the  preceding  find  the  stresses  in  all  the  bars,  assuming 
the  counterbraces  equally  efficient  against  tension  and  compres- 
sion when  the  load  is  at  the  centre. 


CHAPTER   XVIII 


BENDING    OF    SOLID    BEAMS 

WE  have  seen  that  in  a  girder  the  bending  is  resisted  by 
the  booms,  and  the  shearing  by  the  diagonals,  and  this 
justifies  our  original  separation  of  the  effect  of  a  load 
into  these  two  actions,  since  they  are  resisted  by  distinct 
pieces,  and  H  is  independent  of  F  while  S  is  independ- 
ent of  M. 

We  can  from  the  preceding  obtain  a  preliminary  idea 
of  how  one  kind  at  least  of  solid  beam  resists  bending, 


Fig.  250. 

for — the  above  conclusions  are  true,  no  matter  how  long 
or  short  the  bays  may  be  ;  thus  they  are  equally  true  for 
girders  either  as  (a)  or  (b\  Fig.  250.  And  they  would 
still  hold  even  if  we  reduced  the  lengths  of  the  bays  so 
much  that  the  uprights  and  diagonals  actually  came  into 
contact  with  each  other.  This  being  so,  we  have  only 
now  to  change  simple  contact  into  connection  to  obtain 
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a  continuous  solid  beam  consisting  of  two  booms  or 
flanges,  united  by  a  solid  sheet  of  metal  called  the  web, 
as  Fig.  251. 

If  then  we  assume  that  the  connection  of  the  bars 
into  a  solid  does  not 
materially  alter  the  dis- 
tribution of  the  forces, 
we  get  as  a  first  idea  of 
the  resistance  of  such  a 
solid  beam  to  transverse 
loads,  that  the  flanges 
resist  the  bending,  the 
stress  in  either  being  H, 
given  by 


where  M  now  will  be  the  moment  at  the  section  at  which 
we  wish  to  find  the  value  of  H.  Since  the  boom  is  now 
supposed  to  be  made  up  of  an  indefinitely  large  number 
of  short  rods,  for  each  of  which  the  value  of  H  is  dif- 
ferent, there  will  be  a  continuous  variation  of  H  from 
point  to  point,  and  the  opposite  joint  is  now  in  the 
same  plane  as  its  indefinitely  short  bar,  hence  M  is 
taken  at  the  section  as  above  stated. 

In  a  girder  as  Fig.  251  the  top  flange  would  be  com- 
pressed and  the  bottom  extended  ;  and  at  any  given 
section  KK  we  should  have  the  forces  H,  H,  and  H,  H 
as  drawn.  These  forces  we  represent  by  arrows  drawn 
in  the  opposite  directions  to  those  we  used  in  the  frame- 
work girders,  because  there  we  put  the  arrows  on  the 
bar  and  they  represented  the  action  of  the  bar  on  the 
rest  of  the  structure  ;  here  the  bar  is  indefinitely  short, 
and  we  cannot  put  arrows  on  it,  so  we  put  them  as 
shown  ;  hence  they  represent  actions  exerted  on  the  bar 
at  K,  or  since  this  is  simply  a  point,  they  represent  the 
mutual  actions  of  the  two  parts  of  the  flange  on  each 
other  (compare  chap.  xvi.  page  3  1  3).  We  then  have 
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H  being  the  total  stress  at  K  in  either  flange,  so  that  if 

At  ~  sectional  area  of  top  flange, 
Aj—       ,,  ,,       bottom  flange. 

Intensity  of  stress  is,  on  top  flange,  H/Af  ;  on  bottom 
flange,  H/A6.  Then,  by  our  assumption,  the  shear  FK  is 
distributed  over  the  sectional  area  of  the  web  only,  and 
hence,  assuming  it  to  be  uniformly  distributed, 

Intensity  of  shear  in  web  =  -r—  , 

•&w 

where  Aw  =  sectional  area  of  web. 

The  assumptions  here  made  give  results  for  a 
beam  of  I  section,  useful  for  rough  calculation  ;  but 
we  can  see  at  once  that  they  will  not  be  even  ap- 
proximate for  all  beams.  For  example,  some  beams 
have  no  flanges  at  all,  yet  we  know  they  can  resist  bend- 
ing, while  the  preceding  formula  would  give  them  no 
resistance  to  bending.  We  must  then  proceed  to  a 
closer  investigation  for  solid  beams,  and  as  usual  we  will 
consider  one  action  only  at  a  time.  We  will  commence 
then  with  bending,  and  investigate  the  stresses  produced 
in  a  solid  beam  when  subjected  to  bending  only,  or 

Pure  Bending.  —  If  a  beam  be  subject  to  pure  bend- 
ing, the  shear  at  every  point  must  be  zero,  and  we  must 
first  then  see  what  kind  of  loading  is  necessary  to  pro- 
duce this  result. 

Take  now   a    beam    \w  \w 

CD  (Fig.  252),  loaded    T  K  B          Y 

at  C  and  D  with  equal  c 
loads  W,  and  supported 
symmetrically  at  A  and 
B.      Then  the  support- 
ing forces  at  A  and  B  will  be  each  W. 

Taking  now  any  point  K  between  A  and  B  we  have 

FK  =  W-W  =  o, 
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so  the  part  AB  is  everywhere  free  from  shear.      Also 

MK  =  W.  CK-W.  AK, 
=  W.  AC. 

So  that  not  only  is  there  pure  bending  but  also  constant 
bending  all  along  the  part  AB. 

But  to  produce  the  above  effect  it  was  not  necessary  to 

consider  equal  loads  at 

k  K  XC  and  D,  for  let  them  be 

*         A          If          B  *        W,  and  W2  (Fig.  253). 

C        i  i  'O  Now  find  A  and  B 

\Wj  \W2  such  that  the  support- 

ing forces  shall  be  Wl 

at  A,    W2   at   B.      To 

satisfy  this  condition  we    must   have,    taking  moments 
about  C, 


.-.  W1.  AC  =  W2.  BD. 

And  this  is  the  only  condition  necessary.  We  shall  then 
have  for  all  points  in  AB  as  K  — 

FK=o 
and 

MK  =  W1AC,  or  W2.  BD, 

so  there  is  pure  and  constant  bending  all  along  the  part 
AB. 

We  can  now  see  that  in  order  to  have  F  =  o  over  any 
part  of  a  beam,  it  is  necessary  that  the  forces  outside 
each  end  of  the  part  should  reduce  to  two  equal  and 
opposite  couples,  one  at  each  end  ;  as  Wl  .  AC  and 
W2  .  BD  ;  and  we  shall  then  have  as  a  necessary  con- 
dition that  M  will  be  constant  along  the  part. 

We  have  so  far  called  AB  a  part  of  a  beam,  but  we 
can  if  we  please  speak  of  AB  as  a  beam,  and  consider 
the  pieces  CA,  BD  as  outside  bodies  acting  on  it.  If 
now  we  consider  sections  taken  at  A  and  B,  then  CA 
is  in  equilibrium  under  the  couple  Wl  .  AC,  and  the 
action  on  its  end  of  the  end  of  AB.  Hence  the  action 


Fig.  254. 
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of  AB  on  the  end  of  CA  must  reduce  to  a  couple  equal 
to  W1 .  AC,  and  therefore  the  action  of  AC  on  the  end 
of  AB  must  reduce  to  a  couple  Wl .  AC,  since  the  action 
between  the  ends  of  CA  and  AB  is  mutual  (see  page 
262).  Similarly  the  action  of  BD  on  the  end  B  of  AB  is 
a  couple  W2 .  BD,  and  hence  the  beam  AB  is  in  equi- 
librium under  the  action  of  equal  and  opposite  couples 
applied  to  its  ends,  which  were  present  as  in  Fig.  254. 

And  we  say  finally  that — 
To  produce  pure  or  simple 
bending,  a  beam  imist  be  acted 
on  by  equal  and  opposite  mo- 
ments applied  to  its  ends. 

Bending  in  a  Circular  Arc — Neutral  Axis.— 
When  a  beam  is  under  pure  bending,  M  is  everywhere 
the  same,  and  since  it  is  M  which  produces  the  bending, 
evidently  any  one  point  will  be  bent  just  as  much  as  any 
other.  But  the  only  curve  which  is  equally  curved 
at  all  points  is  an  arc  of  a  circle  ;  hence  we  conclude 
that  the  originally  straight  beam  bends  into  a  circular 
arc. 

Next,  What  stresses  will  this  bending  produce  ?  To 
answer  this  question  it  is  not  sufficient  to  consider  what 
happens  to  the  beam  as  a  whole,  but  we  must  examine 
the  changes  which  take  place  in  the  small  parts  of  which 
it  is  made  up.  Also  we  can  only  find  an  answer  in  the 
first  instance  for  one  particular  kind  of  cross-section,  or 


Fig.  255. 


at  least  for  cross-sections  possessing  a  certain  property, 
viz.   symmetry  about  an  axis   in  the  plane  of  bending, 
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thus  for  beams  bent  in  a  vertical  plane  the  sections  must 
be  such  as  (a)  (b}  or  (c\  but  not  (d)  or  (e)  (Fig.  255). 

Again,  we  cannot  by  considering  the  forces  applied  to 
the  beam  find  the  stresses  on  any  section  or  the  changes 
of  shape  of  any  small  portion  of  the  beam,  simply  by  the 
use  of  the  laws  of  Statics  and  H coke's  Law,  since 


(a) 


y 

Fig.  256. 

even  if  we  could  obtain  equations  they  would  be  un- 
solvable.  We  are  then  obliged  to  proceed  in  the  reverse 
way  as  follows  : — 

We  assume  a  certain  change  of  shape  to  occur — 
what  kind  to  assume  practical  observation  tells  us — then 
we  find  the  stresses  which  must  accompany  such  change 
of  shape,  and  finally  we  examine  if  these  stresses  and 
the  external  forces  balance  as  they  should  do  to  satisfy 
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the  laws  of  Statics.  If  the  result  is  satisfactory  accord- 
ing to  the  last  test,  then  we  accept  it  as  the  true  result ; 
for  in  all  these  problems  we  know  that  there  can  be 
only  one  result,  i.e.  a  certain  beam  loaded  in  a  certain 
way  will  always  bend  into  exactly  the  same  shape  ; 
hence  a  result  which  satisfies  the  above  condition  must 
be  the  result. 

ABCD  (Fig.  256)  shows  a  side  view  and  (b)  a  cross- 
section,  this  being  taken  to  be  uniform  all  along  the 
beam. 

Now  imagine  the  beam  divided  up  before  bending  into 
thin  longitudinal  layers  as  in  (a),  PP  being  one  and  RR 
in  (b)  showing  the  cross-section  of  PP.  Then,  when  the 
beam  is  bent  from  (a)  to  (c)  by  the  application  of  the 
couples  M  to  its  ends,  all  the  layers  will  bend  also. 

Now  first  we  can  see  at  once  that  they  all  have  a 
common  centre  after  bending,  viz.  O,  for  otherwise  instead 
of  fitting  one  another  as  they  actually  do  they  would  lie 
as  Fig.  257. 

Next  we  assume,  that  a  plane  cross-section  such  as 
KK  in  (a)  remains  also  plane  after  the 
bending  in  (c).     We  could  in  a  way  prove 
this  as  follows  : — 

Taking  LL  the  central  section  this 
undoubtedly  remains  plane,  since  there 
can  be  no  reason  tending  to  bend  it  one 
way  more  than  the  other.  But  the  B.  M. 
being  constant  all  along,  the  stress  will  be 
distributed  in  the  same  way  on  all  parallel 
sections  (compare  page  264),  and  hence, 
since  this  distribution  of  stress  on  LL  leaves  LL  plane, 
it  will  also  leave  the  other  cross-sections  plane. 

This  proof,  however,  contains  assumptions,  and  hence 
it  is  better  on  the  whole  to  make  the  original  assumption 
at  once,  and  suppose  that,  as  in  (c}  AB,  KK,  LL,  CD, 
all  remain  plane,  and  consequently  all  pass  through  O. 

We  require  now  one  more  datum  before  we  can  pro- 
2  A 
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ceed  to  determine  the  distribution  of  the  stress,  which 
we  can  obtain  either  by  theoretical  reason  or  actual  ex- 
periment. First,  by  reasoning — 

There  is  no  resultant  longitudinal  force  acting  on  the 
beam,  and  hence  as  a  whole  it  can  neither  be  lengthened 
nor  shortened.  The  layer  AA  is  longer  than  BB  in  (<;), 
and  all  the  layers  differ  in  length,  but  their  mean  length 
must  be  unaltered  ;  or  there  will  be  some  layer  towards 
the  centre  of  the  beam  as  SS,  whose  length  will  be 
unaltered,  this  being  the  layer  whose  length  is  the  mean 
of  all. 

By  actual  experiment  also  it  is  found  that  during 
bending  AA  extends  while  BB  shortens,  and  hence,  as 
before,  some  layer  SS  neither  shortens  nor  extends. 

This  layer  is  of  the  greatest  importance  in  the  theory 
of  bending,  and  it  is  called  the  Neutral  Surface  (its 
thickness  being  very  small,  it  is  of  course  only  a  surface). 
The  Neutral  Surface  is  shown  in  Fig.  256  by  its  two 
sections  SS  and  NN  ;  NN  being  its  transverse  section 
by  any  plane  KK,  and  NN  is  called  the  Neutral  Axis 
of  the  section. 

[Note  carefully,  the  beam  has  a  neutral  surface  but  not  a 
neutral  axis  ;  often  SS  is  taken  as  the  neutral  axis,  being  con- 
fused with  the  ordinary  meaning  of  axis  as  a  longitudinal  line, 
but  it  is  the  section  which  has  a  neutral  axis  NN  and  not  the 
beam  at  all.] 

Distribution  of  Stress.  —  Let  now  R  =  radius  of 
neutral  surface.  Take  a  slice  PP,  cross -section  RR, 
distant  y  from  the  neutral  axis. 

Then  PP  was  before  bending  (a)  the  same  length  as 
SS,  but  it  is  now  longer  than  SS,  and  hence  there  must 
be  a  tension  in  PP. 

To  find  its  amount  we  have 

Extension  of  PP  =  PP  -  SS, 

PP  _  QQ 

.-.   Strain  of  PP=  • 

OO 
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But 


_. 

R 

.  *.   the  strain  e=  —       —  j 
i 

-L 
R 

If  now  PP  were  a  simple  thin  plate  not  connected  to 
the  other  layers,  the  stress  produced  would  be  given  us 
by  Hooke's  Law,  and  we  assume  that  this  is  the  case, 
i.e.  the  stretching  of  each  layer  is  assumed  to  be  inde- 
pendent of  its  connection  with  the  other  layers. 

Let  then  p  be  the  tension  in  PP,  then 


Had  we  taken  PP  below  the  neutral  surface  we  should 
have  had  compression  produced,  and  if  we  take  E  to 
have  the  same  value  in  compression  as  in  tension,  which 
is  practically  true,  then  the  one  formula 


gives  the  stress  at  any  point,  y  being  taken  negative  for 
layers  below  the  neutral  axis,  and  the  accompanying 
negative  value  for  p  indicating  compression.  We  have 
now  then  obtained  our  first  important  result,  regarding 
which  we  express  in  words  thus  :  — 

The  stress  at  any  point  of  the  transverse  section  of  a 
bent  beam  varies  as  the  distance  of  the  point  from  the 
neutral  axis  of  the  section. 

Here  for  stress  along  the  layer  we  put  the  correct 
expression,  i.e.  stress  at  any  point  of  a  transverse  section 
of  the  layer. 

The  distribution  of  stress  we  have  found  applies 
to  all  transverse  sections,  and  therefore  to  the  ends  ; 
and  consequently  it  follows  that  for  our  work  to  hold 
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true  everywhere,  the  moment  M  should  be  applied  to 
the  ends  of  the  beam,  by  forces  applied  all  over  the 
ends  varying  as  their  distances  from  the  neutral  axis. 
Actually  of  course  the  moments  are  not  so  applied,  being 
originally  derived  from  pressures  of  weights  and  supports, 
hence  very  near  the  ends  our  equations  do  not  hold  ; 
but  the  lateral  connection  of  the  layers  causes  the  dis- 
tribution of  stress  rapidly  to  adjust  itself  to  the  kind  we 
have  found  (compare  page  264). 

Position  of  Neutral  Axis. — We  have  found  an 
equation  for  p  at  any  point,  but  it  depends  on  the 
position  of  the  point  relative  to  the  neutral  axis,  and  at 
present  we  do  not  know  where  the  neutral  axis  of  any 


given  section  is  —  all  we  know  about  it  is  one  of  its 
properties  :  we  proceed  then  to  determine  its  position. 

Referring  to  Fig.  256  (c\  the  section  KK  divides  the 
beam  into  two  parts  ;  we  will  now  consider  the  equilibrium 
of  one  of  these,  say  KCDK  (Fig.  258). 

KCDK  is  acted  on  by  M  at  CD,  and  the  stresses 
over  the  section  at  KK. 

Resolve  now  at  right  angles  to  KK.      Then 

Resultant  stress  on  KK  =  resultant  force  on  CD, 


since  a  couple  has  no  resultant. 

Take  now  a  small  slice  of  the  section,  Fig.  258  ( 
breadth  b^  thickness  /1?  distance  from  NN  _yr      Then 

Stress  on  slice  — 
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But 


.'.  Stress  on  slice  =  ^y  \b\ti. 

Dividing  the  whole  area  into  such  slices,  we  have 
Total  stress  on  area  =  o, 

E  ••- 


ja+  •  •  •  +  =o, 
i.e.  the  sum  of  the  moments  of  all  the  strips  about  the 
neutral  axis  is  o,  for 

b\  t\  —  area  of  strip, 
.'.  b\t\  x_yi  =  its  moment  about  NN. 

But  this  can  only  be  true  when  the  axis  of  moments 
passes  through  the  C.  G.  of  the  section  ;  also  we  took  the 
slices,  of  which  the  neutral  surface  is  one,  at  right  angles 
to  the  plane  of  bending,  and  hence — The  neutral  axis  of 
a  section  passes  through  the  C.  G.  of  the  section  at  right 
angles  to  the  axis  of  the  section,  i.e.  the  axis  of  symmetry. 

C.  G.  is  the  usual  abbreviation  for  centre  of  gravity. 

We  have  now  then  the  means  of  obtaining  the  stress 
at  any  point  of  the  section  of  a  beam  bent  into  a  circle 
of  given  radius.  The  chief  portion  of  the  work  will  in 
most  cases  consist  in  the  determination  of  the  position 
of  the  neutral  axis,  and  we  will  examine  in  what  manner 
this  may  best  be  done. 

Neutral   Axes   of  Various    Sections. — If    the 


(a) 
Fig.  259.  Fig.  260. 

section  be  rectangular,  circular,  or  elliptic,  the  neutral 
axis  passes  through  the  centre  of  depth  (Fig.  259). 
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If  the  section  be  triangular  (Fig.  260),  the  axis  is  in 
(a)  at  |-  of  the  depth,    in  (b)  at  -J.      For  a  trapezoidal 

section,  as  ABCD  (Fig. 
261),  we  must  divide 
up  into  parts,  of  which 
the  C.  G.'s  are  known, 
i.e.  parallelograms  and 
triangles.  In  the  pre- 
sent case  divide  into  a 
parallelogram  AC  BE, 
and  a  triangle  CED. 

Then  if  NN  be  the  neutral  axis,  and  x  its  distance 
from  AD,  the  area  balances  round  NN,  and  we  have 


ABCE  f--*J=CED 


Fig.  261. 


whence  in  any  given  case  x  may  be  determined. 

For  a  T  beam  (Fig.    262)  we  divide  into  two  rect- 
angles— flange   and  web;    the  C.    G.   of  each  is  at    its 


Fig.  262. 


Fig.  263. 


Fig.  264. 


centre  of  depth,  and  we  take  moments  about  NN  as 
above. 

Similarly  the  I  beam  (Fig.  263),  or  channel  iron 
(Fig.  264),  would  be  divided  into  three  rectangles. 

In  many  cases  beams  are  built  up  of  plates  and 
angle  bars,  sections  of  such  being  shown  in  Fig.  265. 
We  must  divide  them  up  in  the  way  which  makes  cal- 
culation easiest. 

In  some  cases  calculation  is  facilitated  by  taking 
moments  about  some  other  line  than  NN. 

For  example,  take  the  case  of  the  channel  iron  (Fig 
266),  and  take  moments  about  the  base,  then- — 
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Fig.  265.  Fig.  266. 

Moment  of  whole  section  =  moments  of  parts. 

A  =  area  of  each  web, 
B=     ,,         ,,     flange, 
/=  length  of  web, 
/  =  thickness  of  flange. 


Let 


Then 


whence  we  obtain  x  directly. 

Value  of  I  Section. — When  a  bar  is  extended,  the 
stress  over  any  transverse  section  is  uniform,  and  the 
whole  of  the  fibres  of  which  we  may  imagine  the  bar  to 
consist  help  equally  to  resist  the  loading.  We  can  thus 
have  the  limiting  stress  allowed,  say  f,  fully  reached  at 
all  points  of  a  section. 

But  in  bending  the  foregoing  does  not  hold,  for  the 
stress  varies  from  o  at  the  neutral  axis,  each  way,  to  say 
pt  tension  at  one  edge,  and  pc  compression  at  the  other, 
and  thus  the  full  powers  of  resistance  of  the  inner  fibres 
are  not  developed.  It  is  then  advantageous  to  so  shape 
a  section  that  as  little  material  as  possible  may  be  left 
with  its  resistance  undeveloped,  i.e.  we  should  remove 
the  bulk  of  the  material  as  far  as  possible  from  the 
neutral  axis.  This  accounts  for  the  adoption  of  the  I 
and  other  sections  in  which  the  metal  is  principally  con- 
centrated in  flanges.  This  we  return  to  in  the  next 
chapter. 
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Beam  of  Equal  Strength.  —  Continuing  the  above 
consideration,  suppose  first  that  the  greatest  stress 
allowed  on  the  material  either  tension  or  compression 
is  for  definiteness,  say,  4  tons  per  sq.  inch.  If  the 
shape  of  the  section  be  such  that  the  neutral  axis  is  at 
the  centre  of  depth,  then,  when  the  beam  is  so  much 
bent  that  there  is  4  tons  tension  at  one  edge,  there  is 
4  tons  compression  at  the  other,  and  hence  the  resistance 
of  the  metal  on  both  sides  of  the  neutral  axis  is  developed 
as  much  as  in  bending  it  possibly  can  be. 

But  if  the  neutral  axis  were  nearer  the  tension  side, 
say,  then,  when  the  compressive  stress  was  4  tons,  the 
tensile  would  be  less,  since 


but  the  beam  must  not  be  bent  any  more,  otherwise 
the  compression  will  be  more  than  4  tons,  which  is  not 
allowed.  Hence  the  metal  on  the  tension  side  of 
the  neutral  axis  has  not  its  full  resistance  developed  ; 
and  the  full  power  of  the  beam  is  not  put  forth.  Similar 
reasoning  applies  if  the  neutral  axis  be  nearer  the  com- 
pression side. 

It  follows  that  the  neutral  axis  should  in  this  case  lie 
in  the  centre  of  depth,  and  our  sections  should  be  shaped 
accordingly. 

If,  however,  the  values  of  f  for  tension  and  compres- 
sion are  as  usual  unequal,  the  best  position  of  the  neutral 
axis  will  not  be  at  the  centre  of  depth,  but  the  same 
reasoning  will  show  us  where  it  should  be.  Let 

fc  =  compressive  stress  allowed, 

ft  —  tensile         ,,  ,, 

yc  =  distance  of  compressed  edge  from  neutral  axis, 

yt=         ,,          extended  ,,  ,, 

Then,  to  fully  develop  the  resistance  of  the  metal,  the 
neutral  axis  should  be  so  situated  that,  when  the  bending 
is  such  that  the  stress  at  the  tension  edge  is  ft)  that  at 
the  compression  edge  should  be  /c,  when  each  part  will 
be  resisting  as  much  as  it  possibly  can. 
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This  gives  us  at  once  the  required  position,  for 


If  then 
we  have 
and 


h  =  total  depth  of  beam, 

}'c         fc 


y*=  ft 

h    fc+ft 
so  the  position  of  the  neutral  axis  is  determined. 

When  the  condition  just  found  is  satisfied,  the  section 


I 

N±_ 


Fig.  268. 

is  said  to  be  designed  for  equal  strength.  We  will  now 
apply  this  to  the  case  of  an  I  beam  (Fig.  267).  Let 

A  =  area  of  top  flange, 
B=      ,,      bottom  flange, 
C=      ,,      web, 
h  —  given  depth, 

and  we  will  suppose  the  beam  bent  as  usual,  so  as  to 
be  convex  below,  and  in  consequence  the  top  flange  is 
in  compression. 

In  some  cases  the  flanges  are  thin  compared  with  ^,  so 
their  thickness  may  be  neglected,  and  the  section  treated 
as  if  the  flanges  were  simple  lines  (Fig.  268),  giving 
them,  however,  their  proper  sectional  area  in  calculating. 

Then,  NN  being  the  neutral  axis  for  equal  strength, 

y*  ff* 
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But  NN  passes  through  the  C.  G.,  hence 

Total  moment  about  NN  =  o. 
Now 

Moment  of  A  =  Avc. 


2 

the  moment  of  B  is  negative,  since  B  is  below  NN. 


or 


.  - 

fc+ft  \2     fc+ft 


/)=B  •  >^ 

J  fc+ft 


which  is  the  relation  which  must  hold  between  A,  B, 
and  C.  For  the  full  determination  of  A,  B,  and  C  to 
resist  a  given  moment  we  must  wait  till  the  next  chapter, 
but  we  have  investigated  here  the  above  relation  in  order 
to  show  clearly  that  it  depends  entirely  on  the  relations 
between  the  stresses  at  different  points  of  the  section, 
and  not  on  their  absolute  amounts  under  a  given  bending 
moment.  This  it  certainly  shows,  for  so  far  we  have 
not  seen  how  to  find  what  these  amounts  are. 


EXAMPLES. 

1.  An   I   beam  18  ft.  span  is  12  ins.  deep  over  all.      Each 
flange  is  6  ins.   by  f  in.,  and  the  web  is  \  inch  thick.      Find 
the  total  stress  in  one  flange  under  its  own  weight.     Material 
cast-iron.  Am.    1730  Ibs. 

2.  The  beam  in  the  preceding  carries  I   ton  at  the  centre. 
Find  the  greatest  total  stress  in  one  flange. 

Ans.    11810  Ibs. 

3.  In  the  preceding  questions,  find  in  each  case  the  maximum 
intensity  of  the  shearing  stress  on  the  web. 

Ans.   73^,  287  Ibs. 
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4.  A  beam  is  12  feet  long,  and  is  loaded  with  4  cwt.  at  one 
end  and  5  cwt.  at  the  other.     Find  the  positions  of  two  sup- 
ports 8  feet  apart  so  that  there  may  be  pure  bending  between 
them.  Ans.   2  ft.  ;  2§  ins.  from  4  cwt. 

5.  Find  the  diameter  of  the  least  circle  into  which  |  inch 
steel  wire  can  be  coiled,  the  stress  being  limited  to  6  tons  per 
sq.  inch.  Ans.  45  ft.  2  ins. 

6.  A  steel  ribbon,  width  8  times  its  thickness,  weighing  the 
same  per  foot  as  the  wire  in  the  preceding,  is  bent  into  a  circle 
£  the  diameter  of  the   smallest    coil   there  found.        Find   the 
stress  produced.  Ans,   7.7  tons  per  sq.  inch. 

7.  Find  the  position  of  the  neutral  axis  of  a  T  beam  ;  flange 
4  ins.  by  f  in.,  web  8£  inches  by  £  inch.       If   the   beam  be 
bent  into  a  circle  4000  ft.  diameter,  the  flange  being  nearest  the 
centre ;    find    the    greatest    tensile    and    compressive    stresses. 
Material  wrought-iron. 

Ans.  1.9  ins.  from  centre  of  web  ;  3^  and  I  §  tons  per  sq.  inch. 

8.  If  the  ratio  of  tensile  to  compressive  stress  allowed  in  the 
preceding  be  5  to  3  ;  find  what  should  be  the  proper  thickness 
of  the  web  for  equal  strength.  Ans.   .  583  ins. 

9.  Find  the  neutral  axis  of  an  I  beam.     Top  flange  6  ins.  by 
|  in.,  bottom  flange  10  ins.  by  i£  in.,  web  14  ins.  by  f  in. 

Ans.   5.83  ins.  from  bottom. 

10.  Find  the  position  of  the  neutral  axis  of  a  channel  iron. 
Flange  8  ins.  by  |  iru,  each  web  7^  ins.  by  J  inch. 

Ans.   2f  ins.  from  outer  edge  of  flange. 

11.  A  beam  is  built  up  of  a  f  plate  15^  ins.  deep,  to  the  top 
of  which  are  riveted  a  pair  of  angle  irons  3^  by  3^  by  \  inch,  and 
to  the  bottom  a  pair  4  by  5  by  |  inch,  the  4-inch  side  being 
riveted  to  the  plate.      Find  the  position  of  the  neutral  axis. 

Ans.  6. 78  ins.  from  bottom. 

12.  Find  the  neutral  axis  of  a  box  girder.       Top  plate  14 
ins.   by  f  in.,  bottom  plate  \  inch  thick  ;    each  side  plate   16 
by  \  inch  ;  angle  irons  3  by  3  by  §  in. 

Ans.  8  ins.  from  top. 


CHAPTER   XIX 
BENDING  (continued} 

IN  the  last  chapter  we  found  a  relation  between  the  stress 
produced  and  the  radius  of  bending.  What  we  usually 
require,  however,  is  the  stress  produced  by  a  given 
moment,  hence  we  now  proceed  to  consider  this.  The 
figure  (258)  on  page  356  is  here  reproduced  (Fig.  269), 
and  we  proceed  to  inquire  further  into  the  equilibrium 
of  the  piece  KCDK. 

In  chap,  xviii.  we  resolved  the  forces,  so  we  will  now 
take  moments   about  some  axis,  i.e.   consider  its  equi- 


D 

Fig.  269. 

librium  against  rotation.  The  axis  we  will  select  is  NN, 
its  projection  in  the  plane  of  (a)  being  the  point  R,  so  if 
we  thought  of  the  forces  as  all  in  the  plane  of  (a)  we 
should  speak  of  taking  moments  about  R  ;  but  since  we 
know  they  are  not  all  in  the  one  plane  we  must  not  as  in 
two  dimensions  speak  of  a  point,  but  of  an  axis.  We 
then  have 

Moment  of  stresses  on  KK_  moment  of  couple  M 
about  NN  about  NN. 

But  it  is  proved  in  Statics  that  the  moment  of  a  couple 
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about  all  points  in  its  plane  —  i.e.  strictly  about  all  axes 
perpendicular  to  the  plane  —  is  the  same, 

.-.  Moment  of  stresses  on  KK  about  NN  =  M. 

To  find  the  moment  of  the  stresses,  divide  the  section 
up  into  small  slices  parallel  to  NN  as  before.      Let 

bi  =  breadth,     ti  =  thickness, 
y\  —  distance  from  NN 

of  one  of  these  slices. 

Then  the  intensity  of  stress  on  it  is  p-^  ,  and 

.  '  .   Moment  of  stress  on  strip  —p\b\t\  x  y±  , 
pl  is  constant  since  fl  is  very  small.      But 

_E 

/i-^Ji, 

•p 
.  •  .  Moment  of  stress  on  strip  =  -^ 

Hence,  taking  all  the  strips, 
Total  moment  about  NN 


[There  is  now  no  difference  of  sign  between  moments  of  stresses 
above  and  below,  for  they  all  turn  clockwise  ;  this  is  also  shown 
by  all  the  jj/'s  being  squared,  so  it  is  immaterial  whether  they  be 
plus  or  minus.] 

We  have  then 


The  expression  inside  brackets  is  very  similar  to  one 
we  have  met  with  before  (page  213);  it  represents  the 
sum  of  small  areas  multiplied  by  the  squares  of  their 
distances  from  an  axis,  while  that  on  page  213  is  the 
same,  substituting  weights  for  areas. 

We  denote  the  expression  then  by  the  same  name  as 
before,  viz,  —  Moment  of  Inertia,  and  denote  it  by  the 
letter  I.  So 
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Moment  of  inertia  of  area  of  section 

about  NN, 


[Notice  this  has  nothing  to  do  with  force,  but  is  a  purely 
geometrical  quantity.  ] 

Substituting  then  in  the  above  equation,  we  obtain 


or 

E_M 

R~  I  ' 
but 

j>=    I          (chap,  xviii.  ) 

and  hence 

/_E_M 
j~R~  I  ' 

equations  giving  us  a  complete  relation  between  all  the 
quantities  involved  in  the  bending  of  a  beam  as  described 
in  the  last  chapter. 

We  ask  now,  Will  these  equations  hold  for  ordinary 
cases  of  bending  ?  And  first  we  must  carefully  remember 
that  they  have  nothing  to  do  with  the  breaking  of  a 
beam  by  bending  ;  as  stated  on  page  267,  the  whole  of 
our  work  refers  to  metal  in  the  elastic  state,  and  when 
the  stress  passes  the  limit  of  elasticity"  our  work  at  once 
breaks  down.  We  must  not  then  think  that  if  fu  be  the 
ultimate  strength  of  a  metal  in  tension,  the  moment 
which  will  break  a  beam  will  be  given  by 


because  there  is  then  no  such  relation  between  M  andy^ 
We  specially  note  this  point,  as  it  is  one  often  seized  upon 
by  those  who  do  not  comprehend  the  true  nature  of  the 
formulae,  in  order  to  throw  doubt  on  their  correctness. 
WTe  pointed  out  on  page  356  the  effect  of  M  not  being 
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applied  in  the  exact  way  necessary,  and  there  remains 
only  to  consider  the  effect  of  M  not  being  constant,  or 
of  the  sectional  area  or  depth  not  being  constant. 

These  we  can  consider  together,  for  suppose  Fig.  270 
represents     a     beam,    in  u 

which  all  three  quantities 
vary  from  point  to  point. 
Take  now  a  section  at  K. 
Then,  if  we  take  a  very 
small  length  of  the  beam 
at  K,  M  will  be  MK  and 
will  not  vary,  and  neither 
will  the  area  nor  depth. 

Now  there  was  no 
restriction  in  our  work 
on  the  length  of  the 
beam,  and  hence  the 
equations  hold  for  as 

,  ,  ,  Fig.  270. 

short  a  beam  as  we  please 

to  consider.      Therefore  the  indefinitely  small  length  of 

beam  at  K  bends  into  a  circular  arc  of  radius  RK,  given 

by 

JE__MK 

RK~  IK  ' 
and  the  stress  at  any  point  of  the  section  at  K  is  given  by 


^ 

y     IK 

R  is  called  the  radius  of  curvature  at  K,  and  both  it 
and  p  vary  from  point  to  point  along  the  beam,  but  at 
any  section 

/_M_E 
y~  I  ~R' 

the  various  magnitudes  being  calculated  at  the  section. 

When  M  varies,  we  shall  always  find  that  there  is 
shearing  as  well  as  bending,  but  the  effect  of  this  is 
considered  separately  ;  and  then  if  the  true  effect  be 


368  APPLIED   MECHANICS  PART  n 

required,  the  two  separate  effects  must  be  compounded  ; 
the  method  of  doing  this  is  outside  our  present  scope. 
The  equations  above,  then,  are  taken  to  be  true  in  all 
cases  of  bending  for  beams  of  symmetrical  sections  (page 
351),  and  their  truth  can  be  verified  by  measurement  of 
the  curvature  of  beams  bent  by  given  loads  ;  such  ex- 
periments amply  prove  the  practical  truth  of  the  laws, 
and  hence  justify  us  in  the  assumptions  with  which  we 
were  obliged  to  commence.  (See  note  at  end  of  ch.  xxi.) 
Moments  of  Inertia.  —  The  calculation  of  I  is  an 
important  part  of  the  work  to  determine  /,  so  we  will 
consider  now  some  points  bearing  on  it.  We  have 


an  expression,  as  we  have  said,  identical  in  form  with 
that  of  page  213;  hence  the  algebra  of  summing  it  will 
be  identical  with  that  of  that  page,  and  since  there  we 
put 


here  we  can  put 


since  b^^  etc.,  are  small  areas,  A  representing  the  area 
of  the  section  ;  and  r  will  be  the  radius  of  gyration  of 
the  section  round  the  axis  NN,  since  _y15  j'0,  etc.,  would 
be  the  rlt  r2,  etc.,  of  rotation  round  that  axis. 

Hen^e  the  values  of  r2  may  be  taken  from  the  table 
on  page  214. 

In  this  part  of  the  work  it  is  convenient  to  express  r2 
in  terms  of  ft?  —  h  being  the  depth  of  section  —  and  we 
put  for  r2,  nh?,  and  then  the  fractions  of  page  214  give 
the  values  of  n.  Thus  for  a  circular  section  ?/  =  -±^,  etc. 

There  is  a  difference  between  the  axis  of  an  ordinary 
rotation,  as  that  of  a  fly-wheel,  and  the  axis  about  which 
our  present  moments  are  calculated.  The  axis  in  our 
present  case  is  in  the  plane  of  the  section,  while  in  the 
case  of  a  rotating  fly-wheel  the  axis  about  which  the 
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moment  is  taken  is  perpendicular  to  the  plane  of  the 
wheel.  The  rotation  which  would  give  our  present 
radius  of  gyration  would  be  such  as  that  of  a  circular 
throttle-valve,  not  of  a  wheel. 

There  are  certain  properties  connecting  moments  of 
inertia  of  sections  about  various  axes  which  are  useful 
and  can  be  obtained  without  the  use  of  calculus,  and  we 
will  consider  one  or  two  of  them. 

Polar  Moment  of  Inertia. — First,  consider  a  re- 
lation bearing  on  the  point  men- 
tioned above. 

Let  the  irregular  figure  (Fig.  271) 
be  a  plane  area,  a  a  small  area 
forming  part  of  it.  Take  O  any 
point,  and  draw  two  axes  OX,  OY 
through  it  at  right  angles  ;  also 
imagine  a  third  axis  through  O 
at  right  angles  to  the  plane  of  the 
paper. 

Join  OP. 

Then  about  the  third  axis, 

MofI  ofa  =  a.OP2, 

—  a(x*  4- v2)  =  ax2  +  ay* 

=  M  of  I  about  OY  +  M  of  I  about  OX. 

If  then  we  take  all  the  small  areas  making  up  the 
whole,  we  have,  adding  all  the  results, 

M  of  I  of  all  the    . .    Sum  of  M  of  I's  about  O  Y 
small  areas  about  O     +sum  of  M  of  I's  about  OX, 
or 

I  of  whole  area  about  O  =  I  about  OY  + 1  about  OX. 

Here  I  about  O  stands  for  I  about  an  axis  through  O 
perpendicular  to  the  plane. 

This  is  generally  called  the  Polar  Moment  of  Inertia. 

Now  OX  and  OY  were  taken  in  any  direction,  the 
only  condition  being  that  they  be  at  right  angles,  and 
hence  we  have — 

2  B 


Fig.  271. 
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The  polar  moment  of  inertia  of  an  area  about  any 
point  in  its  plane  is  equal  to  the  sum  of  the  moments  of 
inertia  about  any  two  axes  at  right  angles,  through  the 
point,  and  in  the  plane. 

Apply  this,  for  example,  to  a  circular  section  radius  r. 

We  have 

r'i 
Polar  moment  about  centre  =  A~. 

From  symmetry 

I  about  OX  =  I  about  OY, 
. ' .   I  about  any  diameter  =  \  polar  moment, 

Ar2        A/£2 

= ,  or  — — . 

4  16 

as  given  in  the  table. 

Moments  of  Inertia  about  Parallel  Axes. — 
When  we  speak  simply  of  the  moment 
of  inertia  of  a  section  without  men- 
tioning any  axis,  the  neutral  axis  is 
understood.  This  moment  we  denote 
byI0. 

Let  now  A  (Fig.  272)  be  an  area  of 
any  shape,  NN  its  neutral  axis,  SS  an 

5        Fig  272         S    axis  in  the  Plane>  parallel  to  NN  and 
distant  y0  from  it.      We  will  calculate 
the  I  about  SS. 

Divide  A  into  strips  parallel  to  N-N  as  usual.  Then, 
taking  one  strip,  distant^  from  NN, 

I  of  strip  about  SS  =  area  of  strip  x  (y0  +j/)2, 
—  area  (y*  +  2yy0  -\-y<?}, 
=  area  x  j2  +  2y0  x  area  x  y  +  area  x  j02, 
=  I  of  strip  about  NN  +  2y0  x  moment  of  strip 
about  NN  +  area  of  strip  x  y^, 

therefore,  taking  all  the  strips  and  adding  up, 
I  of  A  about  SS  =  I  of  A  about  NN  +  2y0  x  moment  of  A  about 
=  I 
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The  second  term  being  zero,  since  NN  is  through  the 
C.  G.  of  A. 

This  expression  is  of  great  value,  because  knowing  I0 
we  can  at  once  deduce  the  I  about  any  parallel  axis. 
Or  in  some  cases  it  is  easier  to  find  I  about  some  axis 
parallel  to  NN  than  about  NN  itself,  and  the  formula 
then  enables  us  to  deduce  I0. 

For  example,  take  a  rectangle.     Then 

I  about  one  end  =  ^  A/fc2, 
distance  y0  between  end  and  neutral  axis  =  -, 


or  we  could  have  proceeded  vice  versa. 

Moment  of  Inertia  of  any  Area.  —  The  values  of 
r2  given  on  page  214, 
and  the  proposition  just 
proved  enable  us  to  find 
the  I  of  any  practical  sec- 
tion. Take  for  example 
the  trapezoidal  section  of 
page  358. 

Find  NN  as  explained 

on  page  358,  and  then  divide  up  as  shown  by  the  dotted 
lines.  We  have  then  to  add  together  the  I's  of  two 
rectangles  about  their  ends,  two  triangles  about  their 
bases,  and  two  triangles  about  axes  through  their  vertices 
parallel  to  their  bases.  These  are 

I  of  top  rectangle  —  \bc.  c2, 
I  of  bottom  rectangle  =  \xd 


I  of  two  top  triangles  =  2\%(%c.—    —  \ 
of  two  bottom  triangles  =  2  j  \  (\  d.  ?-^\d*  I  , 
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We  must  now  find  x  from 

x-b _a- x 

~T''~-~dTy 

the  values  of  c  and  d  are  found  on  page  358,  and  we 
substitute.  The  section  is  not  an  important  one,  so  we 
will  not  conclude  the  calculation  ;  enough  has  been  done 
to  show  the  method. 

Beams  of  I  Section. — We  saw  in  the  last  chapter 
that  the  I  shape  of  section  was  advantageous,  but  this 
is  still  more  shown  by  the  work  of  the  present  chapter. 
For  we  now  see  that  the  resistance  offered  by  the  stress  on 
any  slice  of  a  section  depends  on  its  moment  about  the 
neutral  axis,  and  thus  varies  as  the  square  of  the  distance 

E 

of  the  slice  from  the  axis,  being  ^  bt .  y^.      We  thus  get 

a  still  weightier  reason  for  removing  the  bulk  of  the 
material  as  far  as  possible  from  the  axis,  i.e.  for  the 
adoption  of  the  I  section. 

For  example,  consider  a  rectangular  section,  and  let 
us  vary  its  shape  to  the  I  shown 
in  dotted  lines,  the  shaded  rect- 
angle of  material  being  moved 
to  the  new  position  also  shaded, 
and  the  three  equal  rectangles 
similarly  treated. 

Then  the  -shaded  rectangle, 
area  A,  say,  had  in  the  rect- 
angular section  a  moment  of  inertia  A«2/3  about  NN, 
while  in  the  new  position  its  moment  of  inertia  is  some- 
thing more  than  A#2,  and  hence  its  power  of  resistance 
to  bending  is  more  than  trebled.  On  the  whole  we  have 
increased  the  M  of  I  of  the  section  by  at  least  4  (f  Aa'2)  ; 
although  its  sectional  area,  and  hence  the  amount  of 
metal  in  the  beam,  is  unaltered. 

The  process  of  removing  metal  into  the  flanges  is  of 
course  limited  by  other  considerations.  In  the  first 
place  we  must  have  a  web  strong  enough  to  withstand  a 


N — 


! 
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Fig.  275. 


large  portion  if  not  all  the  shearing.  And  the  web  must 
not  only  be  strong  enough  but  also  stiff,  so  that  it  may 
not  give  way  under  the  compressive  stresses  which  come 
on  it,  by  buckling  or  sideway  yielding  •  this  effect  is 
greater  the  greater  the  depth,  and  is  in  some  cases, 
where  the  web  is  very  deep,  provided  against  by  riveting 
angle  bars  at  intervals  to  the  web,  as  in  Fig.  275,  which 
shows  what  is 
known  as  a  solid 
web  bowstring 
girder,  the  verti- 
cal lines  showing 
the  stiffeners. 

In  Fig.  274  we  show  the  increase  of  resistance 
effected  while  the  depth  remains  fixed ;  but  one  way  of 
increasing  the  distance  of  the  metal  from  the  neutral 
axis  is  by  increasing  the  depth  ;  in  this  case,  however, 
we  are  limited  by  the  necessity  for  stiffness,  and  thus 
the  most  economical  depth  is  limited. 

Again,  the  thinner  the  flanges  the  nearer  is  the  metal 
in  them  to  the  outside  edge,  and  hence  the 
greater  the  moment  of  inertia,  keeping  their 
area  constant.  But  again  there  is  the 
necessity  for  stiffness  in  the  compression 
flange  to  prevent  buckling,  and  also,  since 
the  load  is  distributed  over  the  width  of  the 
flange,  it  would,  if  too  thin,  bend  as  in 
Fig.  276. 

Further,  there  are  practical  questions  to  be  considered, 
such  as  strength  to  withstand  forces  which  come  on  the 
beam  during  manufacture ;  liability  to  blows,  which 
necessitate  local  strength — e.g.  a  thin  flange  might  be 
broken  by  a  slight  accidental  blow,  though  quite  strong 
enough  when  in  place.  Another  consideration  apply- 
ing to  cast  beams,  is  that  below  a  certain  thickness  it  is 
not  possible  to  secure  a  sound  casting. 

These  questions  we  cannot  here  deal  with,  but  we  have 


uuu 


Fig.  276. 
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shown  what  considerations  govern  the  question  ;  and  the 
student  will  thus,  when  he  has  attained  the  necessary 
practical  knowledge,  know  how  to  deal  with  them. 

Moments  of  Inertia  of  I  Beams — Approxi- 
mate Methods. — The  accurate  calculation  of  the  M.  of 
I.  of  an  I  beam  is  sometimes  rather  long,  and  a  quicker 
method  is  often  of  practical  value. 

The  most  usual  method  of  approximation  is  to  treat 
the  section  as  if  all  the 
metal  of  the  flanges 
were  concentrated  on  their 
centre  lines. 

For  example,  take  a 
section  with  equal  flanges 
6"  by  i",  and  web  10"  by 
i"  (Fig.  277,  a);  then  we 


(a} 


Fig.  277. 


will  treat  it  as  if  it  were 
of  the  shape  shown  in  (b\ 


the  flanges  being   represented  as   lines  ;    still  using   in 
the  calculation,  however,  their  actual  areas. 
Then  NN  is  the  centre  line,  and  from  ($) 


=  474. 

We  will  now  see  what  error  is  made,  by  finding  the 
accurate  value  ;  and  for  this  purpose  we  will  use  a 
method  of  subtraction,  and  not,  as  on  page  371,  of 
addition. 

The  I  is  the  difference  between  a  rectangle  1  2"  by  6", 
and  two  rectangles  each  10"  by  2|";  and  these  all  have 
the  same  neutral  axis  NN. 

X  6)I22  -  2  X  TV  (10  X  2 


There  is  then  a  considerable  discrepancy  between  the 
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results,  and  we  shall  find  that  this  is  due  to  our  having 
taken  the  web  in  (b]  as  if  it  extended  between  the  centre 
lines  of  the  flanges,  i.e.  length  1  1  inches.  Let  us  now 
repeat  the  first  calculation,  but  give  the  web  its  true 
dimensions,  then 


a  result  which  is  less  than  \  per  cent  in  error  ;  hence 
the  second  method  should  be  followed  in  all  cases  if 
possible. 

We  will  now  consider  how  we  should  proceed  to  find 
the  stress  produced.     We  have 


and  for  our  section  y  =  A/2,  where  h  is  the  total  depth,  and 
not  the  depth  of  the  approximate  section  b. 

We  can  easily  see  that  this  is  the  proper  value  to 
take.      For,  accurately, 

Mx6  ,  . 


Using  the  approximate  value  of  I,  but  taking  12"  as 
the  depth, 


While  treating  the  question  as  if  (b}  were  the  real 
shape,  and  hence  1  1"  the  total  depth, 


Plainly  (2)  is  practically  accurate,  while  (3)  is  not  so; 
and,  moreover,  it  errs  in  the  wrong  direction,  since  it 
makes  the  stress  appear  less  than  its  real  value. 

The  latter  inaccuracy  would  have  been  still  worse 
had  we  found  the  value  of  I  by  the  first  method  of  ap- 
proximation given  ;  for  this  would  give 

a=Mx5*=    M 
p       474       86  .  2' 
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instead  of 

'Mx  6       M 


447i     74  •  5' 
an  error  of  i  5.7  per  cent  on  the  unsafe  side. 

We  will  examine  the  present  case  also  to  see  what 
amount  of  accuracy  can  be  obtained  by  the  use  of  the 
formula  Hh  =  M. 

Here,  if  we  take  h  the  mean  depth  from  centre  to 
centre  of  flange — i.e.  1 1  ins. — we  obtain 
Hxii=M, 

...  H=M. 

II 
But  H  is  the  total  stress  on  6  sq.  ins.,  i.e.  6p 

M  M 

.-.  6/  =  -,     and/  =  gg, 

an  error  of  1 1.4  per  cent,  but  on  the  safe  side  ;  the  real 
p  being  less  than  this. 

If  we  take,  however,  /#=  12,  then  we  get 

*  =  -, 

72' 

which  is  practically  accurate  ;  the  small  error  of  about 
3  per  cent  being  again  on  the  safe  side. 

The  natural  depth  in  this  case  would  be  1 1  ins.,  that 
being  the  distance  between  the  resultant  stresses  on  the 
flanges,  and  then  the  11.4  per  cent  error  shows  the 
amount  of  help  afforded  by  the  web.  In  the  second 
case  above,  this  is  partially  corrected  by  taking  the 
outside  value  of  h. 

We  have  thoroughly  examined  the  value  of  the 
approximations  in  this  case,  and  from  this  the  student 
will  be  able  in  any  given  case  to  judge  of  the  best 
method.  The  approximations  are  of  least  use  when  the 
flanges  are  thick  ;  and  of  course  they  should  be  used 
only  for  rough  or  preliminary  calculations,  final  values 
of  the  stress  being  always  obtained  by  the  exact  method. 

We  cannot  always  use  the  more  correct  approxima- 
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tion,  because  sometimes  the  areas  are  the  quantities  to 
be  found,  and  we  do  not  know  the  thickness  of  the 
flanges  but  only  perhaps  the  total  depth  of  the  beam,  or 
it  may  be  the  mean  depth.  In  such  a  case  we  must  of 
necessity  treat  the  web  as  if  its  length  were  the  full 
depth  ;  but  we  now  know  what  sort  of  an  error  that 
causes,  and  hence  how  to  allow  for  it. 

Resisting  Powers   of  Flange   and  Web. — We 
can  obtain  a  measure  of  the  relative  value 
of  metal  in    the    web    and    flange    as   fol- 
lows : — 

Fig.    278    represents    an    I    beam,    the 
approximate  form  being  drawn.      Let 


...i 


A  =  area  of  each  flange, 
C  =  , ,  web. 


Fig.  278. 


Then  for  a  flange 


For  the  web 


Thus  while  A  is  multiplied  by  /i2/4,  C  is  only  multiplied 
by  A2/ 1 2,  and  hence  area  for  area  the  metal  of  the  flanges 
offers  three  times  as  much  resistance  as  that  of  the  web. 
By  addition  we  obtain  a  simple  approximate  formula  for 
I0  of  the  beam, 


t 

#Y.  c\ 

^(A+6> 


If  we  consider  the  error  of  the  approximation  we  see 
that  we  underrate  A  and  overrate  C,  so  that  the  ratio  of 
powers  is  something  in  excess  of  three  (compare  with 
derivation  of  I  section  from  rectangular,  page  372). 

Beams  of  Equal  Strength. — We  saw  in  the  last 
chapter  that  for  a  section  of  equal  strength  or  greatest 
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resistance  the  neutral  axis  (Fig.  268)  must  be  so  situated 
that 


and  hence 


Fig.  279. 


We  can  now  proceed  to  see  how  these 
areas  A,  B,  and  C  can  be  calculated  when 
we  know  the  moment  which  the  beam  is  required  to 
resist. 

We  must  first  find  I,  and  since  we  do  not  know  the 
thicknesses,  we  must  in  Fig.  279  take  the  approximate 
figure.     Then  about  the  neutral  axis. 
I  of  top  flange        =  Ajj/c2, 
,,    bottom  flange  =  7 

,    web  =*K'-G 


here  we  split  C  into  two  rectangles,  each  having  the 
neutral  axis  as  one  end,  and  their  areas  are  ycjh  •  C  and 
C. 


Substituting  the  values  of_yc  and_yf  from  page  362, 


But 


The  equation  here  found,  combined  with  the  equation 
of  page  362,  is  not  sufficient  to  determine  the  four 
quantities  A,  B,  C  and  h  ;  but,  as  we  have  seen,  there 
are  other  conditions  which  limit  the  values  of  some  of 
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these  quantities,  e.g.  h  is  limited  as  we  have  seen  on 
page  373  ;  then,  if  we  are  given  a  certain  value  of  h,  this 
limits  the  thickness  of  the  web  so  that  C  would  be  deter- 
mined, and  then  the  two  equations  would  determine 
what  should  be  the  proportions  of  A  and  B  ;  we  should 
call  this  the  best  beam  under  the  given  conditions. 
In  wrought-iron  the  T  shape  is  common,  since  this  iron 
is  strong  against  tension  ;  hence  this  gives  us  the  extra 
condition  B  =  o  ;  and  so  for  other  conditions,  examples 
of  which  will  be  given. 

Beams  of  Uniform    Strength. — If  a    beam    be 
subjected  to   a  constant  B.   M.   its   section   everywhere 
should    be    the    same ;    but    in 
ordinary  cases  the  B.  M.  varies  \fN 

from  point  to  point,  and  the 
beams  are  accordingly  made 
deeper  or  broader  where  the 
greater  B.  M.'s  come.  Plainly 
this  course  is  economical,  for 
take  the  case  of  a  beam  AB 
(Fig.  280)  carrying  a  single 
weight  W  at  C. 

The  diagram  of  B.  M.  is  then  a  triangle  ADB,  where 

CD  =  W^^?          (page  286). 

The  section  at  C  then  must  be  strong  enough  to 
withstand  this  moment. 

If  then  the  section  of  the  beam  be  uniform  I  and  y 
will  be  constant  all  along  AB  ;  so  that  at  K  for  instance 
the  stress  will  be  only  KN/CD  times  what  it  is  at  C.  But 
there  is  no  gain  by  having  only  this  small  stress  at  K, 
because  the  beam  will  be  injured  if  the  stress  at  C  pass 
the  limit  allowed,  quite  irrespective  of  what  may  be  the 
stress  at  other  points. 

Moreover  there  is  an  actual  loss  by  making  the 
section  at  K  larger  than  it  need  be  for  strength  ;  for  the 
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weight  of  the  beam  itself  must  in  actual  cases  be  con- 
sidered, and  hence  there  is  a  greater  stress  produced 
than  there  would  be  if  the  section  at  K  were  cut  down 
to  the  least  size  necessary  for  strength. 

For  the  best  possible  result  we  should  so  vary  the 
section  that  the  maximum  stress  f  allowed  is  reached 
simultaneously  at  every  point  of  the  length.  We  have 
then  no  superfluous  metal  or  weight  anywhere,  since 
the  reduction  of  any  section  would  cause  the  stress  on 
that  section  to  rise  above  f.  When  the  section  is  so 
proportioned  the  beam  is  said  to  be  of  Uniform 
Strength. 

We  will  now  consider  how  the  section  should  vary 
for  a  few  simple  cases. 

Beam  loaded  at  one  End,  fixed  at  the  Other. — 
We  can  only  deal  with  simple  types  of  section  as  rect- 
angular or  circular.  Let  us  take  in  the  present  case  a 
rectangular  section  ;  then  there  are  two  cases,  according 
whether  we  vary  the  depth  keeping  the  breadth  constant, 
or  vice  versa.  We  will  consider  both  these,  taking  first 
— Constant  breadth.  Let 

b  =  constant  breadth. 
Take  any  section  of  the  beam  at  KN  (Fig.  281),  and  let 


Fig.  281. 
the  depth  at  KN  be  //.     Then  at  this  section 


Then 


"IK 


MK  =  W  .  BK, 
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must  be  the  same  for  all  sections,  whence,  since 


KN2  ex  BK, 


being  constant. 


we  have 

6W 
pb 

But  this  curve  is,  we  know,  a  parabola  with  B  as  apex 
and  AB  as  axis  ;  hence  the  profile  CNB  of  the  beam  is 
a  parabola. 

To  find  its  actual  dimensions,  let 


Then 


Wm  =  greatest  load,    f=  stress  allowed. 


AB, 


which  determines  AC,  and  we  then  construct  the  curve 


Fig.  282. 


by  the  method  given  in  the  Preliminary  Chapter. 

The  profile  may  be  as  in  Fig.  281,  or  as  here  shown 
(Fig.  282),  the  depth  at  A  being  equal  to  AC  in  Fig. 
281. 

Consider  now  constant  depth.      Then,  as  before, 


which,  since  h  is  now  constant,  gives 

b<x>  BK. 
and  hence  the  plan  is  a  simple  triangle,  as  Fig.  283  (a). 
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Fig.  283. 

We  will  next  consider  the  case  of  a  — 

Uniformly  Loaded  Beam  fixed  at  one  End.  — 
This  is  a  common  practical  case  in  balconies.  Take  a 
rectangular  section  (Fig.  284),  and,  as  is  always  the  case 
in  practice,  b  constant.  Then  at  K 


BK2 


whence,  since  all  are  constant  but  h  and  BK, 


h*=  constant  x  BK2, 
h    . 

'  '  '  BK  1S 


and  the  elevation  is  a  triangle  ACB. 


Fig.  284. 

In  actual  practice  the  beam  would  not  be  brought  to 
a  point  at  B,  but  would  be  of  the  shape  shown  in  Fig. 
285,  CD  being  straight. 

Lastly,  we  will  consider  one  case  of  a  beam  simply 
supported,  viz. 
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Fig.  285. 

Beam  loaded  Uniformly,  supported  at  Ends. — 
AB  is  supported  at  A  and  B  (Fig.  286),  and  loaded  with 
w  Ibs.  per  foot  run.  Let  its  section  be  rectangular 
of  constant  breadth  b.  We  require  to  find  its  elevation. 

The  curve  of  BM   is   the  parabola  DFE  of  height 

Take  a  section  at  K,  of  depth  h.     Then 

2p      I2MK       , 

-r-=     ,  ,3       (see  preceding  cases). 

minimi! 


D  N  E 

Fig.  286. 

Let  CK  =  .r,  C  being  the  centre  of  AB,  and  AB  =  /. 


Then 
and 


MK=MN=SN-SM, 

yS. 


SM^SF2 
DL'LF8' 


3 
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Substituting  in  the  above  equation  for  /,  and  making 
p  constant,  we  obtain 


=  constant  x  (  -- 


This  is  the  equation  to  an  ellipse  with  centre  C  and 
major  axis  AB.  Hence  the  elevation  is  either  as  Fig. 
286,  ADB  being  an  semi-ellipse  ;  or  equally  either  of 


Fig.  287. 

the  forms  of  Fig.  287. 

The  depth  at  the  centre  is  found  by  putting  p  =f  and 
M  =  w/2/8,  giving 


or 

#=| 


EXAMPLES. 

1.  Obtain  accurate  results  for  questions  I  and  2  of  the  last 
chapter,  thus  showing  what  amount  of  accuracy  is  obtained  by 
the  approximate  method  there  used. 

Aits.   1680  Ibs. ;  11,400  Ibs. 

2.  In  question  5,  page  291,  find  the  necessary  diameter  of  the 
axles  that  the  stress  may  not  exceed  3  tons  per  sq.  inch. 

Ans.   4 1  ins. 

3.  In  question  7,  page  309,   find  the  stress  produced  at  the 
centre  of  the  crank  pin  by  the  bending  action. 

Ans.   5670  Ibs.  per  sq.  inch. 
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4.  An  I  beam  is  14  ins.  deep,  areas  of  bottom  flange  and  web 
equal,  each  being  four  times  the  top  flange,  the  area  of  which  is 
3  sq.  ins.     It  is  20  ft.  long,  and  supported  at  the  ends.     Find 
the  greatest  tensile  and  compressive  stresses  produced  by  a  load 
of  6  tons  placed  8  ft.  from  one  end. 

Ans.  2.06;  4.12  tons  per  sq.  inch. 

5.  An  I  beam  has  flanges  4  ins.  by  I  inch,  and  web  9  ins.  by 
|  inch  ;    span  10  ft.       Find   the   greatest   central    load   if  the 
stress  is  limited  to  5  tons  per  sq.  inch.      If  the  material  be  steel, 
how  would  the  weight  of  the  beam  affect  the  result  ? 

Ans.   7  tons  ;  the  carrying  power  would  be  less  by  208  Ibs. 

6.  Find  the  limiting  span  of  a  cast-iron  pipe  9^  ins.  internal 
diameter,    f   inch   thick,   the   weight   being    100   Ibs.   per   foot 
length,  and  the  stress  not  to  exceed  2  tons  per  sq.  inch. 

Ans.  41  ft. 

7.  Compare  the  resistances  to  bending   of  a  wrought-iron  I 
beam,  flanges  6  inches  by  I  inch,  web  8  ins.  by  f  inch,  when 
upright  and  when  laid  on  its  side  thus  \ \. 

Ans.  4.6  :  I. 

8.  Determine  the  weight  which  may  be  carried  at  the  middle 
of  a  wooden  spar  6  inches  diameter,  15  feet  long,  supported  at 
the  ends  ;  allowing  a  stress  of  1500  Ibs.  per  sq.  inch. 

Ans.   707  Ibs. 

9.  In    question    4,   page   291,    find  the  necessary  width   of 
tooth  per  H.   P.     Thickness  at  root  i§  inch.      Stress  allowed 
1000  Ibs.  per  sq.  inch.  Ans.   .2  ins.  nearly. 

10.  In  questions  I  and  2,  page  308,  find  the  value  of  the  greatest 
stress  produced.  Ans.   78.5  ;  850  Ibs.  per  sq.  inch. 

11.  In  question  3,  page  308,  the  section  of  the  beams  is  I 
shaped,  equal  flanges  each  four  times  as  wide  as  it  is  thick, 
thickness  of  web  one  half  that  of  a  flange,  and  its  area  equal  that 
of  one  flange.      Find  the  necessary  dimensions,  stress  not  to 
exceed  3  tons  per  square  inch.     Neglecting  the  resistance  of  the 
web  to  bending,  what  shape  should  the  elevation  of  the  beam 
take,  its  width  being  uniform  ? 

Ans.  Thickness  of  flange  ^  in.,  and  the  others  as  given.  The 
depth  should  vary  as  the  B.  M.,  hence  the  outline 
should  be  a  parabola  the  same  as  the  curve  of  B.  M. 

12.  In  questions  7  and  8,  page  363,  compare  the  resistance  to 
bending  of  the  two  sections,  per  sq.  inch  of  sectional  area. 

Ans.    i  :  1.24. 

2  C 
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13.  Find   the  moments  of  inertia  of  the  sections  given  in 
questions  9,  10,  11  and  12  of  the  preceding  chapter. 

Ans.  968;  82;  1190;  1950  inch  units. 

14.  In  the  preceding,  find  the  weight  each  could  carry  at  the 
centre  of  a  20  ft.  span.     Material  in  (9)  cast-iron,  tensile  stress 
allowed    2.\    tons;    compressive   8   tons.      In   10,    n,  and  12, 
wrought-iron,  tensile  5  tons,  compressive  3^  tons. 

Ans.  6.9  ;  .89  ;  8  ;  14.2  tons. 


CHAPTER    XX 

SHEARING    AND    TORSION 

IN  dealing  with  bending,  the  compound  nature  of  the 
action  is  so  evident  that  it  is  not  necessary  or  useful  to 
assign  a  bending  strength  to  a  material,  but  the  strength 
of  a  beam  is  deduced  from  the  values  of  the  tensile 
and  compressive  strengths.  (See  note  at  end  of  ch.  xxi.) 

In  the  case  of  shearing,  however,  it  is  not  so 
apparent  that  there  is  a  dual  action,  and  hence  it  has 
been,  and  still  is  practically,  treated  as  a  single  action  of 
a  nature  different  from  either  tension  or  compression,  and 
a  metal  is  said  to  have  a  shearing  strength  just  as  it  has 
a  compressive  or  tensile  strength. 

We  have  seen  in  chap.  xiv.  (Fig.  185)  the  nature  of 
the  action  called  shearing,  and  how  to  calculate  the 
shearing  force  on  any  transverse  section  of  a  beam.  In 
the  figure  there  given  we  have  both  bending  and  shearing, 
and  it  will  be  instructive  to  inquire  what  kind  of  forces 
are  necessary  to  produce  pure  shearing,  just  as  we  have 
in  the  preceding  chapter  seen  what  produces  pure 
bending. 

In  order  to  have  no  bending  ^J 

moment    at    a    given    section    a     • p— — = 1 

force  must  be  applied  in  the  line  ^| \K \B 

of  the  section,  or  indefinitely  near  A 

to   it   on   one    side,    as    Pt    (Fig. 

288).       Then    such  a  force  can 

be  balanced  by  an  equal  and  opposite  force  P2  acting 
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indefinitely  near  to  the  section  on  the  other  side.  In 
the  figure  we  have  drawn  Pl  and  P2  palpably  out  of  line 
to  show  on  which  side  of  the  section  KK  each  is  supposed 
to  act,  but  each  is  supposed  indefinitely  near  to  KK, 
whence  they  are  also  indefinitely  near  each  other,  i.e. 
are  in  the  same  line  and  hence  balance.  The  beam 
is  now  said  to  be  in  pure  shear,  and  the  shearing  force 
is  Pl  or  P2. 

Then,  considering  the  equilibrium  of  the  right-hand 
piece,  it  is  in  equilibrium  as  shown  under 
P!  (Fig.  289),  and  the  total  shearing 
stress  on  the  section  KK,  shown  by 
the  arrows,  and  plainly  differing  from 
tension  or  compression,  being  a  sort 


Fig.  289.  Of  factional   action    between    the    two 

surfaces  at  KK  resisting  relative  sliding,  instead  of  a 
direct  pull  or  push  acting  normally  to  the  surfaces. 
Hence 

Total  shearing  stress  on  KK  =  Px. 

And  assuming  it  to  be  uniformly  distributed  over  the 
section,  if 

q  =  intensity,     A  =  area  of  section, 


Pure  shear  is  extremely  rare  in  practice,  e.g.  in  the 
shearing  machine,  bars  after  being  cut  can  be  plainly 
seen  to  have  bent  ;  the  reason  is  that  it  is  impossible  to 
bring  the  forces  P1  P2  indefinitely  near  each  other  ;  the 
jaws  of  the  machine  have  a  certain  clearance,  and  in  this 
distance  the  bar  bends. 

If  the  bar  be  both  bent  and  sheared,  we  still  have, 
referring  to  Fig.  289, 

Total  stress  on  section  =  F  the  shearing  force, 

but  the  value  of  q  is  altered,  as  we  shall  explain  farther  on. 

Shear  on  Rivets.  —  The  most  usual  example  given 

of  pure  shear  is  that  of  a  rivet  connecting  plates  exposed 
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(K  ^ 


to  a  longitudinal  pull.       Fig.  290  shows  a  section  and 

plan  of  a  single  riveted  lap 

joint.      Looking  at  the  plan  p 

we  see  that  the  centre  rivet  "*" 

shown  must  support  the  piece 

of  plate  between  the  dotted 

lines,    which    are    half-way 

between  that  and  the  next 

rivet    on   each  side.      Each 

rivet     has    to     support    an 

equal  strip,    and  hence    we 

will    consider    the     actions 

on  one  such    strip  and  its 

rivets.      Let 

Fig.  290. 

/  —  distance  between  the  rivet  centres  or  the  Pitch. 
Then  p  is  the  width  of  the  piece  of  plate  also.     Let 

P  =  pull  on  the  strip, 
t=  thickness  of  metal, 
d=  diameter  of  rivet, 
q  =  shearing  stress  on  rivet, 

these  letters  we  will  use  right  through  the  work. 

Then,  if  the  rivet  fit  its  hole  tightly,  it  will  be  under 
nearly  pure  shear  at  KK,  and  hence,  its  sectional  area 
being  7iv/2/4, 

P 


Why  now  must  we  insert  the  condition  as  to  tight 
fitting  ?  To  answer  this,  consider  how  the  forces  P  are 
applied  to  the  rivet.  They  will  be  distributed  over  the 
rivet  surfaces  from  A  to  K,  and  from  B  to  K,  so  that  the 
resultant  forces  P  P  will  act  roughly  through  the  centres 
of  AK  and  BK.  But  this  being  so,  there  will  be  a 
bending  moment  at  KK,  equal  to  P  .  AK/2  or  P  .  BK/2, 
and  consequently  not  pure  shear.  Now  if  the  rivet  bend  it 
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must  move  in  the  holes,  but  if  it  fit  tightly  there  will  be 
great  friction  resisting  such  a  motion  ;  and  this  friction, 
if  sufficient,  will  supply  a  friction  moment  equal  and 
opposite  to  P  .  AK/2,  and  then  at  KK  there  will  be  pure 
shear.  This  we  in  all  cases  assume  to  be  the  case. 

Pin   Joints — Inequality  of  Shear. —  In    a    pin 
joint  (Fig.    291)   the   pin   is   subject   to   shear  of  total 


Fig.  291. 

amount  P  over  the  two  sections  KK,  KK  ;  since,  if  it 
give  way  by  shearing  of  the  pin,  both  sections  must  be 
sheared,  as  shown  in  Fig.  292.  But  the  pin  will  also  be 


Fig.  292. 

bent,  as  shown  exaggerated  in  the  figure,  because  the 
fit  of  the  pin  in  the  holes,  and  of  the  eye  between  the 
jaws,  is  a  working  fit,  i.e.  there  is  clearance  in  each  of 
these.  If  the  work  be  good  the  clearance  will  be  small, 
but  this  will  only  lessen  the  amount  of  bending ;  in 
every  case  there  will  be  some  bending.  Now  the  im- 
portance of  the  action  lies  not  in  the  extra  stress  caused 
by  the  bending — which  will  as  a  rule  be  small — but  in 
the  fact  that  directly  there  is  any  bending  at  all,  the 
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distribution   of  the   shearing   stress    over  the   section   is 
altered  in  a  manner  which  can   be  theoretically  deter- 
mined.     This  determination  we  cannot  enter  into  here, 
but   the   effect  is  that  the  stress  at  the   centre   of  the 
pin,  where  it  is  greatest,  is  |-  of  the  mean  stress  on  the 
section,  so  that  when  the  limit  of  elasticity  is  not  exceeded, 
Shearing  stress  at  centre  _  4 
of  pin  3 

_P 

•     (there  being  two  sections). 

4 

If  then  /'  be  the  greatest  shearing  stress  allowed  on 
the  metal,  we  must  put 

_P 
f  =  4JL.=  W 

3  -<r- 

4 
and 


gives  us  the  necessary  diameter  of  pin  to  withstand  the 
pull  P. 

Had  the  stress  been  uniform  we  should  have  found 


The  effect  here  considered  also  holds  in  beams,  the 
effect  in  a  rectangular  section  being  that 

_3          _3  F 

tf  maximum  —     tfmean  —         *   • 

2  £•    I\. 

For  other  sections  the  ratio  must  be  calculated  by 
methods  outside  our  present  scope. 

Riveted  Joints.  —  For  a  full  discussion  of  the 
proportions  of  riveted  joints  we  must  refer  to  works  on 
the  Design  of  Structures  and  Machines,  to  which  subject 
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it  properly  belongs,  but  we  may  glance  briefly  at  one  or 
two  questions  concerning  them. 

Figs.  290  and  293  show  examples  of  the  two  great 
classes  into  which  these  joints  may  be  divided,  viz. 
Lap  (Fig.  290)  and  Butt  (Fig.  293)  Joints. 

In  the  lap  joint  the  two  plates  lap  over  each  other, 
being  connected  by  one  row  of  rivets,  as  Fig.  290,  or 
by  two,  three,  or  more  rows  (Fig.  297).  To  break  such 


Fig.  293. 

joints  by  shearing  the  rivets  we  have  to  shear  each  rivet 
across  one  section  only,  so  that  if  there  be  n  rows  of 
rivets  there  will  be  n  sections  to  be  sheared  for  each 
strip  of  plate  of  width  p.  These  rivets  are  said  to  be  in 
single  shear. 

In  the  butt  joint  there  may  be  double  covering  plates, 
or  straps,  as  C,  C,  Fig.  293,  or  only  a  single  one,  as  Fig. 


Fig.  294. 

294.      In  the  latter  case  we  have  simply  a  lap  joint  be- 
tween the  covering  plate  and  each  plate,  so  we  treat  it 
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as  such.  But  with  double  straps  there  is  the  important 
difference,  that  each  rivet  must  be  sheared  across  two 
sections,  or  is  in  double  shear  (Fig.  295).  If  then  there 
be  n  rows  of  rivets  connecting  the  covering  plate  to 


V 


Fig.  295. 

each   plate,  it   is   clear  that  in  rivet  sections  must  be 
sheared. 

Let  now  P  be  the  pull  for  one  strip  of  plate,  then  we 
have,  for  lap  or  single  strap  butt  joints, 

P 

One  row,  or  single  riveted       q  — . 

4 
p 

Two  rows,  or  double  riveted  q  = •• 

2^ 

4 

p 
Three  rows,  or  treble  riveted  q  =  —   — . 


And  so  on,  but  there  are  rarely  more  than  three  rows. 

For  double  strap  butt  joints,  q  =  one  half  the  above 
values  in  each  case. 

In  designing  a  joint  we  require  to  compare  its  resist- 
ance to  shearing  with  that  to  direct  tearing  of  the  metal 
of  the  plate  ;  and  then,  by  making  these  equal,  the  joint 
will  be  just  on  the  point  of  giving  way  to  each  at  the 
same  instant,  and  will  be  as  strong  as  possible. 

Consider  then  one  strip  of  plate  ;  this  will,  if  torn,  give 
way  across  the  section  through  the  rivet  hole,  that  being 
its  weakest  section.  This  we  could  also  see  by  consider- 
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ing  the  whole  plate  :   it  would  plainly  give  way  as   in 
Fig.  296. 


Fig.  296. 

Thus  we  must  consider  the  strength  of  this  section, 
the  area  of  which  is  (/  —  d}t.      If  then 

/=  tensile  stress  allowed, 
/x  (p-d}t=  P. 

This  is  independent  of  the  number  of  rows  of  rivets, 
for  all  that  is  necessary  in  order 
that  a  joint  may  break  is  that 
either  plate  give  way  along  the  row 
of  rivets  farthest  from  its  edge 
(Figs.  296  and  297).  It  will  not 
give  way  along  any  other  row, 
because  then,  in  addition  to  tearing 
the  plate,  one  or  more  rows  of  rivets 
would  be  sheared.  If  now 


Fig.  297. 

we  have  seen,  then 


/'  =  shearing  stress  allowed, 

and  the   number  of  rivet  sections 
to  be  sheared-  be  #   determined  as 


Whence,  equating  the  two  values  of  P_, 


or 


the  equation  which  gives  the  pitch  when  </and  /  are  known. 
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The  value  of  t  will  be. one  of  the  data,  and  d  is  then 
determined  almost  entirely  by  constructive  reasons,  into 
which  we  do  not  enter.  Also  in  some  cases  the  pitch 
thus  found  cannot  be  used  if  the  joint  is  to  be  water- 
tight, but  this  again  is  a  purely  practical  consideration. 

Efficiency  of  Joint.  —  By  cutting  a  rivet  hole 
through  the  plate,  the  strength  of  each  strip  is  dimin- 
ished from  pt  xfto  {p  —  d}t  xf  or  in  the  ratio  p  —  d-^-p. 
Hence  the  strength  of  the  joint  is  (p-d)-^-p  times  that 
of  the  solid  plate,  and  this  ratio  is  called  the  Efficiency 
of  the  Joint  (see  page  273).  Evidently  it  is  advantage- 
ous to  have  p  as  large  as  possible. 

Normal  and  Tangential  Stress. — Our  next  step 
would  be  to  consider  the  change  of 
shape  produced  by  shearing,  and  its 
connection  with  the  stress.  But  it  is 
convenient  first  to  examine  a  little  more 
closely  into  the  nature  of  tangential  or 
shearing  stress. 

Fig.  298  represents   a   bar  of  rect- 
angular   section,    thickness    t    at   right 

angles  to  the  paper,  subject 

to  a  load  P.      If  we  take 

a    section  AB  transverse, 

then    there     is    compress- 

ive    strength    of    intensity 

P/(AB-M)  over  that  sec- 
tion. 

But    now   take  an   inclined    section    as 


Fig.  298. 


BC  (Fig.  298),  making  an  angle  0  with  AB. 
Then,  considering  the  equilibrium  of  the  piece 
EFBC  (Fig.  299),  the  stress  on  the  section 
BC  must  be  parallel  to  P,  and  its  total 
amount  equal  to  P ;  also  it  will  be  uniformly 

distributed  (page  264),  hence 

p 
Intensity  of  stress  on  section  BC  =  ^ — -> 


Fig.  299. 
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and  its  direction  makes  an  angle  0  with  BC,  so  it  is 
neither  normal  nor  tangential. 

We  can,  however,  resolve  this  stress  into  two  com- 
ponents, one  tangential  or  shear  along  BC,  and  the  other 
normal  or  direct  compression  on  BC. 

For  this  purpose  resolve  the  total  stress  P  along 
and  perpendicular  to  BC.  The  first  gives 

Total  tangential  stress  on  BC  =  P  sin  0. 

Psin0 
.  '  .  intensity,  or  pt  -  ^  —  -  » 

P  sin  0 


And  the  second  gives 


-     -(sin  0 .  cos  0) 
Li>  .  t 


Total  normal  stress  =  P  cos  6, 


Now  P/AB  .  t  is  the  intensity  of  the  stress  on  the 
section  AB,  on  which  section  it  is  purely  normal;  hence, 
denoting  this  by  /,  we  have 

pn=p  cos2  6,    pt=p  .  sin  6  .  cos  0, 

for  the  normal  and  tangential  stresses  on  a  section 
making  an  angle  0  with  the  section  AB  on  which  the 
stress  is  normal. 

The  normal  stresses  are  here  compression  ;  if  P  had 
been  tensile  the  work  would  have  been  the  same,  but 
the  signs  of  the  normal  stresses  would  have  been  altered, 
so  they  would  be  tensions  ;  also  the  shearing  stress 
would  be  in  the  opposite  direction. 

If  we  take  a  section  at  right  angles  to  BC,  the  stresses 
P'ni  P't  on  it  will  be  obtained  by  writing  ?r/2  -  0  for  0, 
hence 

/'„  =/  sin2  0,    p'^—p  .  cos  0  .  sin  0, 
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so  that  p't  =pi,  or  the  tangential  stress  on  planes  at  right 
angles  is  equal,  a  fact  of  great  importance  in  the  theory 
of  strength  of  materials,  to  which  we  shall  again  recur. 

Pure   Shear. — In  Fig.   300  ABCD  is    a  block  of 
material  of  thickness  /,  and 

we  apply  to  it  a  compress-  \   LI    I     LI     I     1 

ive  load  of  intensity  p  A^ 
on  AD,  and  therefore  on 
BC  to  balance,  and  a  tensile 
load  of  equal  intensity  p 
on  AB  and  CD.  Then  on 
all  sections  parallel  to  AD  ""*  ^ 


\ 


there  is  pure  normal  stress  \\P\\        \P\  \ 

of  intensity  ^,  and  on  all 

*  Fig.  300. 

sections  parallel  to  AB  pure 

normal  stress  of  intensity  -/,  the  negative  sign  denoting 

tension,  as  opposed  to  compression,  which  we  will  consider 

positive. 

Draw  now  on  the  side  of  the  block  a  small  square  with 
sides  inclined  at  45°  to  the  sides  AB,  BC,  and  consider 
what  action  takes  place  on  this  small  square  of  material, 
supposing  it  to  extend  through  the  whole  thickness  /. 

Produce  the  sides  as  dotted. 

Then,  first,  due  to  the  compression  py  there  is,  on 
each  of  the  sections  along  the  dotted  lines,  and  thus  on 
each  side  of  the  square, 

Tangential  stress  =p  sin  -  .  cos  -  =  S 
4  42 

Normal  stress  —p  cos2  -  —  -     (compression), 

4      2 
as  shown  in  Fig.  301. 

Second,  due  to  the  tension  /, 

Tangential  stress  =  — , 

Normal  stress  =  -     (tension), 
as  Fig.  302. 
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The  total  effect  of  the  tension  and  compression  is 
now  obtained  by  adding  the  separate  results,  whence  we 
obtain  the  stress  shown  in  Fig.  303,  since  the  normal 


Fig.  301.  Fig.  302.  Fig.  303. 

stresses  cancel,  while  the  tangential //2,//2  being  in  each 
case  (Figs.  301  and  302)  in  the  same  direction,  produce 
a  tangential  stress  of  intensity  p  along  each  side  of  the 
square. 

Here  then  we  have  the  square  under  pure  shearing 
stress,  and  we  see  that  this  is  of  a  dual  nature,  requir- 
ing for  its  production  the  existence  of  equal  and  opposite 
normal  stresses  in  two  directions  at  right  angles,  viz. 
directions  parallel  to  AB  and  BC  respectively  ;  and 
hence  in  all  cases  of  pure  shear  these  two  stresses  p 
compressive  and  p  tensile  necessarily  accompany  it. 

[We  have  started  with  the  +  and  —  stresses  p,  and  proved 
they  produce  pure  shear,  because  this  shows  a  practical  way  in 
which  it  may  be  produced  ;  but  we  can  if  we  please  start  by 
assuming  pure  shear  along  the  edges  of  such  a  small  square,  and 
then  taking  sections  of  the  square  parallel  to  AB  and  BC,  it  will 
be  found  that  the  stresses  on  them  are  pure  tension  and  pure 
compression  respectively.] 

Equality  of  Shearing  on  Planes  at  Right 
Angles. — The  preceding  work  proves  the  equality 
of  shear  on  planes  at  right  angles,  which  we  have  already 
noticed.  For  no  other  set  of  forces  than  those  of  Fig. 
300  can  produce  pure  tangential  stress  of  intensity  p  on 
any  side  of  the  square,  but  this  set  produces  equal  tan- 
gential stress  on  all  sides,  which  proves  the  result. 

This  being  an  important  point  we  will  consider  it  in 
another  way. 
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Take  ABCD,  a  small  rectangle  of  material,  thickness 
/,  to  which  shear  is  applied  along  the  edges  AB  and  CD 
as  shown  (Fig.  304),  the  shear  along 
CD  being  necessary  to  balance  that 
along  AB.  Then  if  pt  be  the  in- 
tensity of  the  shear,  there  is  a  moment 

pt  x  (AB  x  /)  x  EC, 

tending  to  turn  the  piece  clockwise. 
Now  this  cannot  be  balanced  by 
the  application    of  uniform  normal 
stress  to  any  of  the  faces,  since  the 
resultant  stress  on  each  face  will  pass 
through  its  centre.      Hence  to  prevent  the  turning  we 
must  apply  shear  of  intensity  p't  along  the  edges  BC 
and  AD.      This  will  produce  a  turning  moment 

p't  x  (BC  x  f)  x  AB, 
and  since  the  two  moments  balance, 

pt  x  (AB  x  /)  x  BC  =p't  x  (BC  xt}x  AB, 


Distortion  due  to  Shearing.  —  We  can  now  see 
what  change  of  shape  or  strain  accompanies  shearing, 
for,  referring  to  Fig.  300,  the  block  will,  under  those 

stresses,  elongate  in  the 
direction  AD,  and  contract 
equally  in  the  direction  AB, 
hence  taking  the  form  of 
Fig.  305,  in  which  the 
change  of  shape  is  shown 


Fig.  305- 


in  an  exaggerated  form. 


Hence  the  square  of  Fig.  300  now  distorts  into  the 
rhombus  of  Fig.  305,  the  lengths  of  its  sides  remaining 
unaltered. 


[The  student  must  remember  that  all  these  changes  of  shape 
are  extremely  small ;    otherwise  the  last  statement  would  not 
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hold,  because  if  the  side  move  sensibly,  the  stress  is  no  longer 
pure  shear  along  it,  and  changes  of  length  will  occur.] 

Since  the  effect  of  pure  shear  is  to  produce  distortion 
only,  and  no  change  of  length  in  the  direction  of  the 
shear — i.e.  along  the  sides  of  the  square — it  is  called  a 
pure  distorting  stress,  and  its  effect  is  measured  by  the 
angle  of  distortion,  i.e.  the  angle  through  which  the  sides 
of  the  square  move  relatively  to  each  other.  If  <£  be 
this  angle — i.e.  the  angles  of  the  rhombus  are  ir/2  -  <£,  and 
7T/2  +  <£ — <f>  may  be  called  the  strain  due  to  shearing,  just 
as  e  is  the  strain  due  to  tension.  Also,  just  as  we  have 
the  equation 

p  =  Ee 

proved  by  experiment  to  hold  in  tension,   so  we  have 
the  equation 

ptor  g=C(j> 
proved  by  experiment  to  hold  in  shearing. 

This  equation  then  connects  together  shearing  stress 
and  the  strain  produced  by  it,  C  being  the  modulus  as 
E  is,  and  being  called  the  Modulus  of  Distortion,  or 
of  Torsion  (why,  we  shall  see  directly),  or  the  Coefficient 
of  Rigidity,  because  it  is  a  measure  of  the  power  of  a 
material  to  keep  its  shape. 

The  value  of  C  for  wrought-iron  and  steel  is  about 
10,500,000  for  q  in  Ibs.  per  sq.  inch,  and  <£  in  circular 
measure. 

[It  is  instructive  to  compare  the  preceding  work  with  that  of 
chap.  xvii.  on  the  shearing  force  in  girders  ;  the  combination  of 
tension  and  compression  is  identical  in  each  case. 

We  also  see  now  the  necessity  for  stiffness  in  the  web  of  an  I 
beam  irrespective  of  the  bending  stresses.  For,  taking  sections 
at  45°  to  the  shear,  there  is  compressive  stress  in  one  direction, 
which  will  bend  the  web  if  it  be  not  stiffened  against  it,  just  as 
the  compressive  brace  (page  334)  would  bend  if  it  were  too 
thin.  ] 

Torsion. — The  chief  value  perhaps  of  the  preceding 
work  lies  in  its  application  to  the  principal  practical  case 
of  pure  shear,  viz.  torsion. 
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When  a  bar  is  considered  as  a  whole  torsion  may 
properly  be  spoken  of  as  a  distinct  kind  of  action,  form- 
ing with  tension,  compression,  bending,  and  shearing 
the  five  straining  actions.  Considered  as  an  action  on 
the  particles  of  metal,  however,  only  the  first  two  are 
really  distinct,  and  torsion  is  simply  a  case  of  shear. 

[It  hence  finally  reduces  to  tension  and  compression  ;  but  we 
do  not  follow  it  out  to  this,  because  we  have  treated  shear  as  a 
distinct  action,  obtaining  the  equation 

q  =  C<t> 

for  it  experimentally,  instead  of  attempting  to  deduce  a  relation 
from  the  extension  and  compression  accompanying  it.] 

Let  Fig.  306  represent  a  thin  tube,  fixed  at  AC,  and 
having  a  twisting  moment 
T  applied  to  its  end  BD,  | 
the  axis  of  T  being  that  of  ^ 
the  tube. 

Then,  taking  any  trans-  | 
verse  section,  at  KK  say, 
the  section  will  from  sym- 
metry remain  circular,  and  the  effect  of  the  moment 
would  be,  if  the  tube  were  cut  at  KK,  simply  to  turn 
KBDK  round  its  axis.  In  such  a  motion  the  surfaces 
at  KK  would  simply  slide  over  each  other,  and  hence 
there  is  a  simple  tangential  or  shearing  .stress  over  the 
sections.  We  might  equally  consider  a  solid  cylinder, 
we  can  easily  see  there  is  simply  shear  over  a  trans- 
verse section  ;  but  in  the  case  of  the  thin  tube  we  can 
now  go  on  to  consider  the  change  of  shape  produced. 

Torsion  of  a  Thin  Tube. — First,  for  the  stress 
produced  by  T.  Let 

r=mean  radius, 

/  =  thickness  (which  is  small), 

q  =  intensity  of  stress  over  any  section  KK. 

Then  KBDK  is  in  equilibrium  under  two  sets  offerees, 
as  shown  in  Fig.  307  (a)  on  KK  and  (^)  on  BD. 

2  D 
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[The  moments  appear  to  be  in  the  same  direction,  when  they 
could   not  balance,  but  this   is   because  we   are   looking   from 
opposite  ends.] 

The  total  stress  on  KK  is 


and  since  each  small  stress  is 
at  right   angles   to  the   radius, 
Fig  307  the  total  moment  is 

q  x  2irrt  x  r 

(the  arm  r  being  common  to  all  the  stresses)  about  the 
axis  of  the  tube. 

This  balances  T  on  BD, 


and 


gives  the  stress  on  any  transverse  section. 

Next,  for  the  change  of  form,  draw  on  the  tube  before 


Fig.  308. 

distortion  a  number  of  equidistant  section  lines  as  shown 
between  AC  and  KK  (Fig.  308). 

[We  take  two  for  clearness,  but  there  should  be  a  great 
number.] 

Also  draw  two  lines  abcd~5L,  and  I234F  longitudinally, 
and  such  that  ai  =afr,  thus  forming  a  number  of  squares 
#£i2,  &:23~  etc.,  which  being  very  small  may  be  con- 
sidered as  flat. 
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Then  the  small  square  abi2.  is  under  shearer  along 
b2  and  la,  and  hence  it  is  under  equal  shear  along  ba 
and  12.  The  square  then  distorts  into  a  rhombus  ab'z'i, 
and  the  angle  bab'  or  <f>  is  given  by 


[The  distortion  being  small  b'  still  remains  in  the  line  £2,  for 
ab'  and  ab  differ  only  by  an  indefinite  small  quantity.] 

The  next  square  bc^i  also  distorts  equally,  but  its 
side  bi  is  moved  to  b'l'  by  the  distortion  of  abi2,  so 
that  it  takes  up  the  new  position  b'c'$2'\  b'cf  making  the 
same  angle  <£,  as  above,  with  be. 

Similarly  ^43  moves  to  c'd'  V3',  c'd'  making  an  angle 
(f>  with  cd. 

We  see  then  that  the  original  straight  line  aE,  be- 
comes distorted  into  a  curve  «E',  having  the  property 
that  each  small  piece  of  it  is  inclined  at  the  constant 
angle  <£  to  its  old  position  ;  the  shape  of  aE'  is  therefore 
that  of  a  screw  thread  or  helix.  The  same  holds  for  i  F, 
which  becomes  the  helix  iF',  and  for  all  lines  originally 
parallel  to  the  axis. 

If  we  look  now  at  the  end  view,  we  see  that  E  having 
twisted  round  to  E',  the  radius  OE  has  twisted  through 
the  angle  EOE'.  This  angle  is  called  the  Angle  of 
Torsion,  and  is  denoted  by  z. 

We  can  now  easily  determine  the  relation  between 
q  and  z".  For  let 

1=  length  of  tube. 

Then,  remembering  that  <f>  is  a  very  small  angle  and  EE' 
a  very  small  distance  compared  to  /,  we  have 

EE'  =  Ea  x  0  =  /0     (from  Fig.  308,  a), 
also 

EE'  =  rxr   (from  Fig.  308,  b), 
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So  we  have  found  the  stress  and  the  twist  produced  by 
a  given  moment  T. 

Effect  of  Slitting  a  Tube. — Returning  to  the  con- 
sideration of  the  small  squares  a&i2,  etc.,  we  have  seen 
they  are  under  pure  shear. 

Hence  it  follows  that  in  the  directions  of  the  diagonals 
there  are  tensile  and  compressive  stresses  q.  There  is 
tension  along  a2  which  stretches  to  #2',  or  tension  across 
the  section  \b.  Similarly  along  ib,  or  across  the  section 
«2,  there  is  compression. 

Suppose  now  we  cut  a  slit  along  «2,  then  this  would 
not  interfere  with  the  power  of  the  square  to  resist  the 
compression  across  this  section,  this  simply  forcing  the 


c  D 

Fig.  309.  Fig.  310. 

sides  of  the  slit  together.  This  also  applies  to  all  the 
small  squares  of  which  the  tube  is  made  up,  since  they 
are  all  identical  as  regards  stress.  If  then  we  continue 
#2,  cutting  across  each  little  square  in  succession,  we 
get  a  helical  slit  at  an  angle  of  45°  all  along  the  tube, 
and  it  appears  the  tube  is  not  weakened  as  regards 
resisting  T. 

We  could  equally  well  cut  another  slit,  and  so  on  till 
we  divide  the  tube  up  into  a  number  of  helical  ribbons 
(Fig.  309),  and  yet  its  strength  its  unimpaired. 

But  now  suppose  we  cut  a  slit  in  the  opposite  direc- 
tion, Fig.  310,  then  the  small  squares  would  be  unable 
to  resist  the  tension  across  the  cut  section,  and  the 
resistance  of  the  tube  would  be  utterly  destroyed,  and  if 
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a   series   of  these   slits   be  cut  the  tube  would   on  the 
application  of  T  open  out  into  disconnected  ribbons. 

It  is  not,  however,  necessary  to  cut  the  slits  across 
i£,  etc.,  to  destroy  the  tube ;  for  if  we  cut  the  slits 
longitudinally  as  «E,  iF  (Fig.  308),  then  there  can  be 
no  resistance  offered  to  the  shear  along  ab,  12,  etc.,  and 
hence  the  tube  is  destroyed  just  as  much  as  if  we  cut  it 
through  KK. 

[The  question  just  considered  has  a  practical  bearing  in  deter- 
mining the  relative  importance  of  flaws  in  a  shaft.  If  the  shaft 
always  rotate  in  one  direction,  it  appears  that  a  flaw  lying  in 
one  direction  will  hardly  weaken  the  shaft,  while  one  at  right 
angles  entirely  destroys  the  resisting  power  of  the  space  it  covers. 
For  intermediate  directions — e.g.  longitudinally — although  theo- 
retically there  is  no  resisting  power,  yet  if  the  sides  be  held 
together  by  the  rest  of  the  metal,  friction  may  be  developed 
sufficient  to  withstand  the  shear.  It  would  not  of  course  do 
to  rely  on  such  actions  as  this.] 

Thick  Tube. — Fig.  31 1  shows  two  views  of  a  thick 


*  0 

fa)  W 

Fig.    3II. 

tube  or  hollow  shaft ;  external  diameter  d^  or  radius  ;•,  ; 
internal  diameter  d^  or  radius  r^. 

This  shaft  we  conceive  as  made  up  of  a  large  number 
of  concentric  thin  tubes,  one  of  which,  radius  r,  small 
thickness  /,  is  shown  in  the  end  view. 

If  now  the  shaft  be  twisted,  all  these  tubes  will  be 
twisted,  and  since  they  form  one  solid  shaft,  we  naturally 
assume  that  they  will  all  be  twisted  through  the  same  angle. 

Distribution  of  Stress. — We  will  now  see  what 
distribution  of  stress  will  be  produced. 
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Taking  the  one  tube  shown.      Let 

q  =  shearing  stress  on  it, 
/=  length  of  shaft, 
i— angle  of  torsion. 
Then 

Z  =  Cr 

But  z  is  constant  for  all  the  tubes,  hence  if  ql  be  the 
stress  at  the  outer  surface,  and  q2  that  at  the  inner  sur- 
face, we  have 


lr-=j?-=i-     (anywhere  over  the  section), 
Cri     Cr%     Cr 


or 


Thus  gjr  is  constant,  or  q  oc  r. 

If  now  the  moment  T  be  applied  to  the  shaft  by 
forces  varying  in  this  way,  our  assumption  above  holds 
good,  and  the  stress  is  distributed  in  this  manner  over 
all  transverse  sections.  But  if  not,  then  near  the  end 
the  law  of  distribution  will  not  be  q  oc  r,  but  it  will  tend 
towards  this  law,  and  when  we  get  a  little  way  from  the 
end  the  law  will  be  found  to  hold  good  (compare  Ten- 
sion, page  264,  and  Bending,  page  356). 

Connection  of  Stress  and  Moment.  —  Let  now 
Fig.  311  (b)  represent  a  section  through  KK  in  (a). 

Then  KBDK  is  in  equilibrium  under  T,  the  twisting 
moment  applied  to  the  end  BD,  and  the  stress  over  the 
section  at  KK. 

Taking  now  the  ring  of  radius  r, 


Resisting  moment  of  ring  =  2irr2yt    (page  402), 
and 


where  ql  is  the  external,  and  therefore  the  greatest,  stress. 
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'  .  '  Resisting  moment  of  ring  =  2irrit  x  —  .  r, 


But  27rr/  x  r2  is  the  area  of  the  ring  multiplied  by  the 
square  of  its  radius  ;  that  is,  it  is  the  polar  moment  of 
inertia  of  the  ring  about  the  centre  of  the  section. 

.  '  .   Resisting  moment  of  ring  =  —  x  I  of  ring. 

And  hence,  adding  the  resisting  moments  of  all  the 
tubes  together, 

T°tal  'of  sector"*1"  4;    <sum  of  r«  of  rin8s>' 

-fil, 

r\ 

where  I  represents  the  polar  moment  of  inertia  of  the 
section  about  its  centre.  Hence  the  greatest  stress  on 
the  section  is  given  by 


since  the  resisting  moment  of  the  section  balances  T. 

If  the  stress  at  any  other  point  be  required  we  find  it 
from 

£=&. 

r    ri 
For  the  value  of  I  we  have 

I  =  I  of  circle  of  radius  r\  -  I  of  circle  of  radius  1%  , 
=  4Ai  ^i2  -  4A2r22     (page  2  14), 


n    2 

7T       ^i4  —  r24  7T 

^-TT'    °TT(,'< 
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If  the  shaft  be  solid  then  r   or  d.  =  o,  and 


We  may  now  drop  the  suffixes,  remembering  that  q 
is  the  greatest  stress  and  d  the  outer  diameter,  and  we 
obtain 


the    usual  formula.      For   the   hollow   shaft   the    suffixes 
should  be  retained. 

Comparison   of  Solid   and    Hollow  Shafts.  — 
Comparing  the  formulae 


!="  andf=r 


we  see  that  the  same  remarks  which  applied  in  bending, 
as  to  removing  the  bulk  of  the  metal  away  from  the  axis 
as  far  as  possible  (page  372),  will  also  apply  in  the  pre- 
sent case.  The  present  is,  however,  simpler,  because, 
the  section  being  always  circular,  we  have  only  one  way 
of  removing  the  metal  away  from  the  axis,  viz.  to  make 
the  shaft  hollow,  and  there  is  no  question  similar  to  the 
ratio  of  flanges  to  web,  etc.,  in  bending. 

To  see  what  we  gain  by  making  a  shaft  hollow,  let 
us  compare  together  the  resisting  powers  of  two  shafts 
of  equal  sectional  area,  and  therefore  equal  weights,  one 
solid  the  other  hollow.  Let 

d=  diameter  of  solid  shaft, 
d\  =  external  diameter  of  hollow  shaft, 
«2  =  internal         ,,  ,,         ,, 

/=  greatest  stress  allowed 

(so  q  at  the  outer  edge  is  to  bey"), 
T  =  resisting  moment  of  solid, 
T'=       „  „  hollow. 

Then 
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Also  the  sectional  areas  being  equal, 


whence 


So  that  the  nearer  dz  approaches  to  d1  the  greater  is  the 
gain,  the  limiting  value  being  2  ;  but  for  this  dz  =  dv  or 
the  thickness  is  zero,  hence  the  diameter  must  be 
infinite. 

In  actual  practice  the  thickness  d1  -  d2  is  limited  by 
considerations  of  local  stiffness,  similar  to  those  limiting 
the  thinness  of  flanges  and  webs  (page  373).  Hence 
the  ratio  d2  :  dl  is  limited.  Taking  the  value  i  :  2  we  get 

T' 


so  the  shaft  is  nearly  half  as  strong   again.      (For  the 
same  elastic  strength,  see  note  at  end  of  ch.  xxi.) 

Equivalent  Solid  Shaft.  —  It  is  for  many  purposes 
convenient  to  express  the  strength  of  a  hollow  shaft  by 
giving  the  diameter  of  a  solid  shaft  of  the  same  material 
which  would  be  equally  strong  ;  this  is  called  the  equiva- 
lent solid  diameter.  Let 

di  =  actual  external  diameter, 

rto—     ,,      internal         ,, 

d—  equivalent  solid  diameter, 

/=  stress  allowed. 
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"Then 

Resisting  moment  of  actual  shaft  =  ^  f  1  " l  '2  , 

lo          a\ 

and  of  equivalent  solid  =  -/.  dz.      Whence 


and 

d= 


=    *ld±^d 

V    4 


Diameter  of  Shafting  to  Transmit  a  given 
Horse  Power.  —  An  engine  of  given  I.  H.  P.  runs  at  N 
revolutions  per  minute  ;  it  is  required  to  find  the  neces- 
sary diameter  of  its  shafting.  First  let 

Tw  =  mean  twisting  moment  of  engine  in  tons-inches. 

.Then 

Work  done  per  revolution  =  Tm  x  2?r  inch-tons. 
But 

Energy  exerted  per_IHP  x  33000  ,-.    11 
revolution  N 

33000  x  12 


N  x  2240 

Whence,  equating  energy  and  work,  we  obtain 
T   =IHPx  33000x12 

N  224O  X'27T  ' 

But  in  chap.  ix.  we  proved  that  the  twisting  moment 
does  not  remain  constant  at  its  mean  value,  but  varies  ; 
the  ratio  of  maximum  to  mean  twisting  moment  depend- 
ing partly  on  considerations  there  discussed,  viz.  number 
•of  cylinders,  and  connecting-rod  -f-  crank  ratio,  and 
partly  on  other  considerations,  into  which  we  cannot 
enter.  The  effect  is  then  that  if 

T  =  greatest  twisting  moment, 
we  have 

T  =  KTm, 
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where  K  is  a  constant  greater  than  i,  depending  on  the 
foregoing  considerations.  A  mean  value  for  a  pair  of 
cylinders  would  be  about  i-^  for  the  propeller  shafting 
and  2  for  the  crank  shaft.  The  greater  value  in  the 
latter  case  includes  an  allowance  for  the  very  severe 
bending  to  which  a  crank  shaft  is  subject. 

But  the  shaft  must  be  designed  to  be  strong  enough 
to  withstand  T,  whence  taking  a  solid  shaft 


whence 


K.IHP    33000  x  12 

N  224O  X  27T  ' 


=  5 . 3  ^  IHP 


which  gives  the  actual  diameter  in  inches  of  a  solid  shaft, 
or  the  equivalent  solid  diameter  if  we  use  a  hollow  one. 
In  the  latter  case  we  have 


whence,  being  given  the  ratio  djd^  we  obtain  the  values 
of  d^  and  dv  Usual  values  of  the  ratio  are  from  -|  to  f  . 
Or  we  may  be  given  that  d^  —  d^  is  not  to  be  less  than  a 
certain  thickness,  say  for  large  shafts  about  3  ins.  ;  then, 
using  this  value,  we  obtain  the  two  diameters. 


EXAMPLES. 

1.  If  the  greatest  shearing  stress  allowed  on  the  pin  of  a  pin 
joint  be  £  of  the  tensile  stress  allowed  in  the  metal  of  the  rods 
joined,  show  that  the  diameter  of  the  pin  should  very  approxi- 
mately equal  the  diameter  of  the  rod. 

2.  A  single  riveted  lap  joint  in  \  inch  plate  is  subject  to  a 
load  of  3  tons  per  square  inch  of  the  plate  section  through  the 
line  of  rivets.     The  rivets  are  f  in.  diameter,  pitch  ij  in.     Find 
the  shearing  stress  on  the  rivets,  and  the  efficiency  of  the  joint. 

Ans.  3.8  tons  ;  .6. 


4i2  APPLIED  MECHANICS  PART  n 

3.  The  steel  plates  of  a  girder  are  f  in.  thick,  riveted  with  i 
inch  rivets.     The  joint  is  treble  riveted,  double  butt  strap,  and 
the  shearing  strength  of  the  rivets  is  f  the  tensile  strength  of  the 
plates.     Find  the  pitch.  Ans,  6^  ins. 

4.  A  square  bar  of  steel  is  under  a  tensile  pull  of  4  tons  per 
sq.  inch  along  its  axis,  and  a  compressive  stress  of  2  tons  at  right 
angles  to  the  axis.     Find  the  direction  of  a  plane  on  which  there 
is  a  pure  shearing  stress,  and  its  amount. 


Ans.  At  an  angle  tan"1  —7=  with  the  axis. 

V2 


5.  Find   the  greatest  twisting  moment  a  steel  tube  12   ins. 
mean   diameter,  £  inch   thick,   can   withstand,   shearing   stress 
allowed  4  tons  per  sq.  inch.     If  the  length  be  6  ft.  find  the 
angle  of  torsion.  Ans.    113  tons-ins.  ;  5.86°. 

6.  Find  the  diameter  of  a  solid  steel  shaft  to  transmit  6000 
H.   P.    at    116  revolutions  per  minute,  the  maximum  twisting 
moment  being  1.3  times  the  mean,  and  stress  allowed  10,000 
Ibs.  per  sq.  inch.  Ans.    \z\  ins. 

7.  Find  the  size  of  a  hollow  shaft  to  replace  the  preceding, 
diameter  of  hole  f  the  outside  diameter.      Estimate  the  saving 
in  weight  in  50  feet  of  shafting. 

Ans.    i2-£  ins.  outside,  8  ins.  inside  diameter  ;  8170  Ibs. 

8.  The  angle  of  torsion  of  a  cylindrical  shaft  is  required  not  to 
exceed  one  degree  for  each  5  feet  of  length,  and  the  stress  not 
to  be  greater  than   12,000  Ibs.   per   sq.   inch.       Determine  the 
diameter  of  shaft  above  which  the  second  condition,  and  below 
which  the  first  condition,  fixes  a  limit  to  the  greatest  twisting 
moment  which  may  be  applied. 

Ans.  8  inches ;  a  T.  M.  of  540  tons-inches  then  produces 
both  the  limiting  torsion  and  -stress.  Below  this  the 
torsion  at  12,000  Ibs.  stress  would  be  more  than 
allowed,  and  above  this  the  stress  at  the  given  torsion 
would  be  more  than  12,000  Ibs. 

9.  If  the  modulus  of  rigidity  be  4800  in  ton-inch  units,  what 
is  the  greatest  stress  to  which  the  material  of  a  shaft  should  be 
subjected,  in  order  that  the  angle  of  torsion  may  not  exceed  one 
degree  for  each  length  of  ten  diameters. 

Ans,   4.2  tons  per  sq.  inch. 

10.  In  renewing  the  engines  of  a  ship,  the  speed  of  revolution 
is  increased  by  one-third,  the  horse  power  is  doubled,  the  ratio 
of  maximum  to  mean  crank  effort  is  altered  from  1.5  to  1.25,  and 
the  strength  of  the  material  used  for  the  shaft  is  greater  by  25 
per  cent.     Show  that  the  size  of  the  shaft  is  unaltered. 


CHAPTER    XXI 

EXPERIMENTAL    FACTS  —  ELASTICITY  -  STRENGTH- 
RESISTANCE    TO    IMPACT 

IN  all  the  preceding  chapters  we  have  assumed  that 
materials  obey  certain  laws  connecting  together  the 
stress  in  a  piece  and  the  alteration  of  form  produced. 
The  laws  we  have  assumed  are 


and 


which  may  both  be,  in  words,  stated  as  follows  :  — 

Stress  varies  directly  as  the  corresponding  strain. 

These  laws  are  the  result  of  experiment,  and  they  are 
satisfied,  within  certain  limits,  by  the  principal  materials 
we  have  to  deal  with,  allowing  for  the  small  irregularities 
which  we  always  find  in  actual  practice. 

Elastic  State.  —  In  most  materials,  if  stresses  less 
than  a  certain  amount  be  applied  to  a  piece,  it  is  found 
that  the  laws  above  are  satisfied  ;  and  that,  when  the 
stress  is  removed,  the  piece  returns  exactly  to  its  original 
condition.  The  material  is  then  said  to  be  perfectly 
elastic  or  in  the  elastic  state  ;  by  elasticity  being  meant 
the  power  of  resuming  its  original  shape  and  size. 

Proof  Stress.  —  If,  however,  a  certain  stress  de- 
pending on  the  nature  of  the  material  be  reached,  it 
will  be  found  that,  when  released,  the  piece  no  longer 
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resumes  its  original  dimensions,  but  a  permanent  altera- 
tion of  form  has  taken  place,  or  there  is  a  Permanent 
Set.  If  we  apply  stresses  greater  than  the  above,  it  is 
found  that  the  simple  laws  connecting  stress  and  strain 
no  longer  hold.  We  say  then  that  the  elastic  state  is 
passed ;  and  the  limiting  stress,  above  which  these 
changes  occur,  is  called  the  Elastic  Limit  or  Proof  Stress. 

It  must  not  be  supposed  that  there  is  a  sharply  de- 
fined limit  always  the  same  in  all  cases  for  the  same 
metal  or  material  —  in  fact  in  some  materials,  cast- 
iron  for  instance,  there  is,  as  we  shall  see,  no  perfectly 
elastic  state ;  yet  in  most  cases  a  limiting  or  proof 
stress  may  be  found,  below  which  the  material  is  prac- 
tically perfectly  elastic,  and  above  which  it  deviates 
entirely  from  perfect  elasticity. 

Now  in  all  practical  cases  we  want  a  piece  of 
material  not  only  not  to  break,  but  also  to  keep  its 
dimensions  unchanged,  omitting  the  elastic  stretching  or 
change  of  shape  necessarily  accompanying  stress,  and 
which  disappears  when  the  stress  is  removed.  Hence 
the  examination  of  material  in  this  state  is  of  the  most 
practical  importance,  which  explains  why  the  whole  of 
our  preceding  work  has  been  confined  to  this.  It  is 
however  necessary,  for  the  purpose  of  determining,  for 
one  thing,  the  elastic  limit,  and  also  for  investigating 
the  manner  of  resistance  to  certain  actions  not  hitherto 
considered,  that  we  should  examine  how  material  behaves 
under  stresses  of  any  magnitude  up  to  those  which 
actually  break  it.  We  are  now  therefore  going  to  de- 
scribe what  is  actually  found  by  experiment  to  occur ; 
the  results  have  been  partially  anticipated  by  what  we 
have  just  been  saying,  but  the  preliminary  statement 
which  has  been  made  will  be  found,  probably,  useful,  by 
showing  beforehand  the  principal  points  which  have  to 
be  considered. 

Testing  Machines. — When  a  piece  of  material  is 
tested  the  load  should  be  applied  gradually,  for  reasons 
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which  will  hereafter  appear,  and  the  change  of  form 
which  takes  place  should  be  continually  measured,  while 
the  corresponding  load  is  noted.  The  loads  to  be  dealt 
with  are  large,  so  that  if  they  be  applied,  for  example, 
in  tension,  by  hanging  weights  directly  on  to  a  rod,  very 
heavy  weights  have  to  be  manipulated.  Again,  the 
changes  of  length  produced  are,  especially  inside  the 
elastic  limit,  very  small,  so  that  if  they  are  to  be 
measured  by  ordinary  means,  the  bar  experimented  on 
would  need  to  be  very  long.  In  an  experiment  by 
Hodgkinson,  a  bar  50  ft.  long  of  -|"  diameter  was  used, 
and  the  bar  was  loaded  by  successive  loads  of  5  cwt. 
being  placed  in  the  scale  pan  at  one  end. 

Testing  is  now  so  much  resorted  to — not  for  scientific 
purposes  so  much  as  for  commercial  ones,  very  little 
material  being  now  bought  without  tests  being  specified 
for — that  special  machines,  in  which  the  application  and 
measurement  of  the  loads  can  be  easily  carried  out  on 
specimen  pieces  of  moderate  size,  are  used.  These 
machines  are  principally 
fitted  for  tension  experi- 
ments, these  being  the 
chief  experiments  carried 
out ;  but  they  can  be  also 
used  for  applying  com- 
pression, bending,  or 
torsion,  by  means  of 
special  fittings.  We 
cannot  here  enter  into 
the  details  of  fittings, 
but  must  confine  our- 
selves to  a  simple  ex- 
planation of  the  prin- 
ciple on  which  the 
majority  of  these 

J,  .        *  Fig.  312. 

machines  act. 

BAG  is  a  lever  supported  on  a  knife  edge  at  A,  FD 
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is  the  piece  to  be  tested  connected  by  a  shackle  on  top 
to  the  point  B  of  the  lever,  and  by  a  shackle  at  the 
bottom  to  the  ram  of  a  hydraulic  press  E.  The  tension 
is  applied  by  the  hydraulic  press,  so  that  it  is  applied 
steadily,  while  the  lever  is  kept  balanced  between  two 
stops,  shown  at  the  end  C,  by  running  out  the  weight  W 
by  means  of  a  screw  which  moves  it  along  AC  ;  the 
position  of  the  jockey  weight  at  any  instant  also  measures 
the  amount  of  pull,  for  if  P  be  the  pull  in  the  position 
shown, 

PxAB  =  WxAK, 


The  distance  AB  is  in  the  actual  machines  very 
small  —  in  the  machine  used  at  the  Central  Institute  by 
Professor  Unwin  it  is  4  ins.,  the  length  AC  being  200 
ins.  —  so  that  W  need  not  be  a  very  heavy  weight  to 
produce  a  heavy  pull.  Thus  in  the  above  case  the 
jockey  weight  of  i  ton  can  produce  a  pull  of  50  tons. 
If  the  greatest  pull  of  the  jockey  weight  is  not  sufficient, 
then  the  end  C  can  be  initially  loaded  before  the  jockey 
is  run  out.* 

We  now  have  the  load  applied  and  measured,  and  we 
require  next  to  measure  the  extensions  produced.  For 
this  purpose  the  specimen  piece  should  have  a  fairly  long 
part  of  constant  sectional  area,  and  which  will  thus 
extend  evenly  (this  we  shall  also  see  is  necessary  for 
another  reason)  ;  then  if  two  points  be  marked  on  this, 
their  distance  apart  can  be  measured  by  some  special 
measuring  instrument,  and  so  the  extensions  of  this 
given  length  recorded. 

Tension  —  Graphic  Representation  —  Stress- 
Strain  Curve.  —  A  test  having  been  made,  the  loads 
and  the  corresponding  extensions  can  be  written  down 

*  Fig.  312  is  the  diagrammatic  arrangement  given  by  Professor  Unwin  in 
his  book,  The  Testing  of  Materials  of  Construction,  where  full  descriptions  of 
all  varieties  of  testing  machines  are  given. 
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in  tabular  form  ;  but  the  nature  of  the  law  connecting 
them  is  not  shown  clearly  by  tables,  and  so  recourse  is 
had  to  a  graphic  representation :  the  extensions  are 
marked  off  as  abscissas,  and  the  corresponding  loads  as 
ordinates,  then  a  curve  drawn  through  the  tops  of  the 
ordinates  is  called  the  Curve  of  Stress  and  Strain. 

We  will  first  describe  the  general  nature  of  such 
curves,  and  afterwards  give  particular  values  (page  435). 
The  figures  are  not  drawn  to  scale. 

Fig.  3 1 3  shows  the  shape  of  the  curve  for  a  material 
such  as  wrought-iron  or  mild  steel. 

Initial  Strains. — We  must  first  notice  that  when  a 
bar  of  metal  is  tested  for  the  first  time  the  extensions  are 


Fig.  313- 

more  or  less  irregular,  and  permanent  set  may  be  pro- 
duced with  small  loads.  This  effect  is  believed  to  be  due 
to  irregularities  or  initial  strains  caused  during  the  manu- 
facture, since  the  irregularities  nearly  disappear  after  the 
bar  has  been  stretched  by  a  moderate  load  and  released. 

Elastic  State. — Commencing  now  to  consider  the 
curve,  we  see  that  the  portion  AB  is  straight,  i.e.  the 
extension  varies  as  the  load,  and  also  it  will  be  found 
that  in  this  state  practically  no  permanent  set  is  pro- 
duced. The  bar  is  then  in  the  elastic  state. 

After  passing  B  the  curve  bends  slightly  away  from 
the  straight  line,  so  the  piece  is  not  now  perfectly  elastic, 
but  the  deviation  is  small. 

2  E 
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Breaking  -  down  Stress  —  Proof  Stress. — We 
now  reach  the  point  C,  and  here  a  sudden  change  occurs, 
the  piece  suddenly  elongating  to  a  considerable  amount 
(comparatively),  so  that  CD  is  parallel  to  the  axis.  This 
point  is  always  well  marked,  and  can  be  easily  detected 
by  the  outer  scale  on  the  bar  becoming  detached.  Now 
it  is  difficult  to  decide  exactly  what  is  the  true  limit  of 
elasticity  or  proof  stress;  but  there  is  no  doubt  that  a 
marked  change  in  the  properties  of  the  bar  takes  place 
at  C,  a  decided  permanent  set  being  now  produced  ; 
hence  C  is  called  the  breaking-down  point. 

We  now  go  on  increasing  the  load  and  corresponding 
extensions,  and  also,  if  we  remove  the  load,  we  find  we 
increase  the  permanent  set  or  elongation,  until  the  point 
E  is  reached,  where  the  load  reaches  a  maximum ;  but 
after  passing  E  up  to  F,  where  rupture  takes  place,  we 
have  the  apparent  anomaly  of  increasing  length  caused 
by  a  decreasing  load. 

Change  in  Cross -Section. — In  order  to  explain 
the  point  just  mentioned  we  must  go 
back  and  inquire  how  the  cross  dimen- 
sions have  altered,  if  at  all.  We  shall 
find  that  the  following  changes  have 
occurred.  Up  to  the  point  B,  both 
length  and  cross -section  have  altered 
very  little ;  but  after  passing  B  the 
increasing  extension  has  been  accom- 
panied by  a  decrease  in  cross-section, 
this  decrease  continuing  fairly  uniform 
over  the  length  of  the  plane  part  of 
the  piece,  as  shown  exaggerated  in  Fig. 
3 1 4  by  the  dotted  lines. 

This  holds  true  up  to  the  point  E, 


Flg-  3*4-  and  here  it  is  found  that  some  point, 
being  weaker  than  the  remainder,  be- 
gins to  draw  out  more  rapidly,  so  that  the  piece  assumes 
the  shape  of  Fig.  315. 
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Now  the  diagram  shows  the  connection  between  Load 
and  strain,  not  Stress  and  strain  ;  but  what  determines 
the  question  of  drawing  out  is  not  load  but  stress  ;  and 
the  section  at  KK  becoming  reduced  below  the  original 
section,  the  load  may  and  in  fact  does  produce  on  it  an 
increasing  stress  as  the  section  diminishes,  even  although 
it  (the  load)  be  also  diminishing.  For  example,  suppose 
the  ordinate  at  E  |-  that  at  F,  while  the  section  KK 
meanwhile  diminishes  to  -|  of  its  size  at  E.  Then 

Load  at  E 
Stress  on  section  at  E  = 


Section  at  E 

Load  at  F 

Stress  on  section  at  F— 5 — -: -r=, 

Section  at  F 

f load  at  E 
~~  f  section  at  E ' 

so  that,  although  the  load  is  reduced,  the  stress  per  sq. 
inch  of  the  section  is  increased  in  the  ratio  5  to  4,. 

Apparent  and  Heal  Ultimate  Stress. — It  is 
clear  that  any  large  deformation  of  the  parts  of  a 
machine  or  structure  is  practically  inadmissible,  and  we 
are  therefore  certain  that  the  proof  stress  must  be  less 
than  the  stress  at  C,  the  breaking-down  point,  though 
it  may  in  reality  be  much  below  this  limit.  But  it  is 
also  of  interest  to  know  what  stress  actually  breaks  the 
material. 

Now  the  breaking  load  usually  found  will  be  the 
ordinate  at  E,  say  PE  tons,  and  if  A  be  the  original 
sectional  area  of  the  piece  in  sq.  ins.,  then  the  ultimate 
or  breaking  stress  is  said  to  be  PE/A  tons  per  square 
inch.  But  this  is  not  the  real  stress  across  the  section 
which  broke,  for  if  that  section  be  A',  the  stress  at  the 
instant  of  breaking  was  PF/A'  tons  per  sq.  inch.  It  is 
often  said  that  PE/A  is  the  Apparent  Ultimate  Strength 
of  the  metal,  and  PE/A'  the  Real  Ultimate  Strength.  It 
does  not,  however,  follow  that  this  so-called  real  is  a 
better  measure  than  the  apparent  strength.  For  suppose 
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a  i  inch  square  bar  broke  under  a  load  of  26  tons,  say, 
while  the  broken  section  was  only  .6  sq.  ins.  Then  the 
Real  Tenacity,  as  it  is  sometimes  called,  is,  when  thus 
estimated, 

26 

~Z~  — 43i  tons  per  sq.  in. 

But  the  real  load  (PF)  at  the  instant  of  fracture  was 
much  less  than  26  tons  (PE),  say  only  21  tons,  and  the 
real  stress  only  2I/.6  or  35  tons  per  sq.  in.  And  so  it 
is  perhaps  on  the  whole  better  to  say  the  tenacity  or 
ultimate  strength  is  26  than  43 J  tons.  There  are  objec- 
tions even  to  regarding  35  tons  as  the  true  tenacity. 

Shape  of  Specimens. — We  said  (page  416)  that 
there  is  a  reason  for  having  a  fairly  long  piece  of  uni- 
form section  other  than  for  measurements  of  extension, 
and  this  reason  is  connected  with  the  question  we 
have  just  been  considering.  Suppose,  instead  of  having 
a  long  straight  part,  we  make  a  groove  in  the  specimen 
piece,  as  Fig.  316,  then  we  have  practically  no  length  at 
all  for  extension  to  take  place  in ;  and  if  we 
experiment  on  such  a  piece  we  find  that  it  does 
not  draw  out  at  all,  but  finally  breaks  across  at 
) — (K  KK,  the  broken  section  being  very  little  less  than 
the  original  one,  i.e.  the  original  one  at  KK ;  the 
groove  is  now  the  bar,  the  other  parts  being  its 
„.  ends.  Also  the  breaking  load  will  be  found  to 
'  be  much  higher  than  for  a  bar  of  section  KK 
throughout ;  and  consequently  the  apparent  tenacity  of 
the  metal  will  be  higher  than  it  would  be  if  obtained  by 
breaking  a  specimen  of  the  ordinary  dimensions.  The 
real  tenacity  will,  however,  be  found  to  be  much  the 
same  as  for  the  ordinary  specimen,  the  whole  of  the 
difference  in  the  results  appearing  to  be  due  to  the 
difference  in  the  broken  sections.  Now  it  seems  clear 
that  a  grooved  bar  cannot  really  be  stronger  than  one 
of  uniform  section  KK — in  fact  we  shall  show  that  for 
certain  kinds  of  load  the  grooved  bar  is  actually  the 
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weaker, — consequently  we  say,  either  that  the  true 
tenacity  should  be  taken  as  a  measure  of  the  actual 
strength,  to  which  we  have  seen  there  are  objections, 
or  better,  that  specimen  pieces  should  have  fairly  long 
parts  of  uniform  sectional  area,  as  we  have  already 
stated  they  now  always  have. 

Plastic  State — Flow  of  Metals. — Returning  to 
the  consideration  of  the  curve  ABCDEF  (Fig.  313),  we 
see  that  up  to  E  it  is  necessary,  in  order  to  produce 
extension,  to  continually  increase  the  load  and  the  stress. 
But  after  E  it  appears  that  a  considerable  amount  of 
extension  can  be  produced  with  a  decreasing  load,  which 
may  cause,  as  we  have  seen,  a  constant  or  slowly  in- 
creasing stress  on  the  weak  section.  The  metal  has 
now  properties  directly  opposed  to  its  elastic  properties. 
For  within  the  elastic  limit  strain  is  proportional  to  stress, 
whereas  in  the  present  case  strain  is  nearly  independent 
of  stress. 

There  are  certain  materials,  e.g.  clay,  which  are 
practically  always  in  this  latter  state,  for  if  we  press  a 
piece  of  clay  we  can  change  its  shape,  i.e.  produce  strain, 
to  any  extent,  by  keeping  up  the  pressure  long  enough, 
without  increasing  it  at  all.  Materials  of  this  kind  are 
called  Plastic,  and  a  perfectly  plastic  material  would  be 
one  in  which  a  given  stress  could  produce  any  amount 
of  strain,  depending  only  on  the  time  of  application. 
Since  the  metal  appears  during  EF  to  be  nearly  in 
this  condition,  we  say  it  is  in  the  plastic  state.  The 
change  of  form  produced  in  the  plastic  state  is 
often  called  Flow,  and  the  effect  is  called  the  Flow 
of  Metals.  This  effect  is  of  importance  in  many 
industrial  occupations,  one  case  which  we  may  mention 
being  the  operation  of  wire-drawing.  Here  a  bar  of 
metal  is  pulled  through  a  hole  of  smaller  section  than 
the  bar,  and  the  metal  flows,  forming  a  smaller  bar  ; 
this  process  being  repeated  with  continually  diminishing 
sizes  of  hole,  we  finally  obtain  a  wire.  The  effect  is 
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complicated  by  the  pressure  of  the  sides  of  the  hole,  and 
so  is  not  a  case  of  simple  tension  but  is  similar  somewhat 
to  that  shown  in  Fig.  300.  The  manufacture  of  lead 
pipes,  or  solid-drawn  copper  pipes,  depends  on  the  same 
phenomenon. 

Effect  of  Stress  beyond  the  Elastic  Limit.— 
When  a  bar-  is  subject  to  stress  within  the  elastic 
limit,  on  removal  of  the  stress  the  bar  returns  to  its 
original  form,  and  retains  all  its  original  qualities.  But 
if  the  stress  be  increased  beyond  the  elastic  limit  and 
then  removed,  the  bar  in  the  first  place  does  not  return 
to  its  original  length,  but  has  a  permanent  increase  of 
length  or  set ;  and  secondly  its  properties  are  altered. 


Fig.  3^7. 

Let  a  bar  be  stretched,  its  stress-strain  diagram  being 
as  in  Fig.  317,  till  the  point  b  is  reached.  Remove 
the  load,  then  the  bar  contracts,  and  the  relation  between 
load  and  strain  is  shown  by  the  line  ba ;  Aa  shows  the 
amount  of  permanent  set,  and  ba  is  almost  exactly 
parallel  to  AB. 

Now  let  the  bar  be  stretched  again,  when  it  will 
extend  according  to  the  line  ab>  and  will  remain  perfectly 
elastic  not  only  up  to  the  same  elastic  limit  as  it  origin- 
ally had,  but  right  up  to  the  point  £,  and  we  say  the 
elastic  limit  is  raised  up  to  the  stress  which  was  origin- 
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ally  applied.  There  will  now  be  a  period  of  imperfect 
elasticity  be,  a  new  breaking -down  point  c,  and  so  on, 
as  shown  in  the  figure.  The  effect  can  be  repeated  any 
number  of  times,  so  long  as  the  point  E  of  Fig.  313  has 
not  been  reached. 

Since  the  elastic  limit  of  a  bar  can  be  increased  in 
the  above  way,  it  may  be  thought  that  the  bar  is 
strengthened,  and  so  in  a  limited  sense  it  is  ;  but  for 
practical  use  it  is  not  strengthened  but  weakened,  for 
reasons  which  we  shall  now  see. 

Effect  of  Impact. — We  have  so  far  supposed  pieces 
of  material  to  be  gradually  loaded,  but    „,,/,„ 
in  very  many  cases  the  loads  which  they 
have  to  bear  in  practice  will  be  applied 
to   them  suddenly,   or  may  be   brought 
against    them    with    a    certain    velocity. 
We  will  now   see  what   effect   this   will 
have. 

AB  is  a  rod  fastened  at  A,  a  weight 
W  encircles  the  rod,  and  is  let  fall  from 
a  height  h  on  a  collar  at  B.  AB  will 
then  stretch  to  a  length  AB',  shown  ex- 
aggerated ;  if  this  be  the  utmost  extension 
the  weight  W  will  then  be  at  rest. 

Consider  now  the  period  from  the 
moment  W  was  let  go  until  it  stops  at  B'. 

Initial  K.  E.  =o, 
and 

Final  K.  E.=o. 
.  • .  Energy  exerted  _  work  done 

(by  gravity)  ~      (against  resistance  of  rod). 

We  will  now  consider  two  cases  : — 

Case  I. — When  W  and  h  are  such  that  the  rod  is 
not  stretched  beyond  the  elastic  limit. 

Let  R  be  the  final  resistance  of  the  bar,  i.e.  when  it 
is  stretched  to  AB'. 

Then,  setting  off  B'C  =  R,  and  joining  BC,  BC  will  be 


wL3 

I 


Fig.  318. 

Then 
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the  curve  of  resistance,  since  within  the  elastic  limit  load 
varies  as  strain,  and  when  the  load  is  applied  gradually, 
as  in  the  testing  machine,  there  being  no  K.  E.  developed, 
the  load  and  resistance  at  every  instant  balance,  there- 
fore resistance  varies  as  strain. 

.'.  Work  done  =  area  of  BB'C, 
=  £RxBB'. 

But  if  A  be  the  sectional  area  of  the  bar; 

•o  „ 

-r-  =  final  stress  =  E  -j, 
A  I 

BB' 
-E'AB" 

....    .    ,          1T>     R    AB 
.  •.  Work  done  =  £R  x  -r  x  -^-, 


And 

Energy  exerted  =  W  (k  +  BB'), 


an  equation  which  will  give  us  the  value  of  R,  and  there- 
fore of  R/A,  the  final  stress  produced,  when  W  and  h  are 
given. 

[Compare  with  the  foregoing  chap.  xiii.  page  271.] 

One  case  gives  a  simple  result,  viz.  when  Ji  =  o,  so 
that  the  load  is  suddenly  applied,  although  not  with  any 
initial  velocity.  This  gives 


W  .-r-.  AB  =  iTF  .AB, 
AxE  2AxE 


or 


so    that    by    sudden    application    the    effect    of    a    load 
is  doubled,  and  this  explains  why  it  is  necessary  when 
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testing  to  apply  loads  gradually  and  not  suddenly.  Also 
we  see  that  if  we  do  not  wish  a  material  to  be  strained 
beyond  the  elastic  limit,  we  must  not  apply  suddenly  to 
it  loads  which  would  produce,  if  applied  gradually,  more 
than  half  the  proof  stress. 

In  many  cases  we  can  simplify  our  preceding  work  by 
omitting  from  the  energy  exerted  the  term  W.BB',  for 
BB'  is  a  small  quantity.  The  equation  then  becomes 
simply 

Wh  =  %Rx         (putting  x  for  BB'). 

Also  the  impact  may  be  effected  on  a  bar  lying 
horizontally,  the  weight  W  being  by  some  means  given 
a  velocity  V  f.s.  say. 

In  this  case 

WV2 
Initial  K.  E.=r^-—, 

2g 

Final  K.  E.  =  o. 
Energy  exerted  =  o, 
whence 

WV2 


g 

a  form  which  is  often  used  for  such  cases  as  a  blow  from 
a  hammer,  even  where  the  rod  is  vertical,  because  x  is 
negligible.  The  equation  is  of  course  identical  with 

R.r    ,,T7  V- 

—  =  W/$,     since  —  =  //, 
2  2g 

WV2/2£-  is  called  the  Energy  of  the  Blow. 

In  chap.  xiii.  we  have  calculated  the  resilience  of  a 
bar,  or  the  greatest  amount  of  work  which  can  be  done 
on  it  without  exceeding  the  proof  stress,  and  from  our 
present  work  we  see  that  we  may  now  define  the  resili- 
ence as  the  greatest  amount  of  energy  which  can  be 
applied  to  a  bar  without  injuring  it,  or  at  least  altering 
its  properties. 
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A  very  convenient  way  of  stating  the  resilience  of  a 
material  is  by  giving  the  height  from  which  a  piece  may 
fall  without  injury. 

For  this  we  have  simply 

f" 
Wh  =  resilience  =4=  x  volume, 

2H, 

W  being  the  weight  of  the  piece  itself. 
.  • .  W  =  w  x  volume, 
where  w  is  the  weight  of  unit  volume. 

,  __  f2  (h  is  called  the  height 

'  '     ~2Ew  due  to  the  resilience). 

This  will  be  found  on  calculation  to  be  for  most 
materials  very  small,  e.g.  for  wrought-iron  it  is  about  20 
ins.  only.  We  see  then  that  when  such  materials  with- 
stand blows  they  will  generally  be  strained  beyond  the 
limit  of  elasticity.  We  proceed  then  to  examine 

Case  II. — The  resistance  now  can 
only  be  shown  graphically,  since  it 
follows  no  law  which  can  be  expressed 
algebraically.  AB  is  the  bar,  broken 
in  the  figure,  since  its  length  must  be 
considerable  compared  with  the  exten- 
sions. Produce  AB,  and  draw  the 
load-strain  diagram  BCM'M.  BC  is 
very  nearly  vertical  if  drawn  to  any 
ordinary  scale.  The  slope  which  we 
have  given  it  in  former  figures  was 
for  clearness.  Let  the  blow  be  such 
as  to  cause  the  extension  BB'.  Then 
B'M  is  the  equivalent  steady  load 
which  produces  the  same  stress  as 
the  actual  blow,  and  we  have  from  the 
Fig.  319.  principle  of  work 


Energy  of  blow  — work  done, 
=  area  BCMB'. 
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Now  of  this  area  the  resistance  inside  the  elastic  limit 
only  provided  the  very  small  portion  BCN,  and  hence 
we  see  that  materials  having  curves,  such  as  we  have 
here  drawn,  resist  impact  chiefly  by  being  strained 
above  the  elastic  limit. 

Ductility. — The  materials  of  which  we  have  just 
spoken  have  the  property  of  extending  considerably 
before  breaking,  to  which  property,  when  combined  with 
tenacity,  the  name  Ductility  is  applied,  and  the  materials 
are  called  Ductile  Materials.  Wrought-iron,  mild  steel, 
and  copper  are  the  chief  examples. 

Effect  of  raising  Limit  of  Elasticity  on  Resist- 
ance to  Blows. — We  can  now  explain  the  statement 
on  page  423,  relative  to  the  effect  of  stress  beyond  the 
elastic  limit  having  in  many  cases  a  weakening  effect. 
For  in  Fig.  319  we  have  stress  beyond  the  elastic  limit, 
and  consequently  the  load-strain  curve  of  the  bar  will  now 
be,  as  shown,  dotted.  Let  now  a  second  blow  of  equal 
energy  be  struck,  then  the  bar  must  extend  to  B"  such 
that  MM'B"B  =  BCMB',  and  the  effect  produced  is 
equivalent  to  the  application  of  a  steady  load  M'B".  In 
the  figure  we  have  taken  such  dimensions  that  M'  is 
the  point  of  maximum  load  and  development  of  local 
contraction,  and  it  consequently  follows  that  the  second 
blow  has  practically  destroyed  the  bar,  owing  to  the 
raising  of  the  elastic  limit  caused  by  the  first  blow.  The 
effect  here  shown  also  explains  how  by  continued  blows 
a  piece  of  material  will  be  finally  broken,  although  it 
may  be  able  to  withstand  one,  two,  or  even  a  large 
number. 

Coefficients  of  Strength — Factors  of  Safety. 
— In  former  times,  when  the  strength  of  materials  had 
not  been  so  thoroughly  investigated,  and  testing  machines 
were  rare,  very  little  about  materials  beyond  their  ultimate 
strength  was  known,  and  this  strength  being  given,  the 
working  stress  allowed  was  taken  less  than  this  in  a  certain 
ratio,  called  a  Factor  of  Safety.  This  factor  was  taken 
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empirically,  and  depended  on  the  nature  of  the  loads 
to  which  the  piece  was  subject,  being  usually  about  6  to 
8.  The  method  still  holds  to  a  very  large  extent,  but 
with  better  knowledge  of  -the  strengths  its  value  is  not 
determined  so  purely  empirically,  and  also  the  true 
nature  of  the  ratio  is  better  understood. 

The  name  factor  of  safety  is  a  bad  one,  since  it  gives 
the  idea  that,  when  it  is,  say,  6  for  a  given  bar,  the 
bar  is  for  safety  6  times  stronger  than  it  need  be.  But 
now  take  the  case,  say,  of  a  wrought -iron  bar,  ultimate 
strength  54,000  Ibs.  per  sq.  inch  (apparent  is  always 
understood)  ;  then  the  working  strength  is  9000  Ibs., 
and  a  bar  which  was  to  be  exposed  to  a  working  load  of 
9000  Ibs.  would  be  I  sq.  in.  in  sectional  area,  but 
would  not  be  6  times  stronger  than  necessary.  For 
probably  the  load  would  be  applied  suddenly — as  in  a 
piston-rod  at  each  end  of  the  stroke — and  will  thus  stress 
the  bar  up  to  18,000  Ibs.  per  sq.  in.;  and  this  18,000 
will  be  about  the  limit  of  elasticity,  which,  as  we  have 
seen,  is  the  point  beyond  which  the  metal  is  injured. 
Hence,  then,  in  this  case,  instead  of  being  six  times  too 
strong,  the  bar  is  only  barely  strong  enough ;  because  a 
continuous  repetition  of  suddenly  applied  loads  a  little 
above  9000  Ibs.  would  in  time  break  it.  If,  however, 
the  load  9000  Ibs.  were  to  be  applied  once  for  all  and  to 
remain  constant,  then  the  bar  would  be  twice  as  big  as 
necessary,  and  there  would  be  a  true  factor  of  safety  of  2. 

The  ratio  of  working  to  ultimate  strength  should 
then  depend  on  the  ratio  of  proof  to  ultimate,  and  to 
the  manner  in  which  the  load  is  applied.  It  is  generally 
6  for  piston-rods  and  similar  pieces,  or  perhaps  a  little 
greater  to  allow  a  small  real  safety  factor.  For  bridges 
in  which  most  of  the  load  is  constant  but  some  is  vari- 
able, i.e.  the  loads  which  cross,  5  is  the  usual  value  ; 
while  for  the  shell  plates  of  a  boiler,  subject  to  a  gradu- 
ally applied  steady  steam  pressure,  4  and  slightly  under 
is  allowed. 
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It  is,  however,  probable  that  in  the  future  proof  stress 
will  be  the  determining  factor  and  not  ultimate  stress. 

Compression  of  Ductile  Material.  —  We  have 
taken  the  case  of  tension  at  great  length,  because  it  is 
the  case  of  which  most  is  known,  and  the  results  are 
most  clearly  defined.  All  the  work  as  to  the  effect  of 
impact  of  course  applies  equally  to  all  cases,  also  the 
effect  of  stress  beyond  the  elastic  limit,  so  we  shall  not 
need  to  consider  other  cases  so  fully. 

In  the  present  case,  referring  to  chap,  xiii.,  there  is  a 
difference  between  the  results  obtained  from  long  pieces 
and  those  from  short  ones.  The  former  being  the  more 
important  we  will  first  consider  them. 

Long  Pillars  —  Gordon's  Formula  —  All  Mater- 
ials. —  When  a  long  pillar  is  loaded,  as  Fig.  320,  then,  if 
the  load  were  right  in  the  axis  and  the  pillar  perfectly 
straight  and  homogeneous,  it  would  remain  straight,  and 
the  stress  on  the  section  would  be  W/A,  A  =  area  of 
section. 

Actually,  however,  these  conditions  are  never  ful- 
filled, and  thus  the  pillar  bends,  and  as  the  load  increases 
the  bending  also  increases,  and  the  pillar  finally  gives 
way  by  the  combined  effects  of  compression  and  bend- 
ing. 

We  cannot  here  enter  into  the  analysis  of  these 
effects,  but  must  simply  give  the  empirical  formula  con- 
structed" by  Gordon  and  modified  by  Rankine  to  repre- 
sent the  results  of  an  extensive  series  of  experiments  by 
Hodgkinson. 

This  formula  gives  the  breaking  load  W  for  a  pillar 
of  length  /  as  follows  :  — 


A  =  sectional  area,    /=  coefficient  of  strength. 

n  is  the  constant  in  the  formula  I  =  ;zA//2  (page  368), 
h  is  depth  of  the  pillar  in  the  plane  of  bending,  i.e.  for  a 


430 


APPLIED  MECHANICS 


PART  II 


circular  pillar  h  =  d,  and  for  a  rectangular  pillar  h  =  least 
I ..,  j  w  <w       breadth,  since  that  is  the  direc- 

tion  the   pillar  will    evidently 
bend  in. 

c  is  a  constant  depending  on 
the  manner  of  connection  of 
the  ends  of  the  pillar,  which  we 
can  see  will  affect  the  bending, 
for,  looking  at  Fig.  320,  in  (a) 
-  we  have  a  pillar  with  both  ends 
free  to  turn,  and  it  bends  accord- 
ingly into  one  large  arc,  the 
bending  moment  at  the  centre 


\w 
(a] 


(6)  (c) 

Fig.  320. 

being  Wx     Then  in  (<£)  one  end  of  the  pillar  cannot  turn, 
it  bends  into  two  arcs,  and  W.r  the  greatest  B.   M.  is 
less,  since  x  is  less.     The  decrease  is  still  more  in  (c\ 
where  neither  end  can  rotate,  x  being  less  still. 
The  values  of/  and  c  are  as  follows  :  — 


Wrought -iron 
Steel  (mild) 
Cast-iron 
Dry  Timber 


c 

(a] 

(*) 

(') 

36,000 

9,000 

18,000 

36,000 

42,000 

9,000 

18,000 

36,000 

80,000 

i,  600 

3,200 

6,400 

7,200 

750 

1,500 

3,000 

We  have  here  also  given  the  results  for  cast-iron  and 
timber,  which  are  not  ductile  ;  but  the  formula  applies 
to  these  as  well  as  to  the  ductile  ones  ;  and  it  is  the 
practical  formula  which  in  nearly  every  case  is  used, 
because  pieces  so  short  as  not  to  bend  at  all  are  not 
often  used  compared  with  the  longer  pieces. 

Working  Strength  of  Pillars. — The  value  of  W 
given  by  Gordon's  formula  is  the  crushing  load,  and 
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hence  in  calculating  the  size  of  a  pillar  for  a  given  load 
a  "factor  of  safety"  must  be  allowed.  This  is  a  case 
in  which  accidental  circumstances  may  produce  large 
stresses,  e.g.  a  pillar  may  be  a  little  bent  when  set  up, 
and  then  there  is  at  once  a  bending  moment  produced 
at  the  bent  part,  hence  the  factor  of  safety  should  be 
large,  and  it  is  usually  taken  at  8  or  more.  To  find  then 
the  size  of  a  pillar  to  carry  a  load  of  10  tons  say,  we 
should  put  W  at  least  80  tons. 

Crushing  of  Short  Pieces  of  Ductile  Material. 
— When  the  length  of  a  piece  is  not  more  than  about 
ij  times  its  diameter,  it  will  not  give  way  by  bending 
but  in  a  manner  we  will  explain. 

In  the  first  case,  the  elastic  limit  and  modulus  of 
elasticity  are  practically  the  same  as  for  tension. 

When  the  elastic  limit  is  passed,  then  we  have  per- 
manent set,  and  an  increase  of  cross-sections,  as  opposed 
to  the  decrease  in  tension  ;  and  this  increases  with  in- 
creasing loads,  the  stress  per  sq.  inch  on  the  section 
also  increasing  up  to  a  certain  point  (see  page  419). 

After  a  certain  stress  is  reached  the  load  increasing 
produces  an  increase  of  section  such  that  the  stress 
remains  fairly  constant  (page  419).  And  finally,  when 
a  certain  compression  is  reached,  the  metal  gives  way  by 
cracking  round  the  circumference,  as  Fig.  321,  which 
represents  the  compression  of  a  block 
of  steel  experimented  on  by  Sir  W. 
Fairbairn. 

There  is  nothing  corresponding  to 
the  local  contraction  in  tension ;  the 
bulging  of  the  block  in  the  middle 
is  not  due  to  any  local  cause,  but  Flg-  321- 

partly  to  the  friction  of  the  pieces  by  which  the  pressure 
is  applied  holding  the  ends  together,  and  partly  probably 
to  another  cause  somewhat  outside  our  present  scope. 

The  curve  of  stress  and  strain  is  very  similar  to  that 
for  tension,  but  the  results  are  not  so  definite.  The 
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ultimate  strength  appears  to  be  somewhat  less  than  for 
tension  ;  but  since  giving  way  is  due  to  the  formation  of 
cracks,  there  is  an  accidental  character  which  causes  in 
some  cases  considerable  discrepancies.  This,  however, 
is  not  of  much  consequence,  because  elastic  strength  is 
what  we  want  in  practice. 

Rigid  Materials — Tension. — Rigid  materials  are 
those  possessing  opposite  characters  to  ductile  materials  ; 
so  they  can  neither  be  drawn  out  nor  hammered  out,  but 
break  before  any  appreciable  change  of 
shape  can  be  produced.     A  typical  ex- 
ample is  cast-iron. 

Fig.    322    shows    the    shape    of  the 
stress-strain  curve,  and  it  differs,  we  see, 
i6ooo  entirely  from  the  case  of  ductile  material. 
In    the    first   place  there  is  no    real 
elastic  state  at  all,  for  permanent  set  is 
produced  by  all  stresses  except  very  small 
ones.    Also,  except  for  very  small  stresses, 
Fig.  322.         we  have  not 


but 


>  =  Ee  (i  -ke]     (k  being  a  constant  average  value  209). 


Against  this,  however,  we  set  the  fact  that  this  imper- 
fectly elastic  state  continues  right  -up  to  the  breaking 
point,  so  there  is  no  breaking-down  point  and  no  draw- 
ing out  locally,  the  bar  breaking  across  practically  the 
full  original  area  of  section.  There  will  be  little  error, 
however,  in  taking  cast-iron  to  be  perfectly  elastic  up  to 
about  one-third  of  the  breaking  stress,  which  is  about 
16,000  Ibs.  per  sq.  inch;  so  below  5300  Ibs.  per  sq. 
inch  the  metal  may  be  assumed  to  be  elastic.  Cast-iron 
is  very  variable  in  quality,  so  this  can  only  be  taken  as 
an  average  value  ;  but  it  is  in  all  cases  much  weaker  in 
tension  than  the  ductile  wrought-iron. 

Compression  of  Rig-id  Materials.  —  Long  pieces 
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we  have  already  considered,  so  far  as  practical  strength 
is  concerned,  but  there  is  one  point  of  difference  which 
must  be  noticed,  as  compared  with  ductile  material. 
There  is  an  absence  of  perfect  elasticity,  and  we  have 


but,  moreover,  whereas  in  ductile  material  E  is  the  same 
in  tension  and  compression,  in  rigid  material  E  for  com- 
pression is  less  than  for  tension  (see  table,  page  435). 
Also  the  value  of  k  is  now  about  40  instead  of  209. 

These  results  were  obtained  by  Hodgkinson,  long 
bars  being  compressed,  and  prevented  from  bending  by 
enclosure  in  a  frame. 

For  actual  crushing  we  must  have  recourse  to  short 
blocks,  as  for  ductile  materials. 

The  load-strain  curve  is  then  found  to  be  similar  in 
shape  to  that  for  tension,  but  the  breaking 
load  is  very  much  higher,  being  five  or 
six  times  greater. 

The  blocks  finally  give,  as  shown  in 
Fig.  323,  by  shearing  or  splitting  on 
oblique  planes. 

The  characteristics  just  mentioned  are 
common  to  all  rigid  materials,  and  hence 
apply  to  the  crushing   of  stone  and   of 
brick.       For  numerical    results    see   the         FIs-  323. 
table  at  the  end  of  the  chapter. 

Fibrous  Materials  —  Wood  and  Ropes.  —  We 
have  given  considerable  space  to  the  metals  on  account 
of  their  importance,  hence  we  can  only  briefly  glance  at 
the  present  kind  of  materials. 

"Wood  consists  of  fibres  arranged  longitudinally,  but 
they  are  united  together  loosely  ;  hence  wood  is  strong 
against  tension,  the  fibres  each  taking  a  full  share,  but 
can  easily  be  split  or  sheared  longitudinally,  and  under 
a  compressive  load  gives  way  at  a  comparatively  low 
stress  by  splitting. 

2  F 
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The  strength  of  wood  is  also  affected  by  its  condition  ; 
seasoned  wood  being  elastic  nearly  up  to  the  breaking 
point,  while  in  green  wood  the  elasticity  is  imperfect  and 
the  strength  much  less. 

Ropes  have  the  fibres  arranged  spirally,  and  when 
under  tension,  the  fibres  being  pressed  together,  friction 
is  developed  sufficient  to  prevent  their  sliding  over  each 
other.  One  effect  of  this  is,  however,  to  weaken  each 
individual  fibre,  so  that  a  rope  is  not  so  strong  as  the 
fibres  separately  would  be  ;  nor  is  a  cable  so  strong  as 
the  smaller  ropes  of  which  it  is  made  up.  The  size 
of  ropes  is  usually  expressed  by  their  girth,  and  hence 
the  breaking  load  is  also  expressed  in  terms  of  this 
quantity.  Thus 


where 

T  =  breaking  load  in  tons, 
C  =  girth  in  inches, 
k  =  constant. 

k  depends  on  the  material,  and  also  somewhat  on  the 
size,  small  ropes  being,  as  we  have  seen,  stronger  com- 
paratively. Thus,  for 

Hemp,         k  =  3.  3  ordinary,  and  a  little  less  for  small  ropes. 
Iron  wire,   k=i,  or  rather  more  if  C>6. 
Steel  wire,  £  =  .5  or  even  less. 

This  gives  the  breaking  load,  and  the  "factor  of  safety" 
may  be  5  for  wire  ropes  and  6  for  hemp. 

Table  of  Strength  and  Weight.  —  The  following 
table  contains  numerical  values  of  the  various  physical 
constants  referred  to  in  Strength  of  Materials  for  some  of 
the  principal  materials  used.  Working  stress  is  omitted,  its 
determination  being  explained  on  page  428,  and  its  value 
not  being  constant  but  varying  according  to  the  factor  of 
safety  employed. 
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TABLE  of  STRENGTH  and  ELASTICITY  in  Tons  per  square  inch, 
and  Weight  in  Ibs.  per  cubic  foot. 


ULTIMATE 

ELASTIC 

STRENGTH. 

LIMIT. 

i 

YOUNG'S 

COEFFI-       ! 

MATERIAL. 

Tension. 

Compres- 
sion. 

Shearing. 

Tension. 

•n 

w> 

MODULUS1      CIENT  OF 

F          DISTORTION 

Q 

WEIGHT. 

ast-iron 

7-8 

42 

4-4 

9.4 

3-5 

*6,25o 

2800 

450 

Drought-iron 
eel  Boiler  Plates 

25 
29 

22 

22 

10.5 

1    9 

10.5 

9 

9 
7 

13,000 
11,500 

4700 
4200 

480 
487 

ild  Steel    . 

35 

ii.  8 

13,200 

4900 

480 

empered  Steel  . 

.. 

85 

64 

16,000 

5800 

480 

opper          .         .15 

26 

i.Q 

i-7 

1.29 

6,700 

2500 

55o 

un-metal   .        .     16 

2.8 

.. 

i.& 

4,870 

1650 

546 

me     .        .        .  '    5.8 

2.9 

•3  !    - 

625 

4° 

36 

ak      .         .         .       6.7       4.4 

670 

36 

48 

eather        .         .      1.87 

..    :     .. 

ii 

" 

*  This  value  is  for  tension,  for  compression  E  is  5800. 

NOTE. — Very  various  estimates  may  be  made  of  the  elastic  strength  of  a  material, 
ording  to  the  definition  adopted  of  the  elastic  limit,  and  according  to  the  character  of 
load.  On  this  question  advanced  students  are  referred  to  chap.  xix.  of  the  larger 
itise,  [including  the  Additional  Notes  given  in  the  second  edition  (1890).  The 
,s  are  fully  detailed  in  Professor  Unwin's  excellent  treatise  on  the  Testing  of  the 
•terials  of  Construction,  The  results  given  above  are  chiefly  taken  from  tables  by 
fessor  Umvin. 


CHAPTER  XXII 

FRAMEWORK   STRUCTURES — SIMPLE   TRIANGULAR 
FRAMES 

IN  chaps,  xvi.  and  xvii.  we  have  investigated  the 
stresses  in  the  bars  of  a  certain  class  of  structures,  built 
up  of  bars  jointed  together,  but  the  methods  there  used 
applied  only  to  the  special  class  dealt  with  ;  so  we  now 
proceed  to  consider  a  more  general  treatment. 

The  meaning  of  the  word  structure  is  well  known 
and  requires  no  definition  ;  the  only  point  requiring  notice 
being,  that  we  shall  use  the  word  to  denote  a  construc- 
tion of  bars  which  is  not  intended  to  move,  but  to  keep 
its  shape  under  certain  loads.  A  roof  then  is  a  structure, 
while  a  steam  engine  is  not. 

For  "framework,"  however,  we  shall  require  a  little 
more  consideration.  The  general  meaning  of  framework 
is  a  structure  built  up  of  bars  connected  together  in  any 
way ;  but  the  meaning  we  shall  in  the  present  work 
attach  to  it  is  very  much  more  limited. 

Looking  back  to  chap.  xvi.  we  find  that  at  the  com- 
mencement of  the  work  certain  suppositions  were  made 
as  to  the  nature  of  the  connections  of  the  various  bars, 
these  being — ist,  the  bars  are  supposed  to  be  connected 
together  at  their  ends  by  frictionless  pin  joints  ;  2d,  no 
bar  is  to  be  continuous  through  a  joint. 

Now  it  is  to  structures  which  satisfy  the  preceding 
conditions  that  we  shall  confine  the  meaning  of  the  word 
framework  ;  actual  structures,  which,  in  most  cases,  fail 
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to    satisfy   these   conditions,   being   known    as    girders, 
trusses,  etc. 

We  now  proceed  to  show  why  the  preceding  limita- 
tions are  necessary ;  and  we  will  assume  in  the  first 
instance,  in  all  cases,  that  the  loads  are.  applied  directly 
to  the  joints  of  the  structure  by  bearing  on  the  pins 
which  connect  the  bars  together. 

Direction  of  Stresses  on  Bars. — From  what  we 
have  just  been  saying,  it  follows  that  the  only  forces 
which  act  on  any  bar  of  a  framework  are  those  applied 
to  it  by  the  pins  which  pass  through  its  ends. 

For  if  AB  (Fig.  324)  be  any  bar,  there  is  no  load 
applied  to  it  between  A  and  B,  nor  does  it  pass  through 
any  joint  by  the  second  assumption.  From  this  and  the 
first  assumption  follows  a  very  important  proposition, 
viz.  The  force  exerted  by  any  bar  of  a  framework,  on  the 
pin  through  its  end,  is  in  the  direction  of  the  axis  of  the 
bar.  This  we  proceed  to  prove. 

Let  AB  be  any  bar  of  a  loaded  structure ;  then  each 
pin  exerts  some  force  or  forces  on 
the  bar,  and  these  forces  together 
keep  the  bar  in  equilibrium.  Now 
the  resultant  action  of  the  pin  B 
must  be  a  single  force,  say  P,  passing 
through  its  centre ;  because,  there 
being  no  friction,  the  forces  exerted  by  the  pin  on  the 
sides  of  the  hole  are  all  normal  (Fig.  325), 
thus  they  all  pass  through  OB,  the  centre  of 
B,  and  therefore  so  also  does  their  resultant. 
Fig.  325.  p  then  must  be  balanced  by  the  action  on  AB 
of  the  pin  at  A.  But  as  we  have  drawn  it  this  is  im- 
possible, because  one  effect  of  P  is  to  tend  to  turn  AB 
round  A,  and  to  this  the  pin,  being  frictionless,  can  offer 
no  resistance.  It  follows  then  that  P  can  only  be 
balanced  by  the  action  of  A  when  its  direction  passes 
through  OA  (Fig.  326),  and  in  that  case  the  action  of  A 
must  be  an  exactly  equal  and  opposite  force  P. 
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Putting  it  slightly  differently  we  may  say  that  the 
actions  of  A  and  B,  being  each  single  forces  through  OA 
and  OB  respectively,  can  balance  in  two  ways  only  ;  they 
must  be  equal  and  opposite  and  in  the  same  line,  i.e. 
OA,  OB,  and  either  both  outward  as  Fig.  326  (#),  or  both 
inward  as  (b). 

The  forces  we  have  just  drawn  are  those  exerted  by 
the  pins  on  the  rod;  and  it  follows  that  the  forces  exerted 
by  the  rod  on  the  pins  must  be  as  Fig.  327  (a)  and  (b)  in 
the  two  cases  respectively. 

The  line  OA,  OB  we  call  the  axis  of  the  bar.  If  the 
bar  be  straight  then  OA,  OB  will  be  its  axis  ;  but  the 
truth  of  the  foregoing  work  will  not  be  affected  if  the 
bar  be — as  it  is  sometimes  in  practice — curved  ;  in  that 


(bj          r          T 

Fig.  326.  Fig.  327. 

case,  however,  by  the  axis  we  must  be  understood  to 
mean  OA  OB,  and  not  the  geometrical  axis. 

We  shall  now  be  able,  by  use  of  the  principle  just 
proved  and  of  the  principles  of  Statics,  to  determine  the 
stresses  in  the  bars  of  very  large  classes  of  structures. 
Our  results  will  be  practically  exact  in  all  cases  in  which 
the  joints  are  actually  pin  joints,  the  only  deviation  from 
perfect  accuracy  being  due  to  the  friction  of  the  joints, 
which  should  be  small.  If,  however,  the  joints  be 
riveted,  or  bars  continuous  through  joints,  then  our 
results,  although  they  may  differ  considerably  from  the 
truth,  yet  furnish  us  with  a  first  approximation  to  the 
correct  results  ;  and  we  then  proceed  to  consider  how 
they  must  be  corrected.  This  latter  we  shall,  however, 
not  be  able  to  enter  into. 

Before    proceeding   to    consider   actual    examples,   it 
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Fig.  328. 


will  be  well  to  consider  why  the  preliminary  work  has 

been  necessary.      Let  A  be  the  centre  of  a  pin  and  W 

the  load  on  the  joint  (Fig.  328).    Now 

there  cannot  be  less  than   two    bars 

meeting  at  the  joint;  let  these  be  CA 

and  BA,  representing  them  simply  by 

their  axes. 

We  have  now  the  pin  at  A  kept 
in  equilibrium  by  three  forces,  viz. 
W,  the  action  of  BA,  the  action  of  CA.  Now  from 
the  preliminary  work  we  know  that  these  latter 
are  forces  in  the  directions  of  BA  and  CA  respect- 
ively, and  hence  we  can  find  their  magnitudes.  But 
without  our  suppositions  we  should  have  known  neither 
the  directions  of  the  forces  nor  their  magnitudes  ;  hence 
we  should  have  had  four  unknown  quantities,  and  only 
two  equations — got  by  resolving  in  any  two  directions — 
connecting  them,  so  that  we  could  not  have  determined 
them. 

We  will  now  commence  our  examination  of  actual 
examples  with 

The  Simple  Triangular  Frame. — ACB  is  a  simple 


\ 


Fig.  329- 


triangle   of  bars,  which  may,  for  example,  be   used  to 
support  a  small  roof  (Fig.  329). 

Let  this  be  loaded  at  C  and  supported  at  A  and  B. 
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[Loads  at  A  or  B  need  not  be  considered,  since  they  would 
bear  directly  on  the  supports,  causing  no  stress  in  the  bars.] 

The  principle  which  we  shall  almost  exclusively  pro- 
ceed on  will  be  to  consider  the  equilibrium  of  the  pin 
at  one  or  more  joints  of  the  frame. 

We  will  then  commence  with  the  pin  at  C.  This  is 
in  equilibrium  under  the  load  W  and  the  actions  of  AC, 
BC,  these  being  in  the  directions  of  AC,  BC  respectively, 
and  denoted  by  TAC,  TBC.  For  clearness  we  have  in  (a} 
drawn  the  pin  separately  with  the  forces  on  it.  Evi- 
dently they  are  both  thrusts. 

Graphic  Method  —  Diagram  of  Forces.  —  We 
shall  now  find  the  values  of  TAC,  TBC  by  graphic  con- 
struction, based  on  the  application  of  the  proposition  of 
Statics  known  as  the  Triangle  of  Forces.  C  the  pin  is 
kept  in  equilibrium  by  three  forces,  hence  if  a  triangle 
be  drawn  with  its  sides  respectively  parallel  to  these 
forces,  the  lengths  of  the  sides  will  be  proportional  to 
the  forces. 

In  (b)  we  have  drawn  EFG  such  a  triangle,  and 
hence  we  have 


But  the  triangle,  as  we  have  drawn  it,  represents  rather 
more  than  this. 

For  evidently  any  number  of  triangles  can  be  drawn 
having  their  sides  parallel  to  the  three  forces,  differing 
in  size  but  not  in  proportion.  Let  us  then  draw  our 
triangle  of  such  a  size  that  EF  is  not  only  proportional 
to  W,  but  actually  on  some  convenient  scale  represents 
W  —  this  we  can  do  by  choosing  our  scale  and  then 
drawing  the  side  EF  first,  of  the  proper  length  —  then 
on  this  same  scale  it  follows  that  FG  and  GE  represent 
TAC  and  TBC  respectively. 

We  now  then  state  our  method  thus:  Choose  a 
convenient  scale  of  force  or  weight.  Draw  EF  parallel 
to  W,  and  of  such  a  length  as  to  represent  W  on  the 
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scale  selected.     From  E  and  F  draw  EG,  FG  parallel 
to  TBc,  TAB  respectively. 

With  the  given  scale  measure  EG,  FG,  and  their 
values  give  TBC,  TAB  respectively. 

For  example,  in  the  figure  (Fig.  329),  suppose  W  be 
5  cwt.  ;  EF  as  there  drawn  is  i  inch  long,  so  the  force 
scale  is 

i  inch  =  5  cwt. 

If  now  EG  be  measured  it  will  be  found  to  be  |-  inches, 


=  3-9  cwts. 
And  FG  is  ±±  inches,  whence 

TAB^T!  x5  =  4-  6  cwts. 

We  have  now  one  bar  left,  viz.  AB.  To  determine 
the  stress  in  this  we  must  consider  one  of  its  end  joints. 
We  will  take  A.  Then  at  A  we  have  again  three  forces, 
viz.  TAC,  P  the  supporting  force,  and  TAB.  Of  these  we 
know  one,  viz.  TAC  ;  and  so  by  drawing  a  line  to  repre- 
sent TAC,  and  then  completing  the  triangle  of  forces  for 
the  joint,  or  pin,  at  A,  we  can  determine  the  other  two. 
But  we  have  already  a  line  drawn  representing  AAC,  viz. 
FG  ;  we  will  then  utilise  this  line,  and  complete  the 
triangle  for  A  by  drawing  GK  parallel  to  AC,  meeting 
FE,  which  is  already  drawn  parallel  to  P  —  i.e.  vertical 
—  in  K.  FGK  is  now  the  triangle  of  forces  for  A  on 
the  same  scale  as  EF  was  originally  drawn  to  represent 
W.  Hence  HAC  =  GK  on  the  force  scale. 

[We  use  H  here,  the  bar  being  horizontal.  ] 

Also 

P  =  FK. 
But 


And  we  have  now  determined,  purely  by  measurement 
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without  any  necessity  for  calculation,  the  stresses  in  all 
the  bars  of  the  frame  and  the  magnitude  of  the  support- 
ing forces. 

The  figure  (b)  as  a  whole  is  called  the  Diagram  of 
Forces  for  the  frame,  and  it  will  on  examination  be 
found  to  contain  a  triangle  of  forces  for  each  joint.  Two 
joints  we  have  considered,  the  third  B  not  being  ex- 
amined, since  we  had  obtained  all  possible  results  without; 
if  we  look,  however,  at  the  triangle  EKG,  we  see  at  once 
that  it  is  the  triangle  of  forces  for  B,  its  sides  being 
parallel  to  Q,  HAB,  and  TBC  respectively,  and,  as  we  have 
already  seen,  represent  them  on  the  scale  of  force. 

The  graphic  method  of  calculation,  of  which  we  have 
just  had  an  example,  is  of  great  value,  and  is  now  very 
much  used.  In  some  cases,  such  as  we  have  just  con- 
sidered, the  result  can  be  easily  obtained  by  pure  graphic 
work ;  but  in  some  cases  a  little  preliminary  calculation, 
such  as  finding  P  and  Q  in  the  ordinary  way  by  taking 
moments  about  B  and  A  (Fig.  329),  very  much  shortens 
the  work  ;  also  in  many  cases  the  use  of  a  purely  graphic 
process  tends  to  make  the  student  lose  sight  of  the  prin- 
ciples underlying  the  subject,  the  process  becoming  almost 
purely  mechanical.  We  shall  then  leave  the  study  of 
pure  graphic  work  to  works  dealing  specially  with  the 
subject,  which  can  be  perused  with  most  profit  after  the 
student  has  thoroughly  mastered  the  principles  which 
govern  equally  all  methods. 

With  regard  to  the  simple  cases  we  shall  deal  with, 
one  or  two  points  must  be  insisted  on. 

ist.  The  student  should  always  commence  by  drawing 
accurately  to  scale  the  structure  itself,  and  draw  on  it 
the  directions  of  the  load  or  loads  on  it.  Then  the  force 
figure  should  be  drawn  with  its  lines  accurately  parallel 
to  the  corresponding  lines  in  the  structure  ;  and  it  should 
be  drawn,  not  as  a  whole,  but  triangle  by  triangle  ;  bear- 
ing clearly  in  mind  as  each  triangle  is  drawn  what  joint 
it  belongs  to.  In  no  case  should  the  force  figure  be 
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drawn  by  use  of  the  given  dimensions  of  the  frame  with- 
out first  drawing  the  frame  itself. 

For  example,  suppose  the  slopes  are  given  as  30° 
and  45°. 

Then  it  is  a  common  practice  with  beginners  to  take 
(Fig.  330)  EF  equal  to  W,  and  draw  GEF  =  6o°,  GFE 
=  45° ;  and  so  obtain  the  figure. 

This  gives  the  correct  figure,  and  will  save  perhaps  a 
few  seconds  ;  but  in  cases  only  a  little  more  complex  it 
would  be  quite  impossible  to  proceed  in  this  way ;  and 
hence  the  student  should  accustom  himself  from  the 
commencement  to  the  use  of  correct  methods  for  even 
the  simplest  cases,  and  they  will  then  come  naturally  to 
him  when  dealing  with  more  complex  questions. 


Fig   330. 


Fig.  331. 


2nd.  Always  keep  the  force  diagram  quite  separate 
from  the  figure  of  the  frame.  For  example,  to  econo- 
mise time,  CD  (Fig.  331)  is  utilised  to  represent  W,  and 
CDEF  drawn  as  the  force  diagram.  This  should  never 
be  done — ist,  for  similar  reasons  to  those  just  stated  ; 
and  2nd,  because  it  leads  to  a  confusion  of  scales.  CD 
is  so  many  feet  long  and  is  drawn  on  a  linear  scale  ;  if 
now  we  take  CD  to  represent  W,  then,  in  the  first 
place,  the  scale  of  W  will  not  be  a  scale  at  all  in  the 
proper  meaning  of  the  word  ;  e.g.  if  CD,  say  i^  inch 
long,  represent  W,  say  30  cwt.,  then  the  so-called'  force 
scale  will  be 

H  in. -30  cwt, 
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or 

16  x  30      0 
i  in.  = —=28.23  cwt., 

which  is  not  a  scale  at  all ;  by  a  scale  we  mean  such  as 
i  in.  =  i  cwt.  or  5  cwt.  or  10,  12,  20,  etc.,  but  not  odd 
numbers  and  decimals.  Next,  there  will  always  be  a 
likelihood  of  measuring  some  line  on  the  wrong  scale, 
confusing  feet  with  pounds,  and  vice  versa. 

It  is  instructive  to  examine  the  stresses  in  the 
triangular  frame  by  the  ordinary  methods  of  Statics, 
viz.  resolving  the  forces  on  the  pin  instead  of  drawing 
a  triangle.  This  we  will  leave  to  the  student,  recom- 
mending him  to  solve  the  questions  at  the  end  of  the 
chapter  by  both  methods,  and  he  will  then  see  their 
relative  advantages.  One  result,  however,  can  be  put  in 
a  simple  form  for  calculation,  by  examining  the  diagram 
of  forces,  viz.  HAB,  called  sometimes  the  thrust  of  the 
frame. 

Looking  at  Fig.  329,  let  AD  =  <z,  BD  =  ^,  and  CD 
the  height  =  h.  Then 

H_GK_BD 
K~EK~CD' 


But,  taking  moments  about  A, 


and 

Wab 


A  formula  which  is  often  useful. 

We  will  now  consider  some  practical  examples  of  the 
use  of  the  triangular  frame. 

Triangular  Roof  Truss. — In  this  case  the  slopes, 
i.e.  the  angles  CAB,  CBA,  are  usually  equal.  AC,  BC 
are  the  rafters,  and  AB  a  tie-bar  (Fig.  332). 
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The  load  is  due  to  the  weight  of  the  roofing  material 
which  rests  on  the  rafters.      Let  then 

x  —  distance  apart  of  consecutive  rafters  along  the  roof  in  feet, 
«/  =  weight  per  sq.  ft.  of  roofing  in  Ibs. 

Then  the  load  on  AC  is 

wx  .  AC  Ibs. 

And  this  rests  half  on  C  and  half  on  A.     Similarly  the 
load  on  BC  is 

wx  .  BClbs., 


resting  half  at  C,  half  at  B.     Hence 


AC  +  BC 


Total  load  at  C=wx 

2 

which  applies  generally,  whatever  be  the  slopes. 


Fig.  332. 


Thus  for  equal  rafters  each  /  ft.  long,  the  load  at 
C  is  iv xl  (Fig.  332). 

We  have  here  drawn  an  extra  bar,  viz.  CD  ;  such  a 
bar  is  usually  fitted,  helping  to  take  the  weight  off  the 
ceiling,  which  hangs  to  AB  ;  the  portion  of  such  weight 
which  is  carried  by  CD  then  becomes  an  additional 
load  on  C,  to  which  CD  hangs,  and  must  be  added  to 
the  other  load,  and  the  diagram  of  forces  then  drawn  in 
the  usual  manner. 
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If  W  be  the  load  on  the  bar  CD,  we  have 
Total  load  at  C  =  W  +  wxl, 

and  (b}  then  represents  the  diagram  of  forces,  EF  being 
made  equal  to  W  +  ivxl. 

Thrust  of  the  Roof.  —  In  some  cases  the  tie-bar 
AB  is  omitted,  and  then  the  resolved  parts  of  TAB,  TBC 
must  be  balanced  by  inward  thrusts  of  the  walls,  these 
thrusts  being  equal  to  GK  in  the  diagram  of  forces, 
i.e.  to  what  HAB  would  be  if  there  were  a  tie-bar. 
The  roof  then  thrusts  the  walls  outward  with  forces 
equal  and  opposite  to  HAB,  the  magnitude  of  each 
being  called  the  Thrust  of  the  Roof;  and  the 
walls  must  be  made  strong  enough  to  withstand  this 
thrust. 

In  the  particular  case  of  equal  slopes  the  expression 
for  the  thrust  is  simple.  For  we  have,  on  page  444,  the 
formula 

H= 

' 

If  now  /=  span  of  roof, 


Whence 


H=        = 

lh       4/1  ' 

Bridge  Truss.  —  Fig.  333  represents  the  preceding 
type  of  truss  inverted  and  used  to  support  a  bridge 
platform.  The  inversion  of  the  truss  does  not  affect  the 
shape  of  the  force  diagram,  i.e.  the  magnitudes  of  the 
stresses  in  the  bars,  but  it  inverts  their  natures  ;  thus 
AC,  BC  are  now  ties,  and  AB  a  strut.  Also  the  bar  CD 
is  now  a  necessary  part  of  the  structure,  since  the  load 
rests  primarily  on  the  platform,  and  is  transmitted  to  the 
joint  C  by  means  of  the  strut  CD. 
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acts   as   a   strut,   and  is   not   in 


The  platform  AB 
practice  jointed  at  D, 
but  for  our  purpose 
we  must  assume  such 
a  joint  or  our  method 
of  calculation  fails. 
This  assumption 
credits  AB  with  no 
power  in  itself  of  sup- 
porting a  load,  and 
hence  errs  on  the 
safe  side  so  far  as  the 
values  of  the  longi- 
tudinal stresses  in  the 
bars  are  concerned. 

ist  Case. — Let  a  single  load  W  rest  at  D. 

Then  considering  the  joint  D, 

TCD=W. 
[Actually  the  stiffness  of  AB  would  make  TCD  less  than  W.] 

But  TCD  is  the  load  at  C,  hence  C  is  loaded  with  W, 
and  (£)  (Fig.  333)  gives  the  diagram  offerees. 

2d  Case.  —  Uniformly  distributed  load,  w  Ibs.  per 
foot  run,  on  platform.  Then 


Fig-  333- 


Load  at  D  = 


ADjfBD 

2 

wl 


wl 

2   ' 


And  the  diagram  (£)  is  drawn  for  this  load  at  C. 

The  supporting  forces  as  found  from  the  diagram  are 
each  wt/4  instead  of  «///2,  which  we  should  naturally 
call  the  supporting  forces  for  a  total  load  ivl ;  the  dis- 
crepancy is  due  to  the  fact  that  there  is  a  load  wlf^ 
at  each  end,  in  addition  to  «///2  at  D  (see  page  323  for 
a  full  explanation). 

If  the  strut  CD  be  short,  then  it  will  be  found  difficult 
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Derricks    and 


to  determine  the  correct  position  of  the  intersection  of 
EG  and  FG,  and  in  such  cases  the  calculation  method 
is  preferable. 

Cranes.  —  Fig.  334  shows  the 
triangular  frame  used  as 
a  derrick. 

AB  is  a  portion  of  a 
mast ;  BC  is  the  jib, 
jointed' at  B  to  the  mast; 
and  AC  is  a  rope  which 
can  be  used  to  raise  or 
lower  the  jib,  and  is 
called  the  Topping  Lift. 


Fig.  334- 

ordinary  portable  crane. 


The  load  hangs  at  C. 

Fig.    335     shows    an 
There  is  now  no  mast,  so  a 


Crane  Post  AB  must  be  provided,  and  this  being  short 


I        TBD        Q 


(a) 


f(b) 


Fig.  335- 


compared  with  the  height  of  a  mast,  AC  slopes  upward, 
and  is  now  called  the  Stay. 

The  diagram  of  forces  for  the  joint  C  is  shown  in  the 
two  cases,  and  we  see  that  the  effect  of  sloping  AC 
upward  is  to  increase  both  TAC  and  TBC. 

Let  us  now  leave  the  joint  C,  and  examine  the  actions 
on  the  joint  A.  We  have  TAC  acting  on  A,  which  may 
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be  resolved  into  a  vertical  and  a  horizontal  component  ; 
the  former  of  these  produces  a  longitudinal  stress  in 
AB,  and  the  latter  tends  to  overturn  the  mast  or  crane 
post  by  turning  it  round  B.  The  overturning  effect  can 
also  be  seen  by  considering  the  triangle  ABC  ;  for  there 
is  a  moment  W  x  x  in  each  case  tending  to  rotate  the 
triangle  as  a  whole  round  B.  There  are  various 
methods  of  preventing  the  overturning,  and  in  this 
lies  the  chief  difference  between  various  types  of  crane. 

In  the  case  of  the  derrick  the  mast  is  securely  fastened 
to  the  deck,  and  by  the  stays,  and  so  does  not  overturn. 

In  Fig.  335  overturning  of  'the  post  is  prevented  by 
the  backstay  AD,  which  is  attached  to  A,  and  to  a 
point  D  in  BD,  the  platform  of  the  crane.  This  would 
still  leave  the  crane  liable  to  turn  over  as  a  whole, 
although  the  post  could  not  turn  relatively  to  the  plat- 
form ;  and  so  to  prevent  this  it  is  necessary  to  load  the 
platform  at  D  with  a  weight  W. 

We  will  now  proceed  to  determine  by  a  diagram  the 
stresses  in  backstay,  post  and  platform,  and  the  magni- 
tude of  the  balance  weight  required. 

Considering  the  joint  A,  the  forces  are 

TAG,     TAB,     TAD. 

And  TAC  is  already  represented  by  EG. 

Draw  then  EK  parallel  to  AB,  and  GK  parallel  to 
AD.  Then 


We  could  not  now  see,  a  prioii,  whether  TAB  would 
be  a  thrust  or  pull,  but  we  can  determine  this  from  the 
figure.  For  the  sides  of  the  triangle  of  forces  represent 
the  directions  of  the  forces  which  keep  a  body  in 
equilibrium  if  we  go  round  the  triangle  in  the  same 
direction,  i.e.  forces  represented  by 

EG,     GK,     KE, 
or  by 

GE,     EK,     KG, 

2  G 
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would  be  in  equilibrium,  but  not  those  represented  by  say 
GE,     KE,     GK, 

since  here  we  do  not  go  round  in  one  direction  only. 

Now,  to  apply  this,  we  note  that  the  TAC  which  acts 
on  the  joint  A  is  represented  by  EG — not  by  GE,  GE 
representing  the  TAC  which  acts  on  C — we  must  go 
round  then  in  the  first  way  above,  i.e. 

EG,     GK,     KE, 

which  shows  that  TAB  or  KE  is  an  upward  force  on  the 
joint  A,  which  we  are  considering,  so  that  it  is  a  thrust. 
Also  TAD  or  GK  acts  to  the  left  and  is  a  pull,  but  this 
we  could  see  at  first,  whereas  the  direction  of  TAB  is  not 
so  easily  seen,  depending  on  the  slopes  of  AC  and  AD, 
and  it  may  in  some  instances  be  a  pull. 

We  will  now  proceed  to  the  joint  at  D.     Forces 

TAD,     W,     TBD. 

And  TAD  on  D  is  represented  by  KG,  so  we  draw 
GL  parallel  to  BD,  and  KL  parallel  to  W.  Then 

TBD  =  GL,     W'  =  LK. 

We  have  now  found  all  the  stresses,  and  considered  the 
equilibrium  of  all  the  joints  except  B.  If  we  examine 
our  diagram,  however,  we  shall  find  that  a  triangle 
showing  the  equilibrium  of  B  already  appears  in  it. 

For  the  forces  acting  at  B  are  TBD,  TAB,  TCB,  and 
the  upward  thrust  T^,  say  of  the  pivot  at  B,  on  which 
the  crane  turns. 

Of  these  TAB  and  T^,  are  in  one  line,  so  their  result- 
ant is  Tp  -  TAB  upward,  and  taking  this  as  one  force 
we  now  have  only  three  forces. 

But  we  have  already  a  triangle,  viz.  LFG,  with  sides 
parallel  to  these  three,  and  of  which  two  sides,  LG,  GF, 
have  already  been  seen  to  represent  TBD  and  TBC  ;  hence 
the  third  side  FL  must  represent  Tp  -  TAB. 
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From  this  we  have 


=  KE  +  FL, 
=  KL  +  FE, 
=  W  -f-W, 

and  this  must  evidently  be  correct,  since  the  pivot  sup- 
ports the  whole  weight  resting  on  the  crane,  i.e.  W  +  W. 

In  practice,  a  large  part,  or  the  whole,  of  the  counter- 
balance is  provided  by  the  weight  of  the  boiler  and  engine 
used  for  driving  the  lifting  winch. 

Fixed  Cranes. — In  the  crane  just  described,  the 
jib,  stay,  and  backstay  are  always  in  one  plane,  since 
the  platform  turns  carrying  the  whole  with  it ;  there  is 
then  no  tendency  to  turn  the  crane  over  sideways  when 
the  load  hangs  quietly  ;  and  although  when  the  crane  is 
turning  there  is  a  tendency  to  pull  it  over  sideways,  it  is 
but  small,  and  is  provided  against  by  the  stiffness  of  the 
pivot  and  the  resistance  of  its  bearings. 

If,  however,  the  crane  post  be  simply  pivoted  in  a 
bearing  fixed  to  the  ground,  then  if  a  single  backstay 
only  were  provided,  this  could 
only  balance  the  overturning 
effect  of  the  weight  when  it  was 
in  the  same  plane  as  the  jib  and 
stay,  as  shown  in  plan  by  Fig. 
336  (b\  and  then,  when  the  jib 
was  turned  to  a  new  position, 
as  (c\  there  would  be  an  over- 
turning moment  W.r,  which  the  (j^  • 
backstay  could  not  prevent  from 
overturning  the  crane.  (c] 

To  overcome  this  difficulty  it 
is  usual  to  have  two  backstays, 
as  Fig.  337,  AE,  AD  being  the 
stays,  always  equal,  and  fastened  to  the  ground  at  D 
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and  E. 


post, 


The  combined  action  of  the  two  then  renders 
overturning  impossible  in  any 
direction. 

We  wish  now  to  find  the 
stresses  in  these  stays,  and 
we  have  a  different  case  from 
any  before  dealt  with,  because 
the  bars  are  not  all  in,  or 
parallel  to,  one  plane. 

We  shall  require  to  draw  more 
than  one  view  of  the  structure, 
and  we  will  first  consider  the 
plan  (Fig.  338).  A  is  the  crane 
points  to  which 


Fig.  337- 

E    and    D 


the 


the 
plan   of  the  stays,  AC 


stays    are 
the   given 


Fig.  338. 


fastened,   AE,  AD  a 
position  of  the  jib. 

Now  to  prevent  any  overturning  of 
the  post,  what  is  necessary  is  that 
the  resultant  action  of  the  two  back- 
stays should  be  in  the  same  plane 
as  the  jib  and  stay,  i.e.  if  we  pro- 
duce CA  to  F,  then  the  plan  of  the 
resultant  of  TAE  and  TAD  must  lie 
along  AF.  There  will  then  be  no  force  causing  overturn- 
ing at  right  angles  to  FAC. 

We  may  express  this  by  saying  -that  the  two  back- 
stays must  be  equivalent  to  a  single  backstay,  which  lies 
along  AF  in  plan. 

But  now  the  resultant  of  TAD,  TAE  must  be  in  the 
plane  of  AD  and  AE,  so  that  it  must  be  the  line  joining 
the  top  A  of  the  crane  post  to  the  point  F  on  the  ground, 
this  being  the  only  line  which  is  at  once  in  the  plane  of 
jib  and  stay,  and  also  in  the  plane  of  the  two  backstays. 
We  say  then  that  AD  and  AE  are  equivalent  to  the 
single  backstay  AF. 

If  then  we  replace  AD  and  AE  by  AF,  and  then  find 
the  stress  R  in  such  a  backstay,  this  stress  R  represents 
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the  resultant  of  TAIj,  TAE,  and  we  can  then  find  its  resolved 
parts,  which  will  give  us  the  required  results. 

We  proceed  then  as  follows  :    Draw  a  correct  plan 
of  the  crane  in  the  given 
position   (Fig.  338),  join 
DE     and    produce     CA 
back  to  cut  DE  in  F. 

To  determine  R,  draw 
a  side  view  of  the  crane 
and  the  single  equivalent 
backstay  (Fig.  339). 

To  construct  this 
figure  : 

Draw  BA,  the  crane 
post ;  AC,  the  stay  ;  and 
BC,  the  jib. 

Next,  from  Fig.  338, 
take  the  length  AF  and  set  off  BF  equal  to  it  at  right 
angles  to  AB,  i.e.  along  the  ground. 
Finally,  join  AF. 

Fig.  339  is  a  correct  side  elevation  of  the  crane  and 
equivalent  backstay. 

Draw  the  diagram   of  forces   (a\  giving   the  value 

of  R. 

We  have  now 
to  resolve  R 
along  AD  and 
AE,  for  which 
purpose  we  re- 
quire a  correct 
K  (c)  view  of  the  back- 
stays in  their  own 
plane  (Fig.  340). 
For  this  con- 
struction draw  in 


(a) 


Fig.  340. 


(a)  AB  the  crane  post,  and  make  BD  equal  to  AD  in 
Fig.  338.     Then  joining  AD  we  have  the  correct  length 


454  APPLIED  MECHANICS  PART  n 

of  each  backstay.  We  take  then  DE  from  Fig.  338  in 
(£),  and  make  DA,  EA  each  equal  to  AD  in  (a).  Also 
mark  from  Fig.  338  the  position  of  F  and  join  AF. 

Then  Fig.  340  ($)  is  a  correct  view  of  the  backstays 
and  the  equivalent  single  backstay  in  their  own  plane. 

We  now  then  draw  in  (c)  MN  equal  to  R  from 
Fig.  339,  and  drawing  MK,  NK  parallel  to  AD,  AE 
respectively,  we  have  finally 

TAD-MK,   TAE=KN, 

which  are  the  required  results. 

The  point  F  (Fig.  338)  may  come  anywhere  in  the 
line  DE,  and  as  AC  revolves  it  will  fall  outside  the 
backstays.  In  this  case  it  can  be  easily  seen  that  one 
of  the  stresses  TAD,  TAE  must  be  compressive,  and  hence 
the  stays  must  not  be  chains,  but  solid  bars  or  spars. 
This  is  actually  the  case  in  practice. 

Sheer  Legs. — In  this  case  (Fig.  341)  there  is  no 
post,  but  the  stay  is  prolonged 
to  meet  the  ground,  thus  hav- 
ing stay  and  backstay  in  one. 
A  nut  is  formed  at  the  end 
A,  which  works  on  a  screw, 
the  rotation  of  the  screw 
running  A  in  or  out  and  so 
raising  or  lowering  C. 

Overturning     sideways     is 
Fig.  341.  now  prevented  by  replacing 

a  single  jib  as  CB  by  two  legs,  DC,  EC,  pivoted  at  D 
and  E  respectively. 

To  find  the  stresses  we  proceed  in  an  exactly  similar 
manner  to  the  preceding.  The  actual  legs  are  imagined 
replaced  by  the  single  leg  BC,  which  is  now  always  mid- 
way between  them,  since  the  vertical  plane  through  AC 
and  W  bisects  DCE. 

We  then  find  the  stress  for  AC  and  BC  by  drawing 
the  triangle  of  forces  for  C.  And,  finally,  resolve  TBC 
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into   its   two   components,  TCD,  TCE  exactly  as   in   the 
previous  case. 

By  considering  the  joint  A  we  can  determine  the 
thrust  along  AB,  the  axis  of  the  screw  and  the  upward 
pull  on  its  bearings  being  respectively  the  horizontal  and 
vertical  components  of  TAC. 

Tension  of  Lifting  Chain. — We  have  hitherto  con- 
sidered the  load  W  as 
simply  hanging  to  C, 
but  this  is  not  the  case 
in  practice,  W  being 
always  supported  by  a 
tackle,  the  rope  or 
chain  of  which  passes 
over  a  pulley  at  C  and 
hence  to  a  chain  barrel. 

In  Fig.  342  we 
represent  such  a  case, 
CL  being  the  chain. 

Let  now  the  force 
ratio  of  the  tackle  be 
n  (page  115). 

Then 


Fig.  342. 

W 


Tension  of  chain  =  - — 

Now  C  is  loaded  with  two  loads,  W  and  W/#,  and 
we  must  first  find  the  resultant  load  at  C. 
We  draw  then  in  (a) 

EF  =  W,     FG  =  — » 
n 

these  being  parallel  to  W  and  CD  respectively.  Then  join- 
ing EG,  EG  is  the  resultant  load  at  the  joint;  and  we  now 
draw  EK,  GK  parallel  to  AC,  BC  respectively,  these  giving 
TAC,  TBC,  and  proceed  with  the  diagram  of  forces  as  before. 
In  many  cases  the  chain  runs  on  pulleys  on  the  stay, 
so  that  its  direction  is  that  of  the  stay.  In  this  case  the 
ordinary  diagram  for  W  alone  is  drawn  (Fig.  335),  and 
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then  TAC  is  composed  of  the  real  tension  in  AC  and  the 
tension  of  the  chain  which  assists  it.      Hence 

W 
Tension  in  AC  =  TAG  (from  diagram)  --- 

If  the    chain    were    led    down    the    jib,    its    tension 
would  increase  the  thrust  on  the  jib,  and  we  should  have 


Thrust  in 


W 

=  TBc  (from  diagram)  +  — 


Bending  of  Crane  Posts.  —  In  small  cranes  back- 
stays  are  often  omitted,  the  crane 
post  being  made  stiff  and  sup- 
ported in  bearings.  Fig.  343 
shows  the  post  prolonged,  B  and 
D  being  the  bearings. 

Each  bearing  then  exerts  a 
horizontal  thrust  P,  and  the 
moment  P.  BD  balances  W>,  the 
overturning  moment, 


and 


343- 


In  addition  D  supports  the  weight 
of  the  crane  and  load. 
The  preceding  considers  the  crane  as  a  whole  ;  but 
now  consider  the  post    alone.       Then  the   overturning 
forces  are  the  horizontal  components  of  TAC,  TBC,  these 
being  equal  (Fig.  335),  and  each  equal  to  Q  say. 

Then  (Fig.  344)  we  have  two  couples,  Q  .  AB,  P  .  BD, 
keeping  the  post  in  equilibrium.      So  that 


The  post  is  now  subjected  to  bending  and  shearing, 
due  to  a  load  P  +  Q  at  B,  supported  by  P  at  D  and'  Q 
at  A.  Whence 

_(P  +  Q)AB.ED 
B~"         AD 
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and  the  figures  (a)  and  (b)  show  the  curves  of  B.  M.  and 
S.  F. 

Fig.  345  shows  another  method  of  supporting  the 
post,  there  being  a  bearing  at  each  end.  In  this  case 
there  is  practically  no  bending  or  shearing. 

There  is  a  very  large  variety  of  types  of  crane,  but 
space  will  not  permit  of  our  examining  any  more 


Fig.  345. 


examples  ;  in  all  cases  the  methods  used  in  the  present 
chapter  will  be  found  to  apply. 


EXAMPLES. 

1 .  A  simple  triangular  truss,  24  feet  span,  3  feet  deep,  is  sup- 
ported at  the  ends,  and  carries  a  load  of  3  tons  concentrated  in 
the  middle.     Find  the  stress  on  each  member. 

Ans.   6.2  ;  6  tons. 

2.  The  span  of  a  roof  is  15  ft.,  length  of  rafters  9  ft.  and  12 
ft.  respectively.     The  rafters  are  2  ft.  apart  along  the  roof,  and 
the  roofing  material  weighs  15  Ibs.  per  sq.  ft.      Find  by  con- 
struction the  thrust  of  each  rafter  and  the  stress  in  the  tie  bar. 

Ans.    189  ;  252  j  151  Ibs. 

3.  A  pole  40  ft.  long  is  used  as  a  derrick.     One  end  rests  on 
the  ground,  the  other  is  supported  at  a  height  of  30  ft.  from  the 
ground  by  a  chain  at  right  angles  to  the  pole.     If  the  chain  will 
safely  bear  a  pull  of  3  tons,  what  weight  can  be  lifted  by  the 
derrick  ?  Ans.  4^  tons. 

4.  The  jib  of  a  derrick  is  inclined  at  45°  to  the  vertical,  and 
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the  topping  lift  is  attached  to  a  point  vertically  over  the  foot  of 
the  jib  at  a  height  equal  to  its  length.  Find  by  construction  the 
pull  on  the  topping  lift  and  thrust  of  the  jib  when  lifting  4  tons. 

Am.  3.  i  ;  4  tons, 

5.  The  horizontal  member  of  a  simple  triangular  truss  10  ft. 
span,  3  feet  deep,  is  loaded  with  2  tons,  uniformly  distributed 
over  half  the  span,  and   is  supported  at  the  ends.     Find  the 
stresses  in  the  bars.  Am.   I  ;  .83  ;  .97  tons. 

6.  A  crane  has  a  vertical  crane  post  AB  8  ft.  long,  and  a 
horizontal  tie  BC  6  ft.  long,  AC  being  the  jib ;  it  turns  in  bear- 
ings at  A  and  B,  and  the  chain  supporting  the  load  passes  over 
pulleys  at  C  and  A,  passing  from  A  to  the  chain  barrel  at  an 
angle  of  30°  to  AB.     Find  the  stresses  in  the  bars  and  thrusts 
on  the  bearings  when  raising  I  ton  at  a  uniform  rate. 

Ans.   Thrust  on  jib—  i|  ton. 

7.  The  crane  post  AC  of  a  crane  is  8  ft.  high,  AB  the  jib  is 
21  feet  long,  and  there  are  two  tie  bars  CB  each  16  ft.  long. 
The  load  of  5  tons  is  supported  by  a  pair  of  two-sheaved  blocks, 
the  chain  passing  to  the  chain  barrel  bisecting  AC.     The  back- 
stay is  inclined  at  45°  to  AC.     Find  the  stresses  in  all  the  bars, 
and  the  magnitudes  of  the  balance  weight  at  the  foot  of  the 
backstay. 

Ans.  Jib,    I3f;    stay,  9§ ;    post,    4   tons;    backstay,   n.8; 
counter-balance,  8§. 

8.  In  a  crane,  the  jib  is  twice  as  long,  and  the  stay  one  and  a 
half  times  as  long,  as  the  crane  post.     The  backstay  is  parallel 
to  the  jib.     The  crane  post  turns  in  bearings  at  its  foot,  and  is 
produced  below  the  ground  to  a  distance  equal  to  its  height 
above  where  it  turns  in  the  foot  step  bearing.     The  end  of  the 
platform,  where  the  backstay  meets  it,  is  stayed  to  the  end  of  the 
crane  post  at  the  footstep,  there  being  no  balance  weight.    Find  all 
the  stresses  and  thrusts  on  the  bearings,  when  loaded  with  10  tons. 

9.  A  fixed  crane  post  is  20  feet  high,  the  stay  is  20  ft.  long, 
and  the  jib  32  feet.     There  are  two  backstays  each  24  feet  long, 
their  plan  being  a  right-angled  triangle.     Find  the  stresses  when 
lifting  10  tons,  the  plane  of  jib  being  midway  between  the  stays, 
and  show  how  the  stress  on  the  backstays  changes  when  the  jib 
has  swung  through  45°  and  90°  from  its  first  position. 

Ans.  Jib,  1 6 ;  stay,  10  tons. 

10.  A  pair  of  sheer-legs  are  60  ft.  high  when  upright,  each 
leg  being  52  ft.  long.     The  back  leg  is  90  ft.  long.     The  front 
legs  swing  round  pivots  3  ft.  from  the  dock  side.     Find  the 
greatest  stress  in  each  leg  when  placing  a  boiler  weighing  20 
tons  on  board  a  vessel  of  40  ft.  beam,  the  hatch  being  in  the 
middle  line  of  the  ship.      Ans.  Back  leg,  16  ;  front  leg,  i6f  tons. 


PART    III 
HYDRAULICS 


CHAPTER    XXIII 

HYDRAULICS 

WHEN  a  force  is  applied  to  a  solid  body  a  certain 
definite  change  of  shape  (omitting  cases  of  actual 
breakage  or  deformation)  is  first  produced,  and  the  body 
then  moves  as  a  rigid  body,  the  particles  of  which  it  is 
composed  maintaining  their  relative  positions  unchanged. 
Finally,  on  removing  the  force,  the  body  returns  to  its 
original  shape. 

In  the  case  of  liquids,  which  we  are  now  about  to 
consider,  we  have  the  exact  opposite  to  the  above  ;  there 
is  no  definite  amount  of  change  of  shape  produced  when 
a  given  force  is  applied,  but  the  amount  is  anything  we 
please,  depending  entirely  on  how  long  the  force  is 
applied.  Also  the  small  particles  do  not  keep  their 
relative  positions  but  move  freely  about  among  one 
another. 

If  then  we  attempt  to  determine  the  motion  of  a 
fluid  or  liquid  by  simple  application  of  the  principle  of 
work  and  the  laws  of  motion,  we  should  have  to  inquire 
into  the  motions  of  these  small  particles.  This  is  done  to 
a  certain  extent  in  the  branch  of  mechanics  called 
Hydrodynamics. 

The  results  of  hydrodynamics  can  be  rarely  made 
available  for  practical  purposes,  and  hence  we  must  call 
actual  experiment  to  our  aid.  We  then  treat,  not  of  the 
motion  of  each  particle,  but  of  the  water  or  other  liquid 
as  a  whole,  the  results  sought  for  being  obtained  by  a 
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combination  of  experimental  facts  with  theoretical 
reasoning.  The  science  which  treats  the  subject  in 
this  way  we  term  Hydraulics.  We  shall,  with  one 
exception,  confine  ourselves  exclusively  to  one  liquid,  viz. 
water,  though  the  methods  will  be  applicable  to  all. 

Effect  of  Gravity — Head. — We  commence  by 
considering  the  effect  of  gravity  on  water,  since  a  large 

part  of  the  flow  of  water 
takes  place  under  gravity 
alone.  In  Fig.  346  ABCD 
is  a  reservoir,  AB  being 
the  water  level. 

Take    now    any    point 
D         -^•^^    E  in  the  reservoir  h  feet 
*    below  the  water  level,  then 
Ig'  34  '.  we  know  from  hydrostatics 

that,  due  to  the  weight  of  the  water  above  E,  there  is  at  E  a 
pressure  the  magnitude  of  which  on  every  square  foot  is 
equal  to  the  weight  of  a  column  of  water  I  sq.  ft.  in 
section  h  ft.  high.  If,  then, 

P  =  pressure  per  sq.  feet  at  E, 

w  =  weight  of  i  c.  ft.  of  water  in  Ibs., 

P  =  wh  Ibs. 

The  fact  that  E  is  h  ft.  below  AB  we  express  in 
hydraulics  by  saying  there  is  a  Head  of  h  feet  at,  or 
over,  E,  and  this  is,  we  see  in  the  case  of  still  water, 
equivalent  to  saying  there  is  a  pressure  of  P  or  wh  Ibs. 
per  sq.  foot  at  E.  The  pressure  is  plainly  present  on  a 
horizontal  plane  at  E,  and  it  can  be  shown  both  experi- 
mentally and  theoretically  that  it  is  also  present  as  a 
direct  normal  pressure  on  a  plane  passing  through  E  in 
any  direction  ;  if  the  plane  be  not  horizontal  the  intensity 
of  the  pressure  varies  from  point  to  point,  but  at  E  is 
ivh  Ibs.  per  sq.  foot. 

[Notice  that  we  use  now  Ibs.  per  sq.  ft.,  not  per  sq.  inch.] 
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We  have  taken  E  in  the  body  of  the  reservoir,  but 
this  was  not  necessary.  For  let  there  be  a  long  pipe  as 
shown  (Fig.  346),  then  at  F  there  is  a  head  hiy  and  a 
pressure  produced  by  it  wh^ ;  and  similarly  for  any  other 
point  so  long  as  there  is  a  continuous  fluid  connection, 
and  the  water  is  at  rest.  The  latter  qualification  is,  as 
we  shall  see,  of  the  first  importance. 

The  pressure  produced  by  a  given  head  depends  on 
the  density  of  the  liquid  ;  in  the  case  of  water  we  take 

i  c.  ft.  of  fresh  water  weighs  62. 5  Ibs. 
i  c.  ft.  of  sea  water  weighs  64  Ibs. 

Thus  a  head  of 

I  ft.  of  fresh  water  =  62. 5  Ibs.  per  sq.  ft., 
=  —  Ibs.  per  sq.  inch. 

i  ft.  of  sea  water—  —  Ibs.  per  sq.  inch. 

In  some  cases  mercury  is  used  to  balance  or  measure 
a  pressure,  the  head  being  then  generally  measured  in 
inches,  and  then 

i  inch  of  mercury  =  .49  Ibs.  per  sq.  inch. 

We  have  in  speaking  of  the  pressure  at  E  omitted  the 
atmospheric  pressure,  so  that  the  real  pressure  at  E  is 
wh  plus  that  of  the  atmosphere. 

The  mean  value  of  the  atmospheric  pressure  may  be 
taken  as  14.7  Ibs.  per  sq.  inch,  or  2136  Ibs.  per  sq.  ft, 
and  it  is  thus  equivalent  to  a  head  of  34  feet  of  fresh 
water,  or  33  feet  of  salt  water. 

We  do  not,  however,  include  the  atmospheric  pressure 
when  we  speak  of  the  head  at  E  ;  by  that  term  we  shall 
always  be  understood  to  mean  the  depth  below  the  water 
surface. 

Unresisted  Plow  under  a  given  Head. — ABCD 
is  now  a  reservoir,  from  which  water  is  flowing  through 
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the  open  end  of  the  pipe  DE  (Fig.  347),  and  we  sup- 

pose either  that  the  re- 
servoir is  so  large  that 
the  water  level  remains 
practically  constant,  or 
that  it  is  maintained 
constant  by  water  enter- 
ing from  some  other 
Fig<  347<  source.  Let 

h  —  depth  of  E  below  AB  in  feet, 

then  the  head  over  E  is  h  feet. 

The  question  we  wish  to  answer  is  :  Suppose  there 
be  no  resistance  offered  to  the  motion,  with  what  velocity 
will  the  water  flow  out  at  E  ? 

[We  see  now  why  it  was  necessary  on  page  463  to  insist  on  the 
water  being  still,  for  there  is  now  no  pressure  produced  by  the 
head,  since  the  stream  leaving  at  E  is  exposed  to  the  atmosphere 
(see  page  465),  the  head  being  now  a  source  of  velocity.] 

Let  us  consider  the  time  during  which  i  Ib.  of  water, 
which  was  all  originally  at  the  water  level,  falls  to  E  and 
out  at  E.  Then,  there  being  no  source  of  effort  but 
gravity, 

Energy  exerted  =  h  ft.  -Ibs.  , 

I  Ib.  having  been  exerted  through  h  ft. 

No  work  has  been  done,  and  consequently  if  v  be  the 
velocity  at  E, 


Velocity  of  Flow.  —  The  question  now  arises  — 
What  velocity  does  v  really  represent  ?  To  understand 
the  point  of  this  question,  let  us  proceed  to  consider  how 
much  water  flows  out  at  E  per  second,  or  to  find  the 
discharge.  Let 

A  =  sectional  area  at  E  in  sq.  ft. 
Q  =  discharge  in  c.  ft.  per  second. 
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We  should  then  naturally  put 


It  is  here  the  question  arises.  For  it  does  not 
necessarily  follow  that,  because  all  the  particles  of  water 
leaving  E  have  the  velocity  \/2£$,  therefore  the  dis- 
charge is  A  vzgh.  The  quantity  of  water  flowing  out 
depends  on  the  velocity  of  the  particles  square  across  the 
end  section  ;  if  the  water  is  all  flowing  square  across, 
as  (a)  Fig.  348,  then  Q  =  A2/,  but  if  some  are  flowing 
in  one  direction  and  some  in  _ 
another,  as  (b\  then  the  mean  J 
velocity  of  the  whole  stream 


across  the  section  is  not  ?7,  but      (a) 

some    less    velocity    V.       (See  Fig<  348> 

note  on  page  494).     This  velocity  V  we  call  the  Velocity 

of  Flow,  and  we  have  always 

Q  =  AV. 

The  determination  of  the  relation  between  V  and  v  is 
one  of  those  questions  which  can  only  be  answered  by 
direct  experiment ;  before  dealing  with  this,  however,  we 
have  one  other  point  to  consider. 

Head  due  to  Difference  of  Pressure. — We  see 
now  why  in  speaking  of  head  it  is  not  generally  neces- 
sary to  consider  the  atmospheric  pressure,  because  in  the 
case  we  have  just  considered  the  atmospheric  pressure 
acts  equally  as  an  effort  and  a  resistance,  producing,  on  the 
whole,  no  effect.  And  our  previous  work  will  hold  good 
quite  irrespective  of  the  magnitude  of  the  pressure  of  the 
surrounding  atmosphere  ;  thus  the  vessel  ABCD  and  the 
pipe  might  be  in  a  closed  chamber  exposed  to  a  pressure 
above  the  atmosphere  or  to  a  partial  vacuum,  the  dis- 
charge taking  place  into  the  same  chamber.  In  some 
cases,  however,  the  pressure  at  exit  is  different  from  that 
on  the  water  surface,  and  we  will  now  see  what  effect  this 
will  produce. 

2  H 
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Fig.  349  (a)  shows  a  reservoir  in  which  the  pressure 
on  AB  is  Pl  Ibs.  more  than  that  at  E,  either  due  to 
excess  of  air  pressure  or  to  a  loaded  piston  pressing  on 
the  surface  AB.  In  (b}  we  have  the  reservoir  shown 
filled  up  to  a  height  Pjw  feet  above  AB.  Now,  compar- 
ing these  two  it  is  quite  impossible  to  conceive  that 
there  can  be  any  difference  in  the  motion  of  the  water 
under  the  plane  AB  in  the  two  cases.  In  each  case 
there  is  on  AB  a  pressure  Pl  plus  the  general  pressure 
around  the  whole  system.  The  movement  of  the  water 
depends  on  the  pressures  applied,  not  on  what  applies 


Fig.  349. 

them,  and  will  thus  be  exactly  the  same  when  the  excess 
pressure  is  applied  by  water,  as  in  (<£),  as  when  it  is 
applied  by  air  or  metal,  as  in  (a), 

It  appears  then  that  a  difference  of  pressure  Pl  Ibs.  per 
sq.  ft.  is  equivalent  to  an  increase  of  P^w  feet  of  head  ; 
and  hence  P^jw  is  called  the  head  equivalent  to  the  differ- 
ence of  pressure  at  E  and  AB.  For  the  flow  we  have 

P  \ 
- —  )     (from  /?). 


Discharge  from  Simple  Orifice. — We  now  pro- 
ceed to  inquire  in  what  way  our  preceding  result  requires 
modification  in  actual  practice. 

Fig.  350  represents  a  vessel  discharging  water  through 
a  circular  hole,  the  inner  edge  of  which  is  chamfered  to 
a  sharp  edge. 
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First,  we  notice  that  the  jet  issuing  contracts  after 
passing  the  hole,  the  contraction  continuing  until  a  dis- 
tance, which  is  roughly  d/2,  d  being 
the  diameter  of  the  hole.  The 
section  CC,  at  which  the  contrac- 
tion is  complete,  is  called  the  Con- 
tracted Section,  and  if  this  be 
measured,  which  can  be  done  by 
means  of  measuring  screws  fitted 
on  each  side  of  the  orifice,  its  dia- 


meter will  be  found  to  be  ±  of  d. 


F'ls-  350. 

If  then  A0  be  the  area  of  the  orifice,  and  A  that  of  the 
contracted  section, 


This  is  for  a  circular  orifice,  for  other  shapes  the  ratio  of 
A  to  A0  will  have  different  values  ;  we  express  the  fact 
of  contraction  by  the  equation 

A  =  CCA0, 

Cc  being  called  the  Coefficient  of  Contraction,  its 
value  depending,  as  we  have  stated,  on  the  shape  of  the 
orifice. 

Now,  for  the  velocity  of  issue,  let 

h  =  depth  of  centre  of  hole, 

then  if  d  be  small  compared  to  ^,  the  water  flows  under 
the  head  k,  and  hence 

^  =  2gh. 

What  we  wish  to  determine,  however,  is  V,  the 
velocity  of  flow  ;  we  express  the  fact  that  V  differs  from 
77  by  writing 


Cv  being  the  Coefficient  of  Velocity,  and  we  require 
the  value  of  Cv. 

There  are   two   ways    in   which    this  may  be  done, 
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the  more  simple  being  an  indirect  method.  We  will 
explain  this  way  first.  If  the  jet  were  equal  in  section 
to  the  orifice,  and  there  were  no  cross  flow,  we  should 
have  the  discharge  given  by 

Qo  =  A«A/3p. 

This  we  call  the  theoretical  discharge. 

Let  now  Q,  the  actual  discharge,  be  measured,  then 
Q  will  be  found  to  be  less  than  Q0  in  a  certain  ratio  ;  we 
shall  have 

Q  =  CDQ0, 

C0  being  the  Coefficient  of  Discharge,  and  its  value 
for  a  circular  orifice  being  .62.      But 
Q-AV, 


And  therefore, 

CcCy=CD, 

and  having  already  determined  Cc  and  C0  we  obtain  Cv. 
For  the  circular  hole 

.640,  =  .  62, 

.•.C.  =  .97, 
and 

V=  yj\l^zgh. 

The  second  method  of  obtaining  Cv  is  by  allowing 
the  jet  to  strike  a  plane,  and  mark- 
ing the  position  of  its  centre.  If 
then  (Fig.  351)  CD  be  the  jet, 
we  have  CE  =  "W  and  ED  =^/2/2. 

Whence,  eliminating  /,  we  obtain 
V  in  terms  of  CE  and  ED  ;  these 
distances  being  measured,  V  is 
then  known. 

F.      t  Head    Wasted  —  Coefficient 

of  Resistance.  —  We  have  ex- 
pressed the  loss  of  what  we  may  term  useful  velocity 
by  a  coefficient  of  velocity,  but  there  is  another  method 
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of  expressing  it  which  is  of  more  general  importance. 
To  simply  produce  the  velocity  V  we  should,  in  the 
absence  of  waste,  require  only  a  head  V2/2^-;  actually, 
however,  the  greater  head  h  is  required,  hence  we  say 
the  head  h  -  V2/2g-  is  wasted,  and  we  write 


/i  being  the  Head  "Wasted. 

This  head  is  wasted  because  the  water  passes  an 
orifice,  the  edges  of  which  offer  a  Hydraulic  Resist- 
ance, i.e.  a  resistance  to  the  passage  of  the  water,  and 
we  express  this  fact  by  saying  that  the  ratio  ti  :  V2/2^  is 
the  Coefficient  of  Resistance  of  the  orifice.  There 
is  a  peculiarity  here  which  is  of  great  importance.  If 
we  denote  the  coefficient  of  resistance  by  F  we  have 

V2 


thus  we  have  expressed  the  loss,  not  as  a  fraction  of  the 
original  head,  but  as  a  fraction  of  the  kinetic  energy 
in  one  pound  of  the  water.  There  is  a  reason  for  this 
which  we  will  now  give. 

Law  of  Hydraulic  Resistances.  —  Whenever 
water  flows  over  a  rough  surface,  or  suddenly  changes 
its  velocity  either  in  magnitude  or  direction,  there  is  a 
hydraulic  resistance  to  the  flow,  and  each  of  these  resist- 
ances causes  a  waste  of  head  which  bears  a  fixed  ratio  to 
V2/2^,  where  V  is  the  velocity  of  flow  past  the  obstacle. 
For  every  kind  of  obstacle  there  is  then  a  fixed  value  of 
F  depending  chiefly  on  the  nature  of  the  obstacle,  and 
this  is  why  we  have  expressed  h'  in  the  preceding  way. 
As  we  examine  other  cases  we  shall  see  that  this  law  is 
approximately  fulfilled. 

[We  can  see  that  the  preceding  is  what  we  should  naturally 
expect.  For  all  the  waste  of  head  takes  place  in  giving  the  water 
cross  motions,  and  if  we  double  V  we  probably  increase  these 
cross  motions  in  nearly  the  same  proportion,  and  hence  quadruple 
the  head  which  must  be  used  up  in  producing  them.] 
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Connection  of  Coefficients.—  Since  F  and  Cv 
both  express  one  fact,  they  must  be  in  some  way  con- 
nected, and  the  connection  is  easily  determined.  For 


V2         V2 
—  =  &-—  , 

2g  2g 

V2 


and 


.-.*=£-,, 

V^w 

and  thus  for  a  circular  orifice 

F  =  -^-i  =  .o6, 
•97- 

so  there  is  very  little  waste  of  head. 

Discharge  from  a  Short  Pipe.  —  We  have  said  that 
the  values  of  the  coefficients  depend  on  the  nature  of  the 
obstacles  to  flow  ;  let  us  examine  what  takes  place  when  a 
short  pipe  of  length  about  3^/2  is  fitted  outside  the  hole. 

In  the  first  place,  the  water  issues  in  a  full  stream 
of  area  A0,  and  therefore  Cc  is  unity. 

In  spite,  however,  of  the  gain  in  sectional  area  the 
discharge  is  found  to  be  much  less  than  for  the  simple 
orifice,  CD  being  now  only  .815.  It  follows  that  C^,  is 
also  .815,  so  there  is  a  great  falling^off  in  velocity. 

For  the  resistance  we  have 


so  that  jj  or  ^  of  the  head  is  now  wasted.    The  reason  of 
this  increased  resistance  is  shown  at  page  486. 

Surface  Friction.  —  We  have  in  the  preceding 
case  given  a  certain  value  to  the  head  wasted,  but  we 
do  not  know  exactly  how  it  is  wasted,  whether  from  one 
cause  only,  or  from  more  than  one.  We  shall  now  pro- 
ceed to  consider  certain  causes  which  waste  head 
separately,  commencing  with  the  most  important. 
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Fig.  352  shows  a  thin  plate  with  sharp  edges  com- 
pletely immersed  in  water  or 
other  fluid,  through  which  it  is 
moving  edgeways  at  V  f.s.  In 
order  to  keep  the  plate  moving 
at  V  f.s.  it  is  found  that  an 
effort  R  is  required,  this  effort 
balancing  the  friction  of  the 
water  on  the  surface  of  the  plate. 


Fig.  352- 


The  value  of  R  is  determined  by  experiment,  and  it  is 
found  that 

V2 


where 

•w—  weight  of  I  c.  ft.  of  the  fluid 
(including  gaseous  fluids), 
S  =  surface  of  the  plate, 

and  /  is  a  constant  depending  only  on  the  nature  of  the 
surface  of  the  plate,  and  independent  of  the  units  em- 
ployed. If  we  compare  with  the  ordinary  laws  of  friction, 
we  find  they  are  exactly  opposite.  For  in  the  friction  of 
dry  surfaces  R  is  —  1st,  independent  of  V  ;  2d,  dependent 
on  the  pressure  ;  3d,  independent  of  the  surface  ;  and 
each  of  these  is  exactly  opposite  in  fluid  friction. 

The  fact  that  R  is  independent  of  the  pressure  should 
be  noticed,  as  it  is  a  very  common  thing  to  meet  state- 
ments to  the  effect  that  there  is  more  loss  by  friction  of 
a  square  foot  of  surface  at  the  keel  of  a  ship  than  there 
is  at  the  water  line.  Experiment  has  conclusively  shown 
that  this  is  not  so.  The  values  of  f  determined  by 
Froude  for  a  board  20  feet  long,  1  9  inches  deep,  are 


Nature  of  Surface. 

Varnish. 

Fine 
Sand. 

Medium 
Sand. 

Coarse 
Sand. 

Coefficient  . 

.00278 

.0048 

•00534 

.00588 
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S  is  to  be  taken  for  the  two  sides,  i.e.  in  the  present  case 
S  =  20  x  12  x  19x2  sq.  ins.  The  value  of  /is  found  to 
be  affected  by  the  length  of  the  board,  /  being  greater 
for  short  boards  than  for  long,  thus  in  the  above  table 
the  first  value  for  a  board  2  ft.  long  is  .0041,  and  for  one 
50  ft.  long  .0025.  The  effect  is  due  to  the  fact  that 
the  first  portion  of  the  board  drags  the  water  along,  and 
thus  lessens  the  velocity  of  rubbing  over  the  succeeding 
portion.  These  laws  are  of  the  first  importance  in  the 
determination  of  the  resistance  of  ships,  but  into  this 
we  cannot  enter. 

Surface  Friction  of  Pipes.  —  The  chief  use  we 
shall  make  of  the  preceding  will  be  to  determine  the 
waste  of  head  caused  by  surface  friction  of  a  pipe. 

In  Fig.  353  we  show  a  horizontal  pipe  of  uniform 
diameter,  through  which  fluid  is 
flowing  with  velocity  V. 

Take  two  sections,  AB,  A'B', 
a  distance  x  apart,  and  consider 
the  motion  of  the  water  between 
them.  For  clearness  we  may  imagine  two  pistons  at  AB, 
A'B',  which  actually  isolate  this  portion  of  the  fluid.  This 
portion  of  fluid  being  in  uniform  motion  is  balanced, 
and  therefore 

Effort  =  total  resistance. 
Let 

p  be  the  pressure  in  the  pipe  at  AB, 
/        „         „         „         „          A'B', 
A  =  sectional  area  of  pipe, 
s  =  perimeter  of  pipe. 
Then 

Effort  =/A, 
Resistance  —p'K  +  frictional  resistance, 


V2 
.-./A=/A  +>(**)-? 
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or 

ttf-f.-i.JS. 

W  A       2g 

There  is  then  a  loss  of  pressure  due  to  the  friction  ; 
but  we  have  seen  pressure  is  equivalent  to  head,  and  a 
loss  of  pressure  p  —  p'  is  equivalent  to  a  waste  of  head 
(P '— P'}!™  '•>  hence  if//  be  the  head  wasted  we  have 

.  s      V2 

h'=f.^r.X 

A       2g 

The  quantity  A./S  is  called  the  Hydraulic  Mean  Depth, 
and  denoting  it  by  ;;/, 

x  V2 

/,'=/.  £.1-, 

J    m  zg 

is  the  head  wasted  in  a  length  x. 
In  the  case  of  a  cylindrical  pipe 

V 

*= ^= ' 

TTi/         4 

and  denoting  the  length  of  the  pipe  now  by  /,  we  obtain 

,  /  V2 

*^3-F 

as  the  total  loss  in  the  whole  length  of  pipe. 

The  value  of  /  is,  as  before  stated,  independent  of 
the  units,  but  looking  at  what  we  found  as  to  the  effect 
of  length,  we  should  be  doubtful  about  what  value  to 
take  for  it.  This  difficulty  we  get  over  by  taking  the 
value  of  /,  not  from  Froude's  results,  but  directly  from 
experiments  on  pipes  •  we  then  are  sure  of  having  the 
correct  value.  It  is  found  that  4/  varies  from  .04  for 
i  inch  diameter  to  .02  for  4  inches  and  upward,  vary- 
ing, however,  considerably  according  to  the  condition  of 
the  pipe.  The  values  above  are  for  a  clean  cast-iron 
pipe,  and  as  an  average  value  we  use  .03.  In  particular 
cases  these  values  may  be  much  exceeded. 
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Pressure  in  a  Pipe. — In  the  preceding  we  have  used 
the  tern!  "pressure  in  the  pipe,"  and  have  determined 
the  loss  of  pressure.  This  being  a  question  on  which 
erroneous  ideas  are  often  expressed,  it  will  be  useful  to 
see  exactly  what  we  mean  by  "the  pressure  in  the  pipe." 

If  a  board  be  held  in  front  of  a  jet  of  water  issuing 
from  a  hose,  a  great  pressure  is  felt  on  the  board  ;  or  if 
the  hand  be  held  in  a  running  stream  a  pressure  is  felt 
on  it.  Is  it  this  pressure  which  we  mean,  and  is  it  right 
to  say,  as  it  commonly  is  said,  that  the  jet  from  the  hose 
issues  at  high  pressure  ? 

To  these  questions  we  answer  No  !  By  the  press- 
ure in  a  pipe  we  mean  the  pressure  of  the  portions  of 
water  on  one  another,  not  on  a  body  which  is  held  still 
so  as  to  stop  their  flow.  For  example,  in  Fig.  353,  the 
pressure  of  the  water  to  the  left  of  AB  on  that  to  the 
right  is  exerted  on  water  which  is  moving  away  as  fast 
as  the  pressing  water  follows  it,  and  to  feel  this  pressure 
we  should,  in  the  second  example  above,  move  the  hand 
along  with  the  stream.  If  we  did  this  we  know  we 
should  feel  no  pressure  at  all,  there  being  no  resultant 
pressure,  but  simply  an  equal  pressure  on  back  and  front 
due  to  the  depth  below  the  surface,  which  would  not  be 
detected.  In  the  case  of  the  hose  then  the  pressure  in 
the  je't  is  atmospheric  simply,  neither  high  nor  low.  We 
can  also  see  this  in  another  way  ;  for,  the  pressure  being 
equal  in  all  directions,  if  the  pressure  in  the  jet  were 
above  the  atmosphere,  the  outer  portions  would  be 
thrown  off  radially,  since  the  atmospheric  pressure  could 
not  keep  them  together  against  the  greater  internal 
pressure. 

Having  now  seen  exactly  what  we  mean  by  the  press- 
ure the  question  arises,  How  shall  we  measure  it  if 
required?  Fig.  354  shows  a  pipe  containing  water. 
In  the  first  case,  suppose  the  water  were  still,  the 
pressure  could  be  measured  by  putting  in  a  pipe  of  any 
shape  as  AB  or  CD  with  an  open  end  ;  and  the  water 
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would  rise  to  a  height,  say  /t,  whence  we  should  know 
that  the  pressure  was  wh. 

But  now  suppose  the  water  is 
flowing  with  velocity  V,  then  we 
find  that  in  AB  the  water  rises  to 
A,  while  in  CD  it  rises  to  C,  and 
the  difference  of  level  of  C  and  A 
will  prove  to  be  just  V2/2^  ft.  The 
real  pressure  in  the  pipe  is  that 
shown  by  the  tube  AB,  and  the 
extra  height  of  the  column  in  CD 
is  due  to  the  fact  of  the  still  water 


Fig.  354- 


in  CD  at  its  open  end  stopping  the  flow  of  the  water 
which  meets  it,  just  as  the  hand  held  still  in  a  running 
stream  stops  some  water,  and  hence  a  pressure  is  felt. 
If  there  were  no  loss  of  head  C  would  be  then  on  the 
same  level  as  the  water  surface  in  the  reservoir. 

The  pipe  AB  is  called  a  Piezometer,  and  we  must 
always  be  careful  to  see  that  its  end  is  quite  parallel  to 
the  direction  of  flow. 

Pipe  of  Varying  Section. — We  now  consider  what 
changes  of  velocity  and  pressure  will  take  place  in  a 
pipe  of  which  the  sectional  area  is  not  constant.  Fig. 
355  shows  a  pipe,  the  sectional  area  of  which  varies 
very  gradually  (the  reason  for  this  we  shall  see  a  little 
later).  In  the  pipe  we  place  tubes  AB,  CD,  A'B',  CD'. 
Let 

V  =  velocity  at  BD,  V'  =  velocity  at  B'D'. 

A  =  sectional  area  at  BD,     A'  =  sectional  area  at  B'D'. 

Then  the  most  plainly  evident  thing  perhaps  that 
we  know  about  the  flow  is  that  exactly  as  much  water 
must  flow  past  B  in  one  second  as  flows  past  D  in  the 
same  time,  and  hence 

VA  =  V'A', 

so  that,  if  we  know  the  velocity  at  any  one  point  of  a 
given  pipe,  we  can  at  once  determine  it  for  any  point 
whatever.  Next,  C  and  C',  being  both  on  the  level  of 
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the  water  surface  in  the  reservoir,  are  both  on  the  same 
level.  But  A  is  V2/2£-  feet  below  C,  while  A'  is  only 
V'2/2£-  feet  below  C' ;  whence  it  follows  that  A'  is 
(V2-V'2)/2£-  feet  above  A,  and  the  pressure  at  B', 
which  would  in  still  water  be  greater  than  at  B  by  an 
amount  vuz — supposing  B'  be  2  feet  below  B,  i.e  the 
head  over  B'  z  ft.  more  than  that  over  B — is  now  still 
further  increased  by  the  pressure  due  to  (V2  -  V'2)/2g 
feet  of  head. 

If  the  pipe  be  level  then  z  vanishes,  and  we  see  that 
in   a  level  pipe  the   pressure  increases   as   the  velocity 


Fig.  355- 

diminishes,  i.e.  as  the  sectional  area  increases.  This 
result  appears  at  first  sight  strange,  and  is  often  disputed 
by  persons  not  properly  acquainted  with  the  elements  of 
the  subject.  The  objection  is  of  course  based  on  a  mis- 
apprehension, being  usually  put  something  in  this  form  : 
In  the  small  part  of  the  pipe  the  water  must  be  more 
crowded  together,  and  hence  the  pressure  must  be 
greater.  The  idea  present  here  is  plainly  that  of  a 
crowd  of  people  moving  through  a  narrow  passage 
between  broader  spaces,  and  where  the  analogy  fails  is 
in  the  fact  that  the  velocity  does  not  increase  through 
the  narrow  part ;  those  behind  actively  push,  which  we 
must  remember  a  particle  of  water  cannot  do,  and  thus 
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prevent  those  in  the  narrow  part  from  moving  at  a  rapid 
rate ;  if  in  moving  through  such  passages  the  rate  of 
movement  were  made  inversely  proportional  to  the  size 
of  passage,  then  as  each  person  came  to  the  narrow  part 
he  would  increase  his  speed,  and  thus  relieve  the  press- 
ure, and  then  on  meeting  those  in  front  whose  speed 
was  again  decreasing,  he  would  press  on  them  until  his 
speed  decreased  again  to  the  slower  movement.  It  is 
the  active  pressing  from  behind,  which  living  beings  can 
exert,  but  inanimate  matter  cannot,  that  is  the  cause  of 
the  terrible  results  which  often  follow  such  movements. 
Another  remarkable  result  which  follows  from  the  pre- 


Fig.  356. 

ceding  is,  that  there  is  a  certain  limiting  speed  beyond 
which  water  cannot  be  forced  in  a  steady  stream  through 
a  passage  into  the  atmosphere. 

Let  Fig.  356  represent  a  horizontal  pipe,  with  an  open 
end  at  B.      Then  at  B  the  pressure  is  atmospheric.      If 


Then 


v  —  velocity  at  C, 
V  =  velocity  at  B. 


Now  water  cannot  exert  tension,  or,  in  other  words,  P 
cannot  be  negative.      If  then  we  put  Pc  =  o,  we  have 

^2_  PB 

?& 

But  if 

a  =  sectional  area  at  C, 
A  =  sectional  area  at  B. 
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Whence 


PB 


and  if  this  velocity  be  exceeded,  the  pressure  Pc  must  be 
negative.  In  this  case  what  happens  is  that  the  water 
breaks  away  at  C,  and  we  get  the  kind  of  flow  which  we 
see  when  trying  to  pour  water  too  quickly  out  of  a  bottle. 
Discharge  of  Pipes. — One  of  the  most  important 
questions  in  hydraulics  is  to  determine  the  necessary 
diameter  of  a  pipe,  such  as  a  water  main,  to  deliver  a 
given  quantity  of  water  at  a  given  point ;  or,  which  is  the 
same  thing,  to  find  the  discharge  of  a  given  pipe.  ABCD 


Fig.  357- 

represents  a  reservoir,  and  EF  a  pipe  discharging  water 
at  F  (Fig.  357).  The  pipe  is  laid  in  the  form  shown,  and 
it  may  in  many  cases  be,  at  some  points,  below  F.  Let 

/=  length  of  pipe  in  ft. 
d=  diameter  of  pipe  in  ft. 
7/  =  head  available  in  ft. 

i.e.  depth  of  F  below  AB. 

V  =  velocity  of  delivery  in  f.s. 

The  head  h  has  to  give  the  water  velocity  and  to 
overcome  the  surface  friction. 

The  head  wasted  in  the  latter  is 
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so  that  to  produce  the  velocity  we  have  left  the  head 

/    V2 
d     2g 
V2  /  V2 

or 

V2  h 


' 


[We  neglect  here  the  small  waste  of  head  on  entering  the 
pipe  (see  page  486)]. 

We  thus  have  V,  and  then  Q  =  IT/  4  .  d^V  in  c.  ft.  per 
second. 

From  the  result  of  this  work  it  appears  that  if  any 
number  of  pipes  of  the  same  length  and  diameter  dis- 
charge water  at  the  same  level,  the  velocity  of  discharge 
will  be  the  same  for  all,  and  is  thus  independent  of  the 
part  of  the  reservoir  from  which  the  pipe  is  led,  or  of  the 
shape  in  which  it  is  laid.  Although  the  final  result  is 
the  same,  there  are  considerable  differences  in  the  cir- 
cumstances of  the  flow  at  different  points,  and  it  is 
instructive  to  examine  these  differences. 

We  will  compare  EF  with  another  pipe  discharging 
on  the  same  level,  and  will  select  for  the  comparison  a 
straight  pipe  which  leaves  the  reservoir  at  a  depth  V2/2£- 
below  the  surface.  Let  E'F'  be  this  pipe. 

First,  we  have  at  every  point  of  each  pipe  the  one 
velocity  V,  since  this  is  the  velocity  at  F  and  also  at  F' 
by  the  preceding  work. 

The  velocity  at  E'  is  then  V.  But  V  is  the  velocity 
with  which  water  would  run  out  at  E'  against  the 
atmospheric  pressure,  since  /%,  or  the  head  over  E',  is 
V2/2£-  ft.  It  follows  that  the  pressure  in  the  pipe  at  E' 
must  be  atmospheric  ;  so  there  is  atmospheric  pressure 
at  each  end  of  E'F'.  Moreover,  we  shall  find  that 
the  pressure  anywhere  in  E'F'  is  atmospheric.  For 
consider  K'. 
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The  head   over   K'   is  AK,   (Fig.  357).      Of  this  an 
amount 

-E'K'  V2 


is  wasted  in  surface  friction  between  E  and  K'.  Produce 
AB,  and  draw  E'MN  parallel  to  it.  Also  draw  K'M, 
F'N  vertical.  Then  at  F'  the  head  wasted  is  //,  and 


therefore,  in  Fig.  357, 


But 

K'M  _  E'K' _  E'K' 
F'N      E'F'~     /    ' 

.    E'K'     V2 


So  that  K'M  represents  the  head  wasted  between  E'  and 
K'.     Therefore 

V2 
Head  available  to  produce  velocity  at  K'  =  /IK'  -  K'M  = — . 

But  this  actually  produces  a  velocity  V,  whence  the 
pressure  at  K'  can  only  be  atmospheric.  K'  being  any 
point,  we  have  proved  that  at  all  points  of  E'F'  the 
pressure  is  atmospheric,  and  hence  if  a  slit  were  cut  in 
the  top  of  the  pipe,  the  water  would  not  leak  out,  nor 
would  air  leak  in. 

More  generally  the  pipe  might  be  replaced  by  an 
open  channel,  having  the  same  hydraulic  mean  depth  as 
the  pipe,  so  that  h'  was  unaltered,  and  the  water  would 
flow  steadily  in  this  channel  at  the  velocity  V. 

Such   a  channel  or  pipe  is   called  the   Hydraulic 
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Gradient,   for  all  pipes  of  the  given  dimensions  dis- 
charging on  the  same  level. 

For  the  slope  of  this  channel  we  have,  if  it  make  an 
angle  z  with  the  horizontal, 

L    X! 

F'N     4^  '  d  ' 


and  i  is  called  the  Virtual  Slope  of  the  pipes. 

Pressure  in  a  "Water  Main.  —  By  means  of  the 
hydraulic  gradient  it  is  easy  to  determine  the  pressure 
at  any  point  of  a  main  such  as  EF  (Fig.  357).  Take  a 
point  K  in  EF  corresponding  to  K'  in  E'F',  i.e.  at  the 
same  distance  from  E  measured  along  the  pipe  as  K'  is 
from  E'.  Then  the  head  wasted  before  getting  to  K 
is  the  same  as  that  wasted  before  reaching  K'.  But  the 
head  over  K  is  more  than  that  over  K'  by_y,  where  y  is 
the  vertical  distance  apart  of  K  and  K'  ;  so  there  is  at 
K  a  head  (V2/2£-+j)  available.  But  this  excess  of  head 
does  not  produce  any  increased  velocity,  since  the 
velocity  is  V  both  at  K  and  K',  whence  it  follows  that 
the  pressure  resisting  the  flow  at  K  must  be  greater  than 
that  at  K'  by  an  amount  equivalent  to  the  excess  y 
of  head. 

We  have  now  a  simple  method  of  obtaining  the 
pressure  at  any  point.  If  K  be  the  given  point  ;  take 
K',  the  corresponding  point  as  described  above,  and  then 
if  K  be  y  ft.  below  K',  the  pressure  at  K  is  wy  Ibs.  per 
sq.  ft.  above  the  atmospheric  pressure. 

This  is  important  in  practice,  especially  in  cases 
where  K  is  above  K'.  So  long  as  K  is  below  K',  then 
if  there  be  a  leak  at  K  water  will  leak  out  but  air  will 
not  leak  in.  But  if  K  be  above  K',  the  pressure  is  less 
than  that  of  the  atmosphere,  y  being  negative,  and  thus 
at  a  leak  air  would  enter  ;  also  if  there  be  no  leak,  still 
2  I 
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the  air  which  is  always  present  in  water  would  be  re- 
leased and  collect  at  those  points  at  which  the  pressure 
is  least,  and  it  would  be  no  good  simply  fitting  an  air- 
cock,  because  when  this  was  opened  air  would  enter 
instead  of  that  inside  being  driven  out.  In  order  then 
that  air  should  not  collect  at  such  points  and  stop  the 
flow,  special  means  have  to  be  used. 

Siphons. — There  is  still  another  case  to  consider,  viz. 
when_y  is  not  only  negative  but  is  more  than  34  feet,  i.e. 
the  head  due  to  atmospheric  pressure.  In  this  case  the 
pressure  at  K  would  be  negative,  which  we  have  seen  is 
impossible,  so  that  the. flow  would  cease.  This  refers  to 
the  case  of  a  siphon. 

Taking  (Fig.  358)  K  and  K',  corresponding  points, 


Fig.  358. 

i.e.  E'K'  =  EK,  the  siphon  will  not  flow  if  K  is  more  than 
34  ft.  above  K'.  The  usual  statement  in  elementary 
hydrostatics  is  that  K  must  not  be  more  than  34  ft. 
above  AB  ;  this  we  see  is  not  correct. 

If  K  be  more  than  34  ft.  above  K',  but  less  than  34 
ft.  above  AB,  we  get  an  intennittent  flow ;  the  water 
continually  breaking  away  at  K,  then  the  leg  fills  again 
owing  to  the  vacuum  left  at  K,  the  flow  commences 
again,  then  stops  again,  and  so  on. 

Formula  for  Discharge. — When  the  length  of  a 
pipe  is  considerable  compared  with  its  length,  the  ratio 
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of  head    wasted    to    that    usefully    employed   in  giving 
velocity  is  large. 

For  example,  in  the  formula 

/    V2 
h=*f'~d'  -£> 

put  //  =  V2/2^-,  then 


and  if  4/=  .03, 

/      i 


so  that  in  each  length  of  33^  we  waste  head  equal 
to  that  usefully  employed.  If  then  a  I  ft.  diameter 
pipe  be  one  mile  long,  the  head  wasted  is  5280/33,  or 
1  60  times  that  usefully  employed  ;  and  we  may  say 
practically  the  whole  head  is  wasted,  and  we  could  find 
V  from  the  equation 

/     V2 

h'  or  4/~.  -  .  —  =  total  head  available, 
d     2g 

if  this  head  were  say  161  ft.,  then  the  error  would  con- 
sist in  using  1  6  1  instead  of  1  60,  since  I  ft.  only  would  be 
used  in  producing  V.  For  this  reason  the  discharge  of 
a  pipe  is  usually  expressed  in  terms  of  h',  the  waste  of 
head  in  it.  We  have 

/  v2 

4/-  -,  —  =  #, 
*J    d  2 


•••  v=  xr 

and 


is  the  discharge  in  c.  ft.  per  second,  all  dimensions  being 
in  feet. 

Generally    discharge    is     expressed     in     gallons    per 
minute  j  for  this  we  have 
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i  c.  ft.  per  second  =  60  x  62.5  Ibs.  per  mihiite, 

60  x  62.  5 
—  -  —  375  gallons  per  minute. 

Also,  if  d'  be  the  diameter  in  inches,  d  in  the  preced- 
ing is  d'ji2,  whence  substituting,  the  discharge  in 
gallons  per  minute  is  given  by 

G  =  375Q,  _ 


We  now  drop  the  accent,  recollecting  d  is  to  be  in 
inches,  and  write 

G  =  < 

where  C  =  4.7$6/  Jf,  and  we  take  it  as  30  for  clean 
pipes  4  ins.  diameter  and  above,  to  24  for  pipes  i  inch 
diameter. 

Waste  of  Head — Other  Causes. — In  addition  to 
surface  friction,  any  sudden  or  partly  sudden  change  of 
velocity  either  in  magnitude  or  direction  causes  a 
waste  of  head.  Some  of  these  cases  we  will  now 
consider. 

Sudden  Enlargement. — Fig..  359  shows  a  pipe, 
the  diameter  of  which  is  suddenly 
enlarged.  Let 

e;  — velocity  in  small  part, 
V-        „  large     ,, 

a  =  sectional  area  of  small  part, 
A—        ,,  ,,      large     ,, 

Then  we  have  first 


If  the  pipe  were  enlarged  very  gradually  (page  475) 
the  water  would  change  its  velocity  quietly  without  any 


CHAP,  xxiii  HYDRAULICS  485 

eddying  motions  being  set  up  in  it.  Actually,  however, 
what  happens  is,  that  on  opening  into  the  large  pipe  the 
water  breaks  away  in  all  directions  ;  there  is  a  sort  of 
main  stream  flowing  on,  but  the  corners  are  full  of 
broken  water  which  is  continually  joining  the  main 
stream,  and  its  place  being  supplied  from  the  small 
stream  entering.  The  water  then  flowing  across  the 
section  BB  has  all  kinds  of  cross  motions,  and  head  is 
wasted  in  producing  these  motions. 

The  effect  is  due  to  a  stream  moving  with  velocity  v 
impinging  on  a  larger  stream  moving  at  velocity  V,  the 
relative  velocity  or  velocity  of  striking  being  v  -  V. 

We  will  then  first  examine  a  somewhat  simpler  case. 

Fig.  360  represents  a  bucket  held  stationary,  the 
sectional  area  of  the  bucket  being  A  ; 
a  stream  of  sectional  area  a  enters  the 
bucket  at  a  velocity  v  -  V  and  strikes 
the  bottom,  being  thus  entirely  stopped, 
and  dropping  down  vertically  when  it 
pours  out  as  more  water  enters.  The 
head  originally  used  to  produce  the 
velocity  v  —  V  is  thus  wholly  wasted, 
so  the  waste  of  head  is  (v  -  V)2/2^, 
nothing  but  confused  motions  being  finally  produced 
by  it. 

Next,  let  the  whole  system  move  on  with  velocity  V, 
the  bucket  has  now  the  velocity  V  and  the  stream  a 
velocity  v ;  the  velocity  of  striking  is  not  altered,  and 
hence  we  infer  that  the  amount  of  confused  motion  pro- 
duced is  the  same,  the  water  moving  on  also  as  a  whole  at 
the  velocity  V  of  the  bucket.  But  the  waste  of  head  is 
due  to  the  production  of  the  confused  motion,  and  we 
conclude  that  it  will,  therefore,  as  before,  be  (v  -  V)2/2g-. 

The  next  step  is  obvious  ;  we  have  only  to  replace 
the  wooden  bottom  of  the  bucket  by  the  water  surface  at 
BB,  and  we  have  the  present  case.  We  reason  that 
this  cannot  affect  the  loss  of  head,  it  being  immaterial 
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whether  the  surface  struck  be  of  water  or  of  wood,  and 
we  say  then  finally 

Waste  of  head  =  ^~V)". 

2g 

We  have  here  a  verification  of  the  statement  on  page 
469  regarding  hydraulic  resistances,  for  we  will  now 
express  the  loss  by  means  of  a  coefficient  of  resistance. 

We  have  two  distinct  velocities  of  flow,  v  and  V, 
either  of  which  may  be  selected,  so  that  F,  the  coefficient, 
will  have  two  values.  We  write  then 


F  = 


2,s'" 


or  if  we  put  A  =  ma. 


/     I\2 

(  i  --  I 

V       m) 


In  either  case  F  is  a  constant,  depending  only  on  the 
nature  of  the  source  of  the  resistance,  as  stated  in  the 
general  law.  We  must  be  careful  to  connect  together  the 
proper  coefficient  and  velocity,  to  remember  which  take 
note  that  the  larger  coefficient  goes  with  the  smaller 
velocity,  and  vice  versd. 

Sudden  Contraction. — In  Fig.  361  we  have  the 
reverse  case  to  that  just  considered. 
The  stream  now  contracts  to  CC  and 
then  expands  again  to  BB,  so  that 
there  are  two  distinct  actions  to  con- 
sider. 

In   the   first   of   these  little  waste 
takes    place,    because    little    broken 
water    is   caused,    the    water  moving 
quietly  round  the  corners  AA  and  being  kept  together 


Fig.  361. 
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by  the  surface  of  the  pipe.  There  will  be  a  little  loss, 
such  as  we  have  seen  to  occur  in  the  case  of  a  simple 
orifice. 

But  in  the  second  action  there  will  be  considerable 
waste,  this  being  a  sudden  expansion  similar  to  that  just 
considered,  and  consequently  the  waste  being  expressed 
in  the  manner  just  discussed.  We  neglect  then  the 
first  part  because  the  loss  is  so  small,  and  we  have 


where  ;//  is  the  ratio  of  a  to  the  contracted  section  at  C, 
and  the  coefficient  refers  to  v2/2g; 

The  value  of  m  will  vary  with  different  ratios  of  A  to 
a,  and  is  believed  to  be  approximately  given  by  the 
empirical  formula 


J.6i8-i.6i8  —„. 
A2 

We  see  here  the  explanation  of  the  increased  waste 
of  head  caused  by  fitting  a  short  pipe  to  an  orifice  (page 
470),  that  being  simply  a  case  of  the  preceding,  in  which 
A  is  indefinitely  large  compared  with  a.  We  can 
calculate  the  amount  thus.  Let 

A  —  a  — 

00,         .'.     -  =  0. 

.'.  ;//=\/2. 618=1.62, 
and 


The  remaining  part  of  the  .505  is  due  to  the  friction 
of  the  corners  of  the  orifice  and  of  the  pipe. 

The  preceding  results  and  others  which  we  cannot 
examine  into  are  collected  in  the  following  table,  the 
values  of  F  being  determined  by  experiment. 
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COEFFICIENTS  OF  HYDRAULIC  RESISTANCE. 

Nature  of  Obstacle. 

Value  of  F. 

Remarks. 

Orifice  (sharp-edged) 

.06 

Square  edged  .          1 
Entrance  to  a  pipe   J 

•5 

Sudden  enlargement 
in  ratio  m  :  1          i 

(™-i)2 

Referred      to      smaller 
velocity. 

Ordinary  right-angled 
bend     . 

.14 

Radius    of    bend  =  3  x 
diameter  of  pipe. 

Quick    right  -  angled 
bend     . 

•3 

Radius    of    bend  =  dia- 
meter of  pipe. 

Common   cock    par- 
tially closed  . 

•75,  5-5,  3i 

Handle  turned,  15°,  30°, 
45°  from  fully  open. 

Surface     friction     of 
a  pipe  . 

4/4 

For  a  clean  iron  pipe, 
diameter  d", 

'  4/=.o2^i+y 

(Darcy's  formula). 

Right-angled  knee    . 

i 

When  water  flows  through  a  channel  of  varying 
section,  containing  several  causes  of  resistance,  the 
waste  of  head  at  each  will  be  given  as  a  multiple  of 
v2/2g,  where  v  is  the  velocity  past  that  particular 
obstacle.  It  is  usual,  for  convenience,  to  express  the 
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whole  waste  in  terms  of  one  selected  velocity  ;  suppose 
the  velocity  selected  be  V,  then  we  have 

Waste  at  the  obstacle  =  Fvz/2g        (F  from  the  table), 


where  F'  is  a  new  coefficient  derived  from  F  by  multi- 
plication by  -z/2/V2,  or  if  a  and  A  be  the  sectional  areas 
at  the  parts  considered,  by  multiplication  equally  by 
A2/cz2.  F'  is  called  the  coefficient  of  resistance  referred 
to  the  velocity  V.  In  this  way  values  F',  F",  etc.,  are 
obtained  for  all  the  obstacles,  and  then  we  have 

V2          V2 
Total  waste  of  head  —  F'  --  h  F"  —  +  .   .   .  . 


.   . 

V2 
=SF.—  , 

*g 

2F    being    called    the    total   coefficient   referred   to   the 
velocity  V. 

Flow  of  G-ases  under  Small  Differences  of 
Pressure.  —  When  a  gas  flows,  the  density  —  i.e.  w  — 
varies  as  the  pressure  varies,  and  also  varies  with  altera- 
tions of  temperature.  The  flow  then  generally  becomes 
a  question  of  Thermodynamics. 

If,  however,  the  differences  of  pressure  be  small  —  that 
is,  as  is  often  the  case  in  practice,  such  as  are  measured 
by  a  few  inches  of  water  —  and  no  heat  be  supplied,  the 
gas  flows  practically  as  a  liquid  having  the  same  mean 
density,  and  we  will  examine  this  case.  Let 

T  =  absolute  temperature  of  gas, 

then  T  =  46i  +7,  where  /  is  the  Fahrenheit  temperature, 
V  =  volume  of  I  Ib.  in  c.  ft., 
w  —  weight  of  i  c.  ft.  in  Ibs.  =Tf> 
AP  =  the  small  difference 


ill  difference  of  pressure  producing 
the  flow  in  Ibs.  per  sq.  ft. 
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Then  the  head  equivalent  to  AP  is  AP/o;  or  VAP  feet, 
and  the  velocity  of  discharge  u  will  be  given  by 


AP  is  measured  by  a  siphon  gauge  in  inches  of  water. 
Let 

z'=the  difference  of  pressure  in  inches  of  water, 
then 

i  inch  of  water  —  —  —  =  5-2  Ibs.  per  sq.  ft. 


The   mean  pressure  will  be  known,  say  P  ;  then  V  is 
given  by  the  formula 

PV  =  ^T. 
Whence 

/~7r~~ 
«=  V  2^T  '  5'2*' 

Taking  now  the  definite  case  of  air,  and  taking  P  to 
be  the  ordinary  atmospheric  pressure,  the  values  are 

^  =  53.2,     P  =  2ii6. 
Whence 

T 
V^—  , 

40 

and 


The  volume  of  gas  discharged  per  second  per  sq.  ft.  of 
effective,  i.e.  contracted,  area  of  orifice  is  u  c.  ft.,  and  its 
weight  is  therefore  given  by 


40 


so  that  for  a  given  value  of  /  the  weight  discharged  de- 
creases as  the  temperature  rises. 


CHAP,  xxni  HYDRAULICS  491 

The   head  producing  flow   is   VAP,    or   substituting 
becomes 


which  increases  with  the  temperature  ;  this  head,  it  must 
be  remembered,  is  feet  of  the  gas,  not  feet  of  water. 

Thus,  as  T  increases,  the  head  due  to  a  given  differ- 
ence of  pressure  increases,  so  that  the  velocity  and 
volume  of  discharge  increase  ;  but  the  density  decreases 
faster,  so  that  the  weight  discharged  is  less. 

If  the  flow  take  place  through  an  orifice,  coefficients 
of  resistance  and  contraction  must  be  allowed,  and  they 
may  be  taken  as  having  the  same  values  as  for  water. 
It  is  of  course  evident  that  they  are  much  more  liable  to 
variation  from  small  causes.  In  flow  through  a  pipe, 
the  head  wasted  in  overcoming  surface  friction  is  given 
by 


the  work  on  page  472  applying  to  all  cases,  and,  by  the 
law  of  resistance  on  page  471,  /has  the  same  value. 

The  discharge  in  c.  ft.  per  second  of  a  given  pipe  will 
accordingly  be  the  same  as  on  page  483,  viz. 


taking  a  mean  value  for/.      The  weight  discharge  must 
contain  T,  so  cannot  be  expressed  as  for  water. 


EXAMPLES. 

I.  A  circular  tank,  20  ft.  diameter,  is  constructed  of  %  inch 
iron  plates.  Find  the  greatest  depth  of  water  in  it,  the  stress 
not  being  more  than  4000  Ibs.  per  sq.  inch  of  the  solid  metal. 


492  APPLIED  MECHANICS  PART  in 

Ans.  If  h  be  the  depth,  the  tank  at  the  bottom  is  exposed 
to  an  internal  bursting  pressure  ivh  Ibs.  per  sq.  ft. 
Whence  A  =  38. 4  ft. 

2.  The  tank  above  is  120  ft.  above  the  ground.     Find  the 
necessary  thickness  for  a  I  inch  copper  service  pipe  on  the  ground 
level.     Allowing  2000  Ibs.  per  sq.  inch.  Ans.  -£$  inch. 

3.  The  discharge  from  a  2  inch  circular  orifice  in  the  side  of 
a  tank  8  feet  below  the  water  level  just  clears  the  edge  of  a  100 
gallon  tank,  distant  II  feet  horizontally  and  4  feet  vertically ; 
also  the  tank  is  half  filled  in  26  seconds.     Find  the  velocity  of 
discharge  and  the  coefficients  of  velocity  and  contraction. 

Ans.  22  f.s.  ;  .97  ;  .623. 

4.  Calculate  the  time  required  to  sink  an  iron  tank  30  feet 
long,  20  feet  broad,  and  9  feet  deep,  the  water  entering  through 
an  orifice  3  ins.  diameter  in  the  thin  bottom,  supposing  the  tank 
when  empty  to  float  with  5  feet  out  of  water. 

Ans.    1 1  hr.  nearly. 

5.  Find  the  result  of  the  preceding  when  a  pipe  4^  ins.  long 
is  fitted  square  to  the  orifice  inside  the  tank. 

Ans.    i  hr.  18  min. 

6.  The  barometer  stands  at  30  ins.,  and  the  vacuum  gauge 
on  a  condenser  shows  26  ins.  of  vacuum.     The  injection  orifice 
is  10  ins.  diameter,  8  feet  below  the  sea-level,  and  the  pipe  con- 
necting it  to  the  condenser  is  5  feet  long.     Find  the  quantity  of 
water  entering  per  second.     4/=.O2i.  Ans.   6.55  c.  ft. 

7.  A  cylindrical  boiler  is  12  feet  diameter,  and  the  water  level 
is  at  |  the  diameter  from  the  bottom  ;  the  steam  pressure  is  120 
Ibs.  by  gauge.     Find  the  velocity  with  which  water  would  flow 
out — 1st,  through  a  hole  in  the  bottom  into  the  stokehold  ;  2d, 
through  a  6  inch  pipe  8  feet  long  into  the  sea,  the  bottom  of  the 
boiler  being  15  feet  below  the  sea-level.   Ans.  130  f.s.  ;  92.3  f.s. 

8.  A  4  inch  pipe,  running  full,  delivers  120  gallons  of  water 
per  minute.     Find  the  hydraulic  gradient  or  virtual  slope. 

Ans.  -fa. 

9.  Water  issues  from  the  nozzle  of  a  fire  hydrant  I  inch  diameter 
with  a  velocity  sufficient  to  project  the  jet  to  a  height  of  100  feet. 
Determine  the  pressure  in  the  hose  near  the  nozzle,  the  internal 
diameter  being  3  inches.     Neglect  the  effect  of  friction. 

Ans.  43  Ibs.  per  sq.  inch  above  atmospheric. 

10.  Find  the  velocity  of  flow  of  water  in  a  rectangular  canal 
30  feet  wide  by  5  deep,  sloping  18  inches  per  mile.     Coefficient 
of  friction  .012. 
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ction  per 
hydraulic  mean  depth  is  3!  ft.,  whence  ¥  =  2.4  f.s. 

11.  A  pipe  5  ins.  diameter  delivers  a  certain  quantity  of  water 
per  minute  with  a  loss  of  head  of  4  ft.     Determine  the  loss  of 
head  if  the  same  quantity  were  delivered  through  a  pipe  4  ins. 
diameter,  assuming  the  same  coefficient  of  friction. 

Ans.    12.2  ft. 

12.  The  diameter  of  a  screw  propeller  is  15  feet,  pitch   18 
feet ;  neglecting  slip,  find  the  horse  power  wasted  in  overcoming 
the  friction  of  I  sq.  ft.  of  blade  at  the  tip,  at  100  revolutions. 
Coefficient  .005.  Ans.    10.8. 

13.  A  i  inch  circular  hole  in  the  side  of  a  tank  is  fitted  with 
an  expanding  nozzle  2  ins.  diameter  at  its  open  end.     Find  the 
greatest  depth  of  water  over  the  hole  for  which  steady  flow  is 
possible,  neglecting  all  friction  or  contraction. 

Ans.   2  ft.  4  ins. 

14.  A  siphon  4  ins.  diameter,  with  its  end  I  foot  below  the 
water  level  in  the  source,  discharges  water  on  a  level  6  feet  lower. 
The  total  length  is  80  feet,  and  its  highest  point  is  36  feet  from 
the  entrance  end.     Find  the  discharge,  and  the  greatest  height 
possible  for  continuous  flow. 

Ans.  240  galls,  per  min. ;  30.8  ft.  above  water  level. 

15.  A  4  inch  pipe  delivers  100  gallons  per  minute  into  a  6 
inch  pipe,  the  axis  of  the  two  lying  in  one  horizontal  line.     The 
pressure  in  the  4  inch  pipe  is  atmospheric.     Find  the  waste  of 
head  at  the  entrance,  and  the  pressure  in  the  larger  pipe. 

Ans.  Waste  of  head  3  ft.  6  ins.  Had  no  head  been  wasted 
the  pressure  would  be  18.6  Ibs.  per  sq.  inch  ;  the  waste 
of  head  is  equivalent  to  a  loss  of  pressure  i£  Ibs., 
hence  the  pressure  is  17.1  Ibs.  per  sq.  inch. 

16.  Obtain  the  second  result  of  question  7,  when  a  cock  in 
the  pipe  is  half  closed,  and  allowing  for  two  ordinary  bends. 

Ans.  23  f.s. 

17.  1000  c.  ft.  of  water  per  minute  are  pumped  through  the 
surface  condenser  of  a  marine  engine,  and  discharged  into  the 
sea  through   an  orifice  27  ins.   diameter.      The  I.H.P.  of  the 
pumping  engine  is  25.     Assuming  the  mechanical  efficiency  of 
the  engine  and  pump  combined  to  be  .5,  estimate  the  coefficient 
of  resistance  referred  to  the  velocity  of  discharge. 

Ans.  Work  done  on  water  per  minute  equals  412,500  foot-lbs., 
which  would  lift  the  1000  c.  ft.  through  6.6ft.  The 
total  head  then  to  produce  V  and  overcome  friction  is 
6.6  ft.,  whence  F  =  2i.5. 
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18.  The  difference  of  pressure  between  the  two  ends  of  a  pipe 
6  ft.  long,  6  ins.  diameter,  is  3  ins.  of  water.     Find  the  speed 
with  which  air  at  atmospheric  pressure  would  flow  through — 1st, 
at  60  F.;  2d,  at  600°  F.  Ans.   107  f.s.  ;   140  f.s. 

19.  The  air  pressure  in  a  stokehold  is  2  ins.  of  water,  find 
the  quantity  of  air  which  would  be  discharged  per  minute  through 
a  hole  2  ins.  diameter  in  the  casing.     Temperature  90°  F. 

Ans.   53  Ibs. 

NOTE. — To  avoid  misapprehension,  it  may  be  added  that  cross 
motions,  such  as  are  shown  in  Fig.  348,  page  465,  and  referred  to 
on  page  469  and  elsewhere,  would  not  be  possible  in  the  absence 
of  friction  and  discontinuity.  For  an  explanation  of  the  way  in 
which  energy  is  dissipated  in  fluids  by  the  formation  of  eddies 
which  are  subsequently  extinguished  by  fluid  friction,  advanced 
students  are  referred  to  chapter  xx.  of  the  larger  treatise. 


CHAPTER   XXIV 

HYDRAULIC    MACHINES 

A  HEAD  of  water  may  be  utilised  by  employing  a 
machine  driven  by  the  water,  and  in  the  present  chapter 
we  shall  consider  seme  of  the  simpler  types  of  these 
machines. 

Weight    Machines. — The    most    simple    class    of 


Fig.  362. 

machine  which  can  be  driven  by  water  from  an  elevated 
reservoir   is  that  in  which  the  water  during  its  descent 
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rests  on  the  buckets  or  vanes  of  a  wheel,  so  that  its 
weight  becomes  the  effort  driving  the  wheel. 

Overshot  Wheel. — In  Fig.  362  we  have  one  ex- 
ample of  this  class,  the  common  overshot  wheel.  The 
water  from  the  reservoir  A  pours  into  the  buckets  of  the 
wheel,  and  by  its  weight  turns  the  wheel,  the  buckets 
emptying  into  the  tail  race  B. 

The  total  head  available  is  k,  and  in  descending  this 
distance  the  energy  exerted  by  gravity  on  a  weight  W 
of  water  is  W/fc.  Let 

G  =  delivery  of  stream  in  gallons  per  minute. 
Then 

Energy  exerted  per  minute  by  gravity  =  10  G/i  ft.-lbs. 

The  whole  of  this  energy  cannot  be  utilised.  For,  in 
the  first  place,  the  water  runs  on  to  the  wheel  with  a 
velocity  v ;  on  striking  the  wheel  vanes  a  pressure  is 
created  by  the  sudden  change  of  velocity  to  V,  the  speed 
of  the  vanes  or  buckets  (compare  page  486),  so  that 
some  of  the  head  v^j-zg  originally  used  in  producing  v 
is  usefully  employed  in  creating  a  pressure  helping  to 
drive  the  wheel,  but  we  know  there  is  a  waste  of  head 
(v  _  V)2/2£-  at  least.  The  value  of  V  is  limited,  because 
if  it  become  large  the  water  will  be  thrown  out  of  the 
buckets  by  centrifugal  action,  hence  V  does  not  exceed 
about  5  f.s. 

For  reasons  which  we  cannot  in  the  present  book 
enter  into  v  should  be  about  twice  V,  so  that  v  is  10  f.s. 
Hence 

Head  wasted  =  (io-  5 )2/2£-, 


64.4' 

Again,  the  water  being  in  the  buckets  has  the  velocity 
V,  and  thus  a  portion  of  the  head  is  wasted  in  this  way, 
since  the  velocity  is  of  no  use  to  us.  For  this  loss  we 
have 

Head  wasted  = 
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We  may  add  this  to  the  preceding,  and  we  then  obtain 

Head  wasted  in  shock  and  in _(v -  V)2     V'2 
giving  velocity  V  ^       *~  ™' 

which  if  V  =  v/2  becomes 

4.^-S^.ft.; 

*g    64.4 
if  v  be  10  f.s. 

There  is  still  another  loss  caused  by  the  buckets 
emptying  before  reaching  the  bottom  of  the  fall,  and  by 
spilling  of  water.  This  loss  depends  on  practical  con- 


ig.  363- 


siderations  as  to  shape  of  buckets,  and  hence  we  cannot 
express  it  by  a  formula. 

We  see  that  the  losses  or  wastes  contain  some  of 
constant  value,  and  hence  their  relative  effect  is  greater 
in  small  falls.  For  this  reason  these  wheels  are  not  used 
for  values  of  h  less  than  i  o  feet.  There  is  a  limit  on 
the  other  side,  because  for  a  very  high  fall  the  wheel 
becomes  of  very  great  diameter  and  too  cumbrous.  The 
limit  lies  probably  between  60  and  70  feet.  The  effi- 
ciency obtained  in  practice  varies  between  6  5  and  7  5 
per  cent. 

Breast  "Wheel.  —  In  order  to  avoid  the  loss  by 
2  K 


498 


APPLIED  MECHANICS 


PART  III 


spilling  of  water  from  the  buckets,  a  wheel  is  used  which 
moves  in  a  masonry  channel ;  the  buckets  are  replaced 
by  vanes  which  fit  this  channel,  but  not  so  closely  as 
to  touch  the  sides  •  so  there  is  a  leakage  past  the  vanes, 
but  this  does  not  cause  so  much  loss  as  the  buckets  do. 

Fig-  363  shows  the  construction,  CD  showing  the 
breast  or  channel.  It  will  be  seen  that  the  diameter  of 
the  wheel  is  necessarily  greater  than  the  fall,  so  that  these 
wheels  cannot  be  used  for  falls  exceeding  about  50  ft. 
The  average  efficiency  is  about  .75.  The  water  enters 
the  wheel  through  guide  blades  at  A,  which  are  arranged 
so  as  to  prevent  as  much  as  possible  any  shock  as  the 
water  enters  the  buckets,  and  the  waste  of  head  which 
accompanies  such  shocks. 

Pressure  Machines. — In  the  preceding  machines 
the  water  has  been  open  to  the  atmosphere,  and  each 
portion  contained  in  a  bucket  or  between  two  successive 
vanes  has  acted  simply  by  its  weight.  In  the  class  of 
machine  we  are  now  about  to  consider  the  water  is  con- 
fined within  a  pipe  which  is  led  from  the  source  to  the 
working  cylinder  of  the  machine,  and  the  pressure  due 
to  the  head  moves  the  piston  ;  the  water  is  then  dis- 
charged just  as  steam  is  exhausted  from  a  steam  engine. 
Hydraulic  or  Bramah  Press.  —  The  simplest 
machine  of  this  class  is  one 
in  which  there  is  practi- 
cally no  motion,  but  the 
effort  is  very  much  magni- 
fied. The  head  is  in  this 
case  produced  not  by  an 
elevated  reservoir,  but  by 
loading  a  piston  CD  with 
Fis-  364-  p  Ibs.  (Fig.  364).  CD  fits  a 

cylinder,  area  ACD,  which  is  connected  by  a  pipe  with  the 
larger  cylinder,  area  AAB,  in  which  fits  the  working  piston 
AB.  AB  presses  against  the  body  which  is  to  be  pressed, 
and  exerts  on  it  a  total  pressure  R,  the  reaction  R  of 
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the  body  being  the  resistance  to  the  motion  of  AB,  as 
in  former  examples. 

Assuming  for  simplicity  that  AB  and  CD  are  on  the 
same  level,  we  have,  since  there  is  no  motion  —  the 
body  pressed  being  supposed  now  to  be  compressed  to 
the  full  amount — equal  intensity  of  pressure  at  AB  and 
CD.  Hence 

Total  pressure  on  AB  :  Total  pressure  on  CD  =  AAB  :  ACD, 
or 

R  :  P  =  AAB  :  ACn, 

so  that  by  making  the  ratio  of  areas  very  large,  a  small 
H 


Fig.  365. 


load  or  effort  applied  to  CD  can  exert  a  great  pressure 
at  AB. 

In  the  actual  press  a  plunger  takes  the  place  of  the 
piston  CD,  as  in  Fig.  365,  and  the  effort  P  is  applied 
to  the  top  of  the  plunger  by  a  hand  lever  GHK,  to  the 
end  K  of  which  a  force  Q  is  applied.  ACD  is  now  the 
sectional  area  of  the  plunger. 

Accumulators. — In  some  cases  natural  sources  of 
head  are  available  to  work  pressure  machines,  but  in  the 
majority  of  cases  the  head  is  produced  artificially,  as  in 
the  case  we  have  been  considering,  or  as  in  the  hydraulic 
engines  used  on  board  ship,  in  which  a  head  is  first 
created  by  means  of  a  steam  engine.  In  one  or  two 
cases  the  engine  which  creates  the  head  has  actually 
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pumped  water  up  to  a  tank  on  an  elevation,  but  this  is 
unnecessary,  since  the  same  effect  can  be  produced  by 
the  use  of  an  accumulator.  This  apparatus  consists 
simply  of  a  cylinder  in  which  a  piston  or  plungeV  works, 
this  piston  being  loaded  with  heavy  weights. 

Fig.  366  shows  the  arrangement,  the  weights  being 
shown  resting  on  the  piston  rod  head  ; 
actually  they  are  not  applied  in  this 
way,  but  the  principle  is  unaffected. 
Let 

y  =  greatest  height  of  piston  in  feet, 
W  =  load  in  Ibs. 

We  can  always  neglect  the  pressure 
due  to  the  actual  head  ^,  this  being  so 
small  compared  with  the  effect  of  W, 
which  ranges  up  to  1500  Ibs.  per  sq. 
inch  or  even  more.  Then  the  accumu- 
lator contains  a  store  of  energy  Wy 
foot-lbs.,  which  can  be  given  out  by 
allowing  the  loaded  piston  to  descend. 

The  store  of  energy  in  the  accumu- 
lator would  not  drive  the  machines  for 
any  great  time,  but  during  the  work- 


Fig. 366. 


ing  it  is  being  continually  supplied  by  the  steam 
engine.  For  example,  in  riveting,  the  engine  supplying 
the  accumulator  continues  working  until  the  piston  is 
right  up,  this  shuts  off  steam  ;  now  a  rivet  is  compressed, 
the  piston  falls,  opening  the  steam  valve,  and  the  engine 
starts  working  again,  and  so  on. 

Taking  a  pressure  of  I  500  Ibs.  per  sq.  inch,  which  is 
used  for  riveting,  this  would  require  a  head  of 


which  it  would  be  practically  impossible  to  obtain. 

Generally,    we    have    the    head     equivalent    to    W 
given  by 
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A  being  the  piston  area,  and  w  the  weight  of  a  c.  ft.  of 
water. 

Pressure  Machine  in  Steady  Motion.  —  When  a 
pressure  machine  is  moving  steadily  at  a  constant  speed, 
the  pressure  in  the  accumulator  has  to  overcome  the 
useful  resistance  to  the  moving  piston,  the  friction  of  the 
moving  parts,  and  the  hydraulic  resistances  to  the  motion 
of  the  water.  These  last  are  of  great  importance,  and 
we  must  see  what  effect  they  produce. 

Fig.  367  shows  a  cylinder  C  with  a  piston  B.     The 
cylinder  is  supplied  by  a  pipe  A  from 
the  accumulator.      Let  Jd 


P0  =  pressure  in  accumulator, 
P  =  pressure  resisting  motion  of  piston, 

=  useful  resistance  +  solid  friction, 
V  =  velocity  of  piston, 
v  —  velocity  of  water  in  pipe. 


B 

There  is  now  between  the  accumu-  Flg<  36?' 

lator  and  the  working  piston  a  fall  of  pressure  P0  -  P, 
so  that  head  equivalent  to  this  fall  of  pressure  must 
have  been  wasted  in  overcoming  hydraulic  resistances. 
Hence 

P  —  P 

—  -  -  =  head  wasted  in  resistances, 


where  all  the  separate  wastes  are  referred  to  the  one 
velocity  V  (page  489).  We  choose  win  the  first  instance 
as  the  most  natural  velocity  to  refer  to,  but  it  is  more 
convenient  to  use  V,  that  being  the  most  easily  deter- 
mined in  most  practical  cases.  Let 

D  =  diameter  of  cylinder, 
d—  diameter  of  pipe. 
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Then 

V  :  v  =  d*  :  D2, 


and 

Y!=^!   ^ 

2g~2g'  W 

Hence  the  relation  between  P0,  p^  and  v  becomes  now 
P0-P  D4    V2    ^V2 

-  =  "    '  ~TT   •    —  =  -T  o  —  > 
W  d*>       2g  2g 

where  F0  is  the  coefficient  of  hydraulic  resistances  re- 
ferred to  the  velocity  V. 

From  the  formula  last  obtained  we  see  that  for  a  given 
value  of  P,  V  has  a  certain  definite  value,  i.e.  that  there  is 
only  one  particular  speed  at  which  the  machine  can  work 
steadily,  and  this  is  called  the  speed  of  steady  motion. 
When  first  started  the  speed  will  increase  up  to  this,  but 
will  not  go  beyond  so  long  as  P  and  F  remain  unaltered. 
Now  this  property  is  not  shared  by  ordinary  machines  ; 
in  all  ordinary  cases,  if  the  effort  be  more  than  sufficient 
to  balance  the  resistance,  the  speed  will  go  on  increasing 
indefinitely,  e.g.  the  racing  of  an  engine,  and  appliances 
as  governors  or  brakes  must  be  fitted  to  prevent  this. 
But  a  hydraulic  machine  cannot  exceed  the  speed  just 
found,  and  so  contains  automatic  brakes  within  itself. 

Moreover  the  speed  can  be  adjusted  to  any  extent  we 
please  by  altering  F,  which  can  be  easily  effected  by 
means  of  a  cock  placed  in  the  supply  pipe  (see  table, 
page  488). 

Examples  of  Pressure  Machines.  —  The  working 
of  these  machines  cannot  be  fully  studied  without  con- 
sidering the  forces  necessary  to  produce  the  accelerations 
of  the  moving  water  which  necessarily  accompany  those 
of  the  piston,  but  this  is  beyond  our  limits  ;  and  so  we 
can  only  briefly  mention  a  few  examples  of  this  type  of 
machine. 
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i.  Direct  acting  lifts.  Here  a  platform  rests  on  the 
end  of  a  plunger  or  ram  which  is  forced  out  of  cylinder  by 
water  supplied  from  a  tank.  The  tank  may  be  used  in 
this  instance  instead  of  an  accumulator,  as  the  head 
required  is  not  very  great ;  and  besides,  since  the  head 
decreases  as  the  plunger  rises,  the  velocity  is  not 
increased  so  much  as  the  lift  rises,  and  it  can  be  more 
easily  stopped  than  it  could  be  'were  the  head  constant. 

The  simple  figure  (Fig.  368)  shows  all  that  is  necessary 
for  our  purposes.  A  is  the  platform  moving  between 
guides,  B  is  the  ram,  C  the 
hydraulic  cylinder,  supplied 
by  the  pipe  D  from  the  tank 
at  a  height  h.  The  ram  does 
not  fit  the  cylinder,  so  that 
the  water  pressure  P  is  not 
exerted  on  an  area  ?r/4 .  D2 
where  D  is  the  diameter  of 
cylinder,  but  7r/4  .  D'2,  D'  be- 
ing the  diameter  of  the  ram  ; 
the  diameter  of  the  cylinder 
is  of  no  consequence. 

We  have  now  an  actual 
head  ^,  so  that  for  P0  we 
write  wh  in  the  preceding 
formulae,  and  hence  determine 
V0,  the  speed  of  steady  motion. 
The  calculation  of  the  effect 
of  the  variation  of  h  as  the 
ram  rises  is  beyond  our  pre- 
sent powers. 


pply 


Fig.  368. 


2.  In  a  direct  acting  lift,  the  length  of  ram  and  work- 
ing cylinder  must  be  more  than  equal  to  the  total  lift,  so 
much  space  is  occupied.  To  avoid  this  the  platform  is 
in  many  cases  lifted  by  blocks  and  tackle,  used  in 
the  reverse  way  to  that  in  which  we  originally  con- 
sidered them.  In  that  case  we  wished  to  magnify 
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the  effort,  but  in  the  present  case  we  can  easily  obtain 
any  required  effort  simply  by  increasing  the  area  of  the 
ram,  and  we  then  apply  the  tackle  to  magnify  the 
velocity.  The  working  cylinder  can  be  placed  in  any 
position,  as  is  most  convenient  for  space;  thus  for  working 
a  derrick  on  board  ship,  the  cylinder  has  at  various  times 
been  bolted  to  the  deck,  then  to  the  mast,  and  in  some 
cases  to  the  jib  of  the  derrick. 


Fig.  369. 


Fig.  369  shows  the  application  of  hydraulic  cylinders 
to  a  crane.  A  is  the  cylinder  placed  for  convenience  in 
a  sloping  position,  B  is  the  ram,  the  blocks  a,  b  are 
fastened  to  the  cylinder  framing  and  the  end  of  the  ram 
respectively,  and  they  may  contain  one,  two,  or  more 
sheaves  as  required  ;  the  chain,  which  in  the  direct 
manner  of  using  blocks  would  be  acted  on  by  the  effort, 
is  now  led  up  through  the  hollow  crane  post  and  over 
fixed  pulleys  to  the  weight  to  be  lifted.  If  now  there 
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were  only  one  sheave  in  the  movable  block  on  B,  the 
thrust  of  the  ram  would  be  2\V  when  lifting  a  weight  W, 
and  the  motion  of  the  ram  would  be  only  half  that  of  the 
weight.  For  two  sheaves  at  B  the  motion  would  be 
magnified  four  times,  and  so  on  exactly  as  on  page  1 1 4. 
The  crane  is  slewed  by  hydraulic  cylinders,  arranged 
as  shown  in  plan  by  Fig.  369,  and  in  elevation  in  Fig. 
370.  C  and  C'  are  equal  cylinders,  D  and  D'  the  rams. 
A  chain  is  fastened  below  C,  passes  over  a  pulley  on  the 
end  of  D,  then  round  the  sheave  E  on  the  crane  post, 
over  the  pulley  on  the  end  of  D',  and  is  then  fastened 
to  a  similar  point  below  C'.  Evidently  if  D  be  thrust 
out  the  crane  is  rotated  clockwise,  and  D'  is  pulled  in, 
and  vice  versa  if  D'  be  thrust  out.  There  is  no  energy 
expended  other  than  that  required  to  overcome  the  friction, 


if  the  pressure  on  the  water  forced  out  of  D'  be  utilised, 
but  if  not  then  there  is  just  as  much  energy  used  as  if  the 
ram  C  had  been  thrust  out  against  the  full  load  it  could 
overcome. 

Differential  Rams. — The  last  point  we  have  men- 
tioned is  of  great  importance,  and  requires  examination. 

In  all  cases  we  have  a  constant  head,  h  say,  pro- 
ducing the  pressure  P0.  If  then  A  be  the  area  of  the 
ram,  a  load  POA  can  be  lifted  at  a  very  slow  speed  ;  if 
the  load  be  less  than  P0A,  the  speed  must  be  controlled 
by  means  of  the  frictional  resistance,  but  in  all  cases  the 
effort  is  P0A,  and  during  a  lift  y  energy  P0Ay  must  be 
exerted.  If  the  load  be  small  the  greater  part  of  this 
energy  is  necessarily  wasted  in  overcoming  the  increased 
friction  which  must  be  applied  to  keep  the  motion  steady, 
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and  it  becomes  of  importance  if  possible  to  avoid  this 
waste. 

We  cannot  prevent  the  waste,  as  in  a  steam  engine, 
by  cutting  off  the  supply,  since  the  water  would  not  ex- 
pand as  steam  does,  but  it  can  be  decreased  by  the  use 

of  the  differential  ram. 

In  Fig.  371  A  the  ram 
has  a  piston  end  B  which 
fits  the  hydraulic  cylinder 
C.  The  spaces  C  and  D  can 
be  put  into  communica- 
tion with  either  the  supply 
pipe  or  the  exhaust  pipe. 

AC  =  area  of  cylinder, 
AA  =  area  of  ram, 

s  —  stroke. 
Then 

Ac  -  AA  =area  of  piston  exposed  to  the  water  pressure  in  D. 

When  a  heavy  weight  is  lifted,  C  is  open  to  supply 
and  D  to  exhaust,  and  energy  P0AC^  is  used  per  stroke. 
But  when  a  smaller  weight  is  lifted  both  C  and  D  are 
connected  to  the  supply,  so  that  the  ram  moves  out 
under  a  pressure, 

PoAc-Po(Ac-AA)-PoAA, 

and  less  energy  is  used  per  stroke";  or,  looking  at  it 
another  way,  a  less  quantity  of  water  is  used  from  the 
supply  pipe,  the  quantity  Acs  enters  C,  but  a  quantity 
(Ac  —  AA)J  is  forced  from  D  into  the  pipe,  so  the  quantity 
used  is  only  AAJ  instead  of  Acs.  This  latter  considera- 
tion shows  also  the  gain  of  energy,  for  to  force  the  water 
to  the  elevation  ^,  or  into  the  accumulator  against  the 
pressure  P0  or  iuh,  requires  the  doing  by  the  engine  of 
an  amount  of  work  ivh  ft.-lbs.  for  every  Ib.  of  water 
supplied. 

This  device  is  also  used  in  the  Differential  Accumu- 
lator, Fig.  372. 
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lengths   of  different 


The  central  spindle  is  in  two 
diameters,  and  the  cylinder  slides 
on  it,  the  water  entering  through 
the  dotted  channel  through  the 
centre  of  the  spindle.  The 
effective  area  is  the  difference 
of  the  areas  of  the  two  parts  of 
the  spindle,  and  thus  the  latter 
can  be  made  stout,  without 
requiring  the  weights  W  to 
be  very  large  to  produce  the  re- 
quired pressure. 

3.  In  the  third  type  of  press- 
ure machine,  the  water  drives 
an  engine  almost  identical  in 
its  arrangement  with  a  steam 
engine ;  no  fresh  principle  is 
involved,  and  want  of  space 
forbids  our  entering  into  details. 

Hydraulic  Brake.  —  The 
hydraulic  cylinder  is  often  used 
simply  as  a  brake. 

Fig-  373  shows  a  common 
form  ;  the  rod  A  is  connected 
to  the  body  whose  motion  is 
to  be  controlled,  and  as  the 

,  ^  .       ,   .  Fig.  372. 

rod  moves  the  water  is  driven 

by  the  piston  B  through  the  pipe   C   from   one  end  of 


Fig-  373- 

the  cylinder  to  the  other.      In  C  is  a  cock  D,  by  means 
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of  which  the  value  of  F  is  made  anything  we  please  ; 
there  is  now  no  useful  resistance. 

If  the  body  is  always  to  be  brought  up  in  about  the 
same  space,  and  is  subject  to  the  same  forces,  as  a  gun 
fired  with  its  ordinary  charges,  then  F  will  not  require 
to  be  varied,  and  the  pipe  and  cock  may  be  dispensed 
with,  their  place  being  taken  by  a  hole  or  holes  in  the 
piston  itself,  the  resistance  to  flow  through  the  orifices 
supplying  the  necessary  retarding  force. 

Pumps. — If  a  pressure  machine  be  worked  back- 
ward, the  water  passes  from  the  exhaust  pipe  into  the 
cylinder,  and  is  then  forced  back  into  the  accumulator 
or  reservoir  through  the  supply  pipe.  But  a  machine 
which  does  this  we  call  a  Pump,  so  that  a  pump  is 
simply  a  reversed  pressure 
engine  or  motor,  and  the 
theory  of  its  action  is  similar 
to  that  of  the  engine. 

This  kind  of  pump  can  be 
divided  into  two  classes,  viz. 
Lift  or  Bucket  Piston  Pumps, 
and  Force,  Plunger,  or  solid 
Piston  Pumps. 
Lift  Pump. 

Fig.  374  shows  the  con- 
struction of  a  lift  pump.  A 
is  the  suction  pipe  dipping  in 
the  water,  its  top  can  be  closed 
by  the  valve  a,  B  is  the  cylinder, 
C  the  piston  or  bucket,  per- 
forated to  admit  of  the  pass- 
age of  fluid,  but  the  holes  can 
be  closed  by  the  indiarubber 

or  leather  valve  b.     The  first 

Fig-  374-  ^ew    str°kes    remove    the    air 

from  and  thus  lessen  the  press- 
ure in  A,  so  that  the  water  rises  in  it  to  a  height  h,  given 
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by  (P0  -  P)/w,  where  P0  is  the  atmospheric  pressure  on 
the  water  surface,  and  P  is  the  pressure  of  the  air  under  C ; 
this  height  will  not  exceed  2  5  feet,  since  a  perfect  vacuum 
cannot  be  obtained  Now  as  C  descends  the  water 
passes  through  it,  but  cannot  re-enter  A  since  the  valve 
a  will  shut  (in  Fig.  374  they  are  both  shown  open  for 
clearness,  but  this  cannot  be  during  the  working),  then 
as  C  rises  b  closes  and  the  water  above  C  is  lifted  to  the 
spout  whence  it  flows,  while  the  reduction  of  pressure 
under  C  allows  the  valve  a  to  open  and  water  to  enter 
the  lower  part  of  B,  following  C  up,  so  long  as  C  does 
not  rise  more  than  about 
25  ft.  above  the  surface,  as 
stated  above. 

If  a  somewhat  higher  lift 
be  required  it  can  be  ob- 
tained by  fitting  a  valve  or 
valves  to  the  top  of  the 
pump,  as  shown  at  c  c  in 
Fig-  375-  The  bucket  is 
rising,  b  is  shut  and  a  open, 
and  c  c  are  also  open  to 
allow  the  water  to  pass 
through  them  and  by  the 
pipe  D  to  the  required  place. 
When  the  bucket  descends 
the  valves  c  c  close,  so  the 
water  cannot  follow  the 
plunger  down,  and  prevent 
the  valve  b  lifting,  as  it  would 
do  if  c  c  were  not  fitted,  c  c 
are  called  the  Head  Valves,  and  b  the  Foot  Valve. 

Force  Pump. — When  a  great  lift  is  desired  then  the 
bucket  valves  do  not  work  well,  and  it  is  better  to  have 
a  solid  piston  or  plunger. 

Fig.  376  shows  the  arrangement.  The  delivery  pipe 
D  now  leads  from  the  same  end  as  the  suction  pipe,  and 
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a  valve  b  is  fitted  to  its  entrance,  known  as  the  "  heading  " 
.  or  "  delivery "  valve.      During  the 

\  up-stroke   a   opens,   and  £,   which 

opens  towards  the  pipe,  shuts,  so 
the  water  rises  under  C  ;  then 
during  the  down -stroke  a  shuts 
and  the  water  is  forced  through 
b  into  the  delivery  pipe.  There 
is  no  limit  except  the  strength  of 
the  parts  to  the  height  of  delivery 
in  this  case. 

The  lift  pump  is  necessarily 
single  acting,  but  the  force  .pump  is 
often  double  acting,  as  in  Fig.  377. 
The  cylinder  is  shown  hori- 
zontal, a  branch  from  the  suction 
leading  to  each  end,  and  the 
same  for  the  delivery.  There  are 
two  sets  of  foot  valves  and  also 
of  delivery  valves,  so  that  while 

one  end  is  in  connection  with  the  suction  the  other  is  dis- 
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Fig.  377- 

charging  and  vice  versa,  and  we  thus  get  the  discharge  of 
two  pumps  while  occupying  little  more  space  than  one. 
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In  all  these  cases  the  quantity  of  water  actually  delivered 
is  less  than  As  c.  ft.  per  stroke, — A  =  area  of  piston, 
s  =  stroke, — because  of  the  leakage  back  past  the  valves, 
the  loss  or  slip  varies  from  8  or  10  per  cent  up  to  25  or 
even  more  ;  it  is  least  in  vertical  pumps,  in  which  the 
bucket  is  used,  and  greatest,  so  far  as  the  types  we  have 
considered  are  concerned,  in  horizontal  plunger,  or  solid 
piston,  pumps. 

EXAMPLES. 

1.  A  breast  wheel  50  feet  diameter  receives  5000  gallons  per 
minute,  total  fall  48  feet.     Find  the  revolutions  in  order  that  the 
velocity  of  periphery  may  be  5  f.s.,  and  if  the  H.P.  be  52,  find 
the  efficiency.  Ans.   1.91  ;  .715. 

2.  If  the  preceding  were  replaced  by  an  overshot  wheel  in 
which  the  buckets  commenced  to  empty  themselves  at  5  ft-  from 
the  bottom,  what  H.  P.  would  be  lost  from  this  cause  ? 

Aits.   7.6. 

3.  The  ram  of  an  accumulator  is  8  ins.  diameter,  and  is  loaded 
with  20  tons.     To  what  head  is  the  pressure  equivalent  ?     If  the 
stroke  be  8  feet,  how  much  energy  is  accumulated  when  the  ram 
is  right  up?  Ans.   2050  ft.,  i6oft.-tons. 

4.  The  diameter  of  the  large  part  of  the  spindle  of  a  differ- 
ential accumulator  is  8  ins.    Find  the  diameter  of  the  small  part 
so  that  a  load  of  12  tons  may  be  equivalent  to  a  head  of  1800 
feet.  Ans.    lof  ins. 

5.  The  accumulator  in  the  last  question  is  connected  to  a 
hydraulic  cylinder  8  ins.  diameter  by  a  2-inch  pipe  50  feet  long. 
Find  the  speed  of  steady  motion  when  the  total  resistance  of  load 
and  solid  friction  is  i£  ton.  Ans.   6.9  f.s. 

6.  A  load  of  5  tons  is  to  be  lifted  20  feet  by  a  hydraulic  crane. 
The  water  pressure  is  7°°  Ibs.  per  square  inch,  and  the  total 
efficiency  one-half.     Find  the  necessary  volume  of  the  ram. 

Ans.  4£  c.  ft. 

7.  If  the  ram  in  (6)  be  differential,  with  area   of  rod  half 
that  of  piston,  find  the  saving  of  energy  when  lifting  2^  tons, 
assuming  the  same  efficiency.      By  how  much  would   the  co- 
efficient of  resistance  referred  to  the  velocity  of  lifting  require 
to  be  increased  if  the  ram  were  not  differential  ? 

Ans.   loo  ft.  -tons  per  lift  ;  trebled. 
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'  8.  A  lift  is  required  to  raise  2  tons  at  5  f.s.  ;  the  diameter  of 
the  supply  pipe  is  4  ins.,  length  200  feet.  Find  the  head  re- 
quired, the  ram  being  18  ins.  diameter,  and  its  stroke  half  the 
rise  of  the  lift.  Ans.  680  ft. 

9.  A  pump  piston  is  6  ins.  diameter,  9  ins.  stroke  ;  it  pumps 
into  a  boiler  against  135  Ibs.  pressure,  through  a  4-inch  pipe,  30 
feet  long,  with  three  bends.     Find  the  necessary  steam  pressure 
on  a  lo-inch  piston  to  run  at  40  revolutions  per  minute. 

Ans,   52  Ibs.  per  square  inch. 

10.  Prove  that  the  tension  of  the  rod  in  a  common  pump  is 
Kwh,  where  A  is  the  area  of  piston,  w  the  weight  of  a  c.  ft.  of 
water,  and  h  the  height  of  the  water-level  in  the  pumps,  whether 
above  or  below  the  bucket,  above  the  surface  of  the  water  outside. 

11.  The  length  of  the  cylinder  of  a  hydraulic  brake  is  3  ft., 
diameter  12  ins.,  diameter  of  pipe  connecting  the  ends  2  ins., 
length  3  ft.  8  ins.     Find  the  force  necessary  to  move  the  piston 
at  4  f.s.  when  the  cock  is  wide  open,  and  half  shut,  respectively. 

Ans.    15. 3  tons;   54.3  tons. 

12.  In  (10)  find  the  delivery,  allowing  20  per  cent  slip. 

Ans.  59  galls,  per  min. 


THE  END 
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BOOK  II.    By  Rev.  J.  H.  SKRINE,  M.A. 
^INEID.     BOOK  I.     By  Rev.  A.  S.  WALPOLE,  M.A. 
BOOK  II.     By  T.  E.  PAGE,  M.A. 
BOOK  III.     By  T.  E.  PAGE,  M.A. 
BOOK  IV.     By  Rev.  H.  M.  STEPHENSON,  M.A. 
BOOK  V.     By  Rev.  A.  CALVERT,  M.A. 
BOOK  VI.     By  T.  E.  PAGE,  M.A. 
BOOK  VII.     By  Rev.  A.  CALVERT,  M.A. 

BOOK  VIII.     By  Rev.  A.  CALVERT,  M.A,  [In  preparation. 

BOOK  IX.     By  Rev.  H.  M.  STEPHBNSON,  M.A. 

BOOK  X.     By  S.  G.  OWEN,  M.A.  [In  preparation. 

XENOPHON. -ANABASIS.     BOOK  I.     By  Rev.  A.  S.  WALPOLE,  M.A. 
BOOK  I.     With  Exercises.     By  E.  A.  WELLS,  M.A. 
BOOK  II.     By  Rev.  A.  S.  WALPOLE,  M.A. 

BOOK  III.     By  Rev.  G.  H.  NALL.  [In  preparation. 

SELECTIONS  FROM  BOOK  IV.     With  Exercises.    By  Rev.  E.  D.  STONE,  M.A. 
BOOK  IV.     By  the  same  Editor.  [In  preparation. 

SELECTIONS  FROM  THE  CYROP^DIA.    With  Exercises.    By  A.  H.  COOKE, 

M.A.,  Fellow  and  Lecturer  of  King's  College,  Cambridge. 

The  following  contain  Introductions  and  Notes,  but  no  Vocabu- 
lary :- 

CICERO.-SELECT  LETTERS.     By  Rev.  G.  E.  JEANS,  M.A. 
HERODOTUS.— SELECTIONS  FROM  BOOKS  VII.  AND  VIII.    THE  EXPEDI- 
TION OF  XERXES.    By  A.  H.  COOKE,  M.A. 
HORACE.— SELECTIONS  FROM  THE  SATIRES  AND  EPISTLES.     By  Rev.  W, 

J.  V.  BAKER,  M.A. 
SELECT  EPODES  AND  ARS  POETICA.     By  H.  A.  DALTON,  M.A.,  Assistant 

Master  at  Winchester. 
PLATO.— EUTHYPHRO  AND  MENEXENUS.     By  C.  E.  GRAVES,  M.  A.,  Classical 

Lecturer  at  St.  John's  College,  Cambridge. 

TERENCE. -SCENES  FROM  THE  ANDRIA.     By  F.  W.  CORNISH,  M.A.,  Assistant 
Master  at  Eton 
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THE    GREEK    ELEGIAC    POETS.— FROM  CALLINUS    TO    CALLIMACHUS. 

Selected  by  Rev.  HEBBERT  KYN ASTON,  D.D. 
THUOYDIDES.— BOOK  IV.  CHS.  1-41.    THE  CAPTURE  OF  SPHACTERIA.    By 

C.  E.  GRAVES,  M.A. 

CLASSICAL  SERIES 
FOR  COLLEGES  AND  SCHOOLS. 

Fcap.  8vo. 

JESCHINES.— IN  CTESIPHONTEM.     By  Rev.  T.  GWATKIN,  M.A.,  and  E.  8. 

SHUCKBUROH,  M.A.  [In  the  Press. 

AESCHYLUS.— PERS^B.     By  A.  O.  PRICKARD,  M.A.,  Fellow  and  Tutor  of  New 

College,  Oxford.     With  Map.     3s.  6d. 

SEVEN  AGAINST  THEBES.   SCHOOL  EDITION.  By  A.  W.  VERRALL,  Litt.D., 
Fellow  of  Trinity  College,  Cambridge,  and  M.  A.    BAYFIELD,  M.A.,  Head- 
master's Assistant  at  Malvern  College.     3s.  6d. 
ANDOCIDES.— DE  MYSTERIIS.     By  W.  J.  HICKIE,  M.A.     2s.  6d. 
ATTIC  ORATORS.— Selections  from  ANTIPHON,  ANDOCIDES,  LYSIAS,  ISO- 
CRATES,  AND  ISAEUS.     By  R.  C.  JEBB,  Litt.D.,  Regius  Professor  of  Greek 
in  the  University  of  Cambridge.     6s. 
C2ESAR.— THE  GALLIC  WAR.     By  Rev.  JOHN  BOND,  M.A.,  and  Rev.  A.  S. 

WALPOLE,  M.A.     With  Maps.     6s. 
CATULLUS.— SELECT  POEMS.     Edited  by  F.  P.  SIMPSON,  B.A.     5s.     The  Text 

of  this  Edition  is  carefully  expurgated  for  School  use. 
CICERO.— THE  CATILINE  ORATIONS.     By  A.  S.  WILKINS,  Litt.D.,  Professor  of 

Latin  in  the  Owens  College,  Victoria  University,  Manchester.     3s.  6d. 
PRO  LEGE  MANILIA.     By  Prof.  A.  S.  WILKINS,  LittD.     2s.  6d. 
THE  SECOND  PHILIPPIC  ORATION.     By  JOHN  E.  B.  MAYOR,  M.A.,  Professor 

of  Latin  in  the  University  of  Cambridge.    5s. 
PRO  ROSCIO  AMERINO.     By  E.  H.  DONKIN,  M.A.     4s.  6d. 
PRO  P.  SESTIO.     By  Rev.  H.  A.  HOLDEN,  Litt-D.     5s. 
DEMOSTHENES.— DE  CORONA.    By  B.  DRAKE,  M.A.     7th  Edition,  revised  by 

E.  S.  SHUCKBURGH,  M.A.    4s.  6d. 
AD  VERSUS  LEPTINEM.     By  Rev.  J.  R.  KING,  M.A.,  Fellow  and  Tutor  of  Oriel 

College,  Oxford.    4s.  6d. 

THE  FIRST  PHILIPPIC.     By  Rev.  T.  GWATKIN,  M.A.     2s.  6d. 
IN  MIDIAM.    By  Prof.  A.  S.  WILKINS,  Litt.D.,  and  HERMAN  HAGER,  Ph.D.,  of 
the  Owens  College,  Victoria  University,  Manchester.  [In  preparation. 

EURIPIDES.— HIPPOLYTUS.     By  Rev.  J.  P.  MAHAFFY,  D.D.,  Fellow  of  Trinity 
College,  and  Professor  of  Ancient  History  in  the  University  of  Dublin,  and  J. 
B.  BURY,  M.A.,  Fellow  of  Trinity  College,  Dublin.     3s.  6d. 
MEDEA.    By  A.  W.  VERRALL,  Litt.D.,  Fellow  of  Trinity  College,  Cambridge. 

3s.  6d. 

IPHIGENIA  IN  TAURIS.     By  E.  B.  ENGLAND,  M.A.     4s.  6d. 
ION.    By  M.  A.  BAYFIELD,  M.A.,  Headmaster's  Assistant  at  Malvern  College. 

3s.  6d. 

BACCHAE.  By  R.  Y.  TYRRELL,  M.A.,  Regius  Professor  of  Greek  in  the  University 

of  Dublin.  [In  preparation. 

HERODOTUS.— BOOK  III.    By  G.  C.  MACAULAY,  M.A.  [In  the  Press. 

BOOK  V.    By  J.  STRACHAN,  M.A.,  Professor  of  Greek  in  the  Owens  College, 

Victoria  University,  Manchester.  [In  preparation. 

BOOK  VI.    By  the  same.  [In  the  Press. 

BOOKS  VII.  and  VIII.    By  Mrs.  MONTAGU  BUTLER.  [In  the  Press, 

HESIOD.— THE  WORKS  AND  DAYS.     By  W.  T.  LENDRUM,  M.A.,  Assistant 

Master  at  Dulwich  College.  [In  preparation. 

HOMER.  — ILIAD.      BOOKS    I.,   IX.,    XL,   XVI.— XXIV.      THE    STORY   OF 

ACHILLES.    By  the  late  J.  H.   PRATT,  M.A.,  and  WALTER  LEAF,  LittD., 

Fellows  of  Trinity  College,  Cambridge.     6s. 
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ODYSSEY.     BOOK  IX.    By  Prof.  JOHN  B.  B.  MAYOR.     2s.  6d. 

ODYSSEY.    BOOKS  XXL— XXIV.    THE  TRIUMPH  OP  ODYSSEUS     By  S. 

Q.  HAMILTON,  B.A.,  Fellow  of  Hertford  College,  Oxford.     3s.  6d. 
HORACE.— THE  ODES.     By  T.  E.  PAGE,  M.A.,  Assistant  Master  at  the  Charter- 
house.    6s.     (BOOKS  L,  II.,  III.,  and  IV.  separately,  2s.  each). 
THE  SATIRES.    By  ARTHUR  PALMER,  M.  A.,  Professor  of  Latin  in  the  University 

of  Dublin.     6s. 
THE  EPISTLES  AND  ARS  POETICA.     By  A.  S.  WILKINS,  Litt.D.,  Professor 

of  Latin  in  the  Owens  College,  Victoria  University,  Manchester.    6s. 
ISAEOS.— THE  ORATIONS.     By  WILLIAM  RIDGEWAY,  M.A.,  Professor  of  Greek 
in  Queen's  College,  Cork.  [In  preparation. 

JTJVENAL.— THIRTEEN  SATIRES.    By  E.  G.  HARDY,  M.A.    5s.     The  Text  is 

carefully  expurgated  for  School  use. 
SELECT  SATIRES.      By  Prof.   JOHN  E.  B.   MAYOR.      X.    and   XI.      3s.  6d. 

XII.— XVI.    4s.  6d. 

UVY.    BOOKS  II.  and  III.     By  Rev.  H.  M.  STEPHENSON,  M.A.    5s. 
BOOKS  XXI.  and  XXII.     By  Rev.  W.  W.  CAPES,  M.A.     With  Maps.    5s. 
BOOKS  XXIII.  and  XXIV.     By  G.  C.  MACATJLAY,  M.A.    With  Maps.    5s. 
THE  LAST  TWO  KINGS  OF  MACEDON.     EXTRACTS  FROM  THE  FOURTH 
AND  FIFTH  DECADES  OF  LIVY.      By  F.  H.  RAWLINS,  M.A.,  Assistant 
Master  at  Eton.    With  Maps.    3s.  6d. 

THE  SUBJUGATION  OF  ITALY.    SELECTIONS  FROM  THE  FIRST  DECADE. 

By  G.  E.  MARINDIN,  M.A.  [In  preparation. 

LUCRETIUS.— BOOKS  I.— III.       By  J.  H.  WARBURTON  LEE,  M.A.,  Assistant 

.  Master  at  Rossall.    4s.  6d. 

LYSIAS.— SELECT  ORATIONS.    By  E.  S.  SHUCKBURGH,  M.A.     6s. 
MARTIAL.— SELECT  EPIGRAMS.     By  Rev.  H.  M.  STEPHENSON,  M.A.     6s.  6d. 
OVID.— FASTI.     By  G.  H.  HALLAM,  M.A.,  Assistant  Master  at  Harrow.    With 

Maps.     5s. 

HEROIDUM  EPISTULJl  XIII.     By  E.  S.  SHUCKBURGH,  M.A.    4s.  6d. 
METAMORPHOSES.    BOOKS  L— III.     By  C.  SIMMONS,  M.A.    [In  preparation. 
BOOKS  XIII.  and  XIV.     By  the  same  Editor.    4s.  6d. 
PLATO.— LACHES.     By  M.  T.  TATHAM,  M.A.     2s.  6d. 
THE  REPUBLIC.     BOOKS  L— V.    By  T.  H.  WARREN,  M.A.,  President  of 

Magdalen  College,  Oxford.     6s. 
PLAUTUS.— MILES  GLORIOSUS.     By  R.  W.  TYRRELL,  M.A.,  Regius  Professor  of 

Greek  in  the  University  of  Dublin.     2d  Ed.,  revised.    5s. 
AMPHITRUO.     By  ARTHUR  PALMER,  M.A.,  Professor  of  Latin  in  the  University 

of  Dublin.    5s. 
PLINY.— LETTERS.     BOOKS  I.  and  II.     By  J.  COWAN,  M.A.,  Assistant  Master 

at  the  Manchester  Grammar  School.     5s. 
LETTERS.     BOOK  III.     By  Prof.  JOHN  E.  B.  MAYOR.     With  Life  of  Pliny  by 

G.  H.  RENDALL,  M.A.     5s. 
PLUTARCH.— LIFE  OF  THEMISTOKLES.    By  Rev.  H.  A.  HOLDEN,  LittD.    5s. 

LIVES  OF  GALBA  AND  OTHO.     By  E.  G.  HARDY,  M.A.     6s. 
POLYBIUS.— THE  HISTORY  OF  THE  ACHAEAN  LEAGUE  AS  CONTAINED  IN 

THE  REMAINS  OF  POLYBIUS.     By  W.  W.  CAPES,  M.A.     6s.  6d. 
PROPERTIUS.— SELECT  POEMS.     By  Prof.  J.  P.  POSTGATE,  Litt.D.,  Fellow  of 

Trinity  College,  Cambridge.    2d  Ed.,  revised.    6s. 
SALLUST.— CATILINA  and  JUGURTHA.    By  C.  MERIVALE,  D.D.,  Dean  of  Ely. 

4s.  6d.     Or  separately,  2s.  6d.  each. 
BELLUM  CATULIN^B.     By  A.  M.  COOK,  M.A.,  Assistant  Master  at  St.  Paul's 

School.    4s.  6d. 

JUGURTHA.    By  the  same  Editor.  [In  preparation. 

TACITUS.— THE  ANNALS.    BOOKS  I.  and  II.    By  J.  S.  REID,  LittD. 

[In  preparation. 

THE  ANNALS.     BOOK  VI.    By  A.  J.  CHURCH,  M.A.,  and  W.  J.  BRODRIBB 
M.A.    2s.  6d. 
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THE  HISTORIES.     BOOKS  I.  and  II.     By  A.  D.  GODLEY,  M.A.,  Fellow  of 

Magdalen  College,  Oxford.     5s.     BOOKS  III.-V.    By  the  same.    5s. 
AGRICOLA  and  GERMANIA.     By  A.  J.  CHURCH,  M.A.,  and  W.  J.  BRODBIBB, 

M.A.    3s.  6d.     Or  separately,  2s.  each. 
TERENCE.— HAUTON   TIMOR UMENOS.      By  E.  S.  SHUCKBURGH,  M.A.     3s. 

With  Translation.     4s.  6d. 

PHORMIO.    By  Rev.  JOHN  BOND,  M.A.,  and  Rev.  A.  S.  WALPOLE,  M.A.    4s.  6d. 
THUCYDIDES.— BOOK  I.     By  C.  BRYANS,  M.A.  [In preparation. 

BOOK  II.     By  E.  C.  MARCHANT,  M.A.,  Assistant  Master  at  St.  Paul's  School. 

[In  preparation, 

BOOK  III.     By  C.  BRYANS.  [In  preparation. 

BOOK  IV.    By  C.  E.  GRAVES,  M.A.,  Classical  Lecturer  at  St.  John's  College, 

Cambridge.     5s. 

BOOK  V.     By  the  same  Editor.  [In  the  Press. 

BOOKS  VI.  AND  VII.      THE  SICILIAN  EXPEDITION.     By  Rev.  PERCIVAL 

FROST,  M.A.     "With  Map.     5s. 

BOOK  VIII.     By  Prof.  T.  G.  TUCKER,  M.A.  [In  preparation. 

TIBULLUS.— SELECT  POEMS.    By  Prof.  J.  P.  POSTDATE,  Litt.D.  [In  preparation. 
VIRGIL.-^NEID.      BOOKS   II.  AND  III.      THE   NARRATIVE   OF  TINEAS. 

By  E.  W.  HOWSON,  M.A.,  Assistant  Master  at  Harrow.     3s. 
XENOPHON.— THE  ANABASIS.     BOOKS  I. -IV.     By  Profs.  W.  W.  GOODWIN 

and  J.  W.  WHITE.     Adapted  to  Goodwin's  Greek  Grammar.     With  Map.    5s. 
HELLENICA.     BOOKS  I.  AND  II.    ByH.  HAILSTONE,  B.A.    With  Map.   4s.  6d. 
CYROP^DIA.     BOOKS  VII.  AND  VIII.     By  A.  GOODWIN,  M.A.,  Professor  of 

Classics  in  University  College,  London.     5s. 
MEMORABILIA  SOCRATIS.    By  A.  R.  CLUER,  B.A.,  Balliol  College,  Oxford. 

6s. 

HIERO.     By  Rev  H.  A.  HOLDEN,  Litt.D.,  LL.D.     3s.  6d. 
OECONOMICUS.    By  the  same.    With  Lexicon.    6s. 

CLASSICAL   LIBRARY. 

Texts,  Edited  with  Introductions  and  Notes,   for  tlie  use  of 
Advanced  Students  ;  Commentaries  and  Translations. 

AESCHYLUS.— THE  SUPPLICES.     A  Revised  Text,  with  Translation.     By  T. 

G.  TUCKER,  M.A.,  Professor  of  Classical  Philology  in  the  University  of  Mel- 
bourne.    8vo.     10s.  6d. 
THE  SEVEN  AGAINST  THEBES.     With  Translation.      By  A.  W.  VERRALL, 

Litt.D.,  Fellow  of  Trinity  College,  Cambridge.     8vo.     7s.  6d. 
AGAMEMNON.    With  Translation.    By  A  W.  VERRALL,  Litt.D.    8vo.     12s. 
AGAMEMNON,   CHOEPHORCE,  AND   EUMENIDES.     By  A.  O.  PRICKARD, 

M.A.,  Fellow  and  Tutor  of  New  College,  Oxford.    8vo.  [In  preparation. 

THE  EUMENIDES.     With  Verse  Translation.     By  BERNARD  DRAKE,  M.A. 

Svo.    5s. 
ANTONINUS,  MARCUS  AURELIUS.— BOOK  IV.   OF  THE  MEDITATIONS. 

With  Translation.     By  HASTINGS  CROSSLEY,  M.A.     Svo.     6s. 
ARISTOTLE.— THE  METAPHYSICS.     BOOK  I.    Translated   by  a  Cambridge 

Graduate.     Svo.    5s. 
THE  POLITICS.    By  R.  D.  HICKS,  M.A.,  Fellow  of  Trinity  College,  Cambridge. 

Svo.  [In  the  Press. 

THE  POLITICS.    Translated  by  Rev.  J.  E.  C.  WELLDON,  M.A.,  Headmaster  of 

Harrow.     Cr.  Svo.    10s.  6d. 

THE  RHETORIC.    Translated  by  the  same.     Cr.  Svo.     7s.  6d. 
AN  INTRODUCTION  TO  ARISTOTLE'S  RHETORIC.     With  Analysis,  Notes, 

and  Appendices.     By  E.  M.  COPE,  Fellow  and  late  Tutor  of  Trinity  College, 

Cambridge.    Svo.    14s. 
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THE  ETHICS.    Translated  by  Rev.  J.  E.  C.  WELLDON,  M.A.    Or.  8vo. 

[In  preparation. 
THE  SOPHISTICI  ELENCHI.    With  Translation.    By  E.  POSTE,  M.A.,  Fellow 

of  Oriel  College,  Oxford.    Svo.     8s.  6d. 

ARISTOPHANES.— THE  BIRDS.  Translated  into  English  Verse.  By  B.  H. 
KENNEDY,  D.D.  Cr.  Svo.  6s.  Help  Notes  to  the  Same,  for  the  Use  of 
Students.  Is.  6d. 

ATTIC  pRATORS.— FROM  ANTIPHON  TO  ISAEOS.     By  R.  C.  JEBB,  Litt.D., 
Regius  Professor  of  Greek  in  the  University  of  Cambridge.     2  vols.    Svo.    25s. 
BABRIUS.— With  Lexicon.     By  Rev.  W.  G.  RUTHERFORD,  M.A.,  LL.D.,  Head- 
master of  Westminster.    Svo.     12s.  6d. 
CICERO.— THE  ACADEMIC  A.     By  J.  S.  REID,  Litt.D.,  Fellow  of  Caius  College, 

Cambridge.     Svo.     15s. 

THE  ACADEMICS.    Translated  by  the  same.    Svo.    5s.  6d. 
SELECT  LETTERS.     After  the  Edition  of  ALBERT  WATSON,  M.A.     Translated 
by  G.  E.  JEANS,  M.A.,  Fellow  of  Hertford  College,  Oxford.    Cr.  Svo.     10s.  6d. 
EURIPIDES.— MEDEA.    Edited  by  A.  W.  VERRALL,  Litt.D.     Svo.    7s.  6d. 
IPHIGENIA  IN  AULIS.    Edited  by  E.  B.  ENGLAND,  M.A.    Svo.    [In  the  Press. 
INTRODUCTION  TO  THE  STUDY  OF  EURIPIDES.      By  Professor  J.  P. 

MAHAFFY.     Fcap.  Svo.     Is.  6d.    (Classical  Writers). 

HERODOTUS.— BOOKS  I.-III.  THE  ANCIENT  EMPIRES  OF  THE  EAST. 
Edited  by  A.  H.  SAYCE,  Deputy- Professor  of  Comparative  Philology,  Oxford. 
Svo.  16s. 

BOOKS  IV. -IX.     Edited  by  R.  W.  MACAN,  M.A.,  Lecturer  in  Ancient  History  at 

Brasenose  College,  Oxford.    Svo.  [In  preparation. 

THE  HISTORY.    Translated  by  G.  C.  MACAULAY,  M.A.     2  vols.     Cr.  Svo.     18s. 

HOMER.— THE  ILIAD.     By  WALTER  LEAF,  LittD.    Svo.    Books  I.-XII.     14s 

Books  XIII.-XXIV.     14s. 
THE  ILIAD.    Translated  into  English  Prose  by  ANDREW  LANG,  M.A.,  WALTER 

LEAF,  Litt.D.,  and  ERNEST  MYERS,  M.A.     Cr.  Svo.     12s.  6d. 
THE   ODYSSEY.     Done  into  English  by  S.  H.  BUTCHER,  M.A.,  Professor  of 
Greek  in  the  University  of  Edinburgh,  and  ANDREW  LANG,  M.A.    Cr.  Svo.    6s. 
INTRODUCTION  TO  THE  STUDY  OF  HOMER.    By  the  Right  Hon.  W.  E. 

GLADSTONE.    ISmo.     Is.    (Literature  Primers.) 
HOMERIC  DICTIONARY.    Translated  from  the  German  of  Dr.  G.  AUTENRIETH 

by  R.  P.  KEEP,  Ph.D.     Illustrated.    Cr.  Svo.    6s. 

HORACE.— Translated  by  J.  LONSDALE,  M.A.,  and  S.  LEE,  M.A.    Gl.  Svo.    3s.  6d. 
STUDIES,  LITERARY  AND  HISTORICAL,  IN  THE  ODES  OF   HORACE. 

By  A.  W.  VERRALL,  Litt.D.     Svo.   8s.  6d. 

JUVENAL.— THIRTEEN  SATIRES  OF  JUVENAL.      By  JOHN  E.  B.  MAYOR, 
M.A.,  Professor  of  Latin  in  the  University  of  Cambridge.    Cr.  Svo.     2  vols. 
10s.  6d.  each.    Vol.  I.     10s.  6d.    Vol.  II.     10s.  6d. 
THIRTEEN  SATIRES.     Translated  by  ALEX.  LEEPER,  M.A.,  LL.D.,  Warden  of 

Trinity  College,  Melbourne.    Cr.  Svo.     3s.  6d. 
KTESIAS.— THE  FRAGMENTS  OF  THE  PERSIKA  OF  KTESIAS.     By  JOHN 

GILMORE,  M.A.    Svo.    8s.  6d. 
LIVY.— BOOKS  I.-IV.    Translated  by  Rev.  H.  M.  STEPHENSON,  M.A. 

[In  preparation. 
BOOKS,  XXI.-XXV.    Translated  by  A.  J.  CHURCH,  M.A.,  and  W.  J.  BRODRIBB, 

M.A.    Cr.  Svo.     7s.  6d. 
INTRODUCTION  TO  THE  STUDY  OF  LIVY.    By  Rev.  W.  W.  CAPES,  M.A. 

Fcap.  Svo.     Is.  6d.    (Classical  Writers.) 

MARTIAL.— BOOKS  I.  AND  II.  OF  THE  EPIGRAMS.  By  Prof.  JOHN  E.  B. 
MAYOR,  M.A.  Svo.  [In  the  Press. 

PAUSANIAS.— DESCRIPTION  OF  GREECE.  Translated  with  Commentary 
by  J.  G.  FRAZER,  M.  A.,  Fellow  of  Trinity  College,  Cambridge. 

[In  preparation. 


8  CLASSICS 

PHRYNICHUS.— THE  NEW  PHRYNICHUS  ;  being  a  Revised  Text  of  the  Ecloga 
of  the  Grammarian  Phrynichus.    With  Introduction  and  Commentary  by  Rev. 
W.  G.  RUTHERFORD,  M.A.,  LL.D.,  Headmaster  of  Westminster.    8vo.    18s. 
PINDAR.— THE  EXTANT  ODES  OF  PINDAR.     Translated  by  ERNEST  MYERS, 

M.A.     Or.  8vo.     5s. 

THE  OLYMPIAN  AND  PYTHIAN  ODES.  Edited,  with  an  Introductory 
Essay,  by  BASIL  GILDERSLEEVE,  Professor  of  Greek  in  the  Johns  Hopkins 
University,  U.S.A.  Or.  8vo.  7s.  6d. 

THE    NEMEAN    ODES.    By  J.  B.  BURY,  M.A.,   Fellow  of  Trinity  College, 

Dublin.     8vo.  [In  the  Press. 

PLATO.— PHjEDO.     By  R.  D.  ARCHER-HIND,  M.A.,  Fellow  of  Trinity  College, 

Cambridge.    8vo.     8s.  6d. 
PH-33DO.    By  W.  D.  GEDDES,  LL.D.,  Principal  of  the  University  of  Aberdeen. 

8vo.    8s.  6d. 

TIMAEUS.    With  Translation.     By  R.  D.  ARCHER-HIND,  M.A.    8vo.     16s. 
THE  REPUBLIC  OF  PLATO.     Translated  by  J.  LL.  DAVIES,  M.A.,  and  D.  J. 

VAUQHAN,  M.A.    18mo.    4s.  6d. 
EUTHYPHRO,   APOLOGY,   CRITO,   AND    PHJEDO.      Translated   by  F.  J. 

CHURCH.    18mo.    4s.  6d. 
PHJ1DRUS,  LYSIS,  AND  PROTAGORAS.     Translated  by  J.  WRIGHT,  M.A. 

18mo.     4s.  6d. 

FLAUTUS.— THE  MOSTELLARIA.  By  WILLIAM  RAMSAY,  M.A.  Edited  by 
G.  G.  RAMSAY,  M.A.,  Professor  of  Humanity  in  the  University  of  Glasgow. 
8vo.  14s. 

PLINY.— CORRESPONDENCE  WITH  TRAJAN.  C.  Plinii  Caecilii  Secundi 
Epistulse  ad  Traianum  Imperatorem  cum  Eiusdem  Responsis.  By  E.  G. 
HARDY,  M.A.  8vo.  10s.  6d. 

POLYBIUS.— THE  HISTORIES  OF  POLYBIUS.     Translated  by  E.  8.  SHUCK- 
BURGH,  M.A.     2  vols.     Cr.  8vo.     24s. 
SALLUST.— CATILINE  AND  JUGURTHA.    Translated  by  A.  W.  POLLARD,  B.A. 

Cr.  8vo.     6s.    THE  CATILINE  (separately).     3s. 
SOPHOCLES— (EDIPUS  THE  KING.    Translated  into  English  Verse  by  E.  D.  A, 

MORSHEAD,  M.A.,  Assistant  Master  at  Winchester.     Fcap.  8vo.    3s.  6d. 
TACITUS.— THE  ANNALS.     By  G.  O.  HOLBROOKE,  M.A.,  Professor  of  Latin  in 

Trinity  College,  Hartford,  U.S.A.     With  Maps.     8vo.     16s. 
THE  ANNALS.     Translated  by  A.  J.  CHURCH,  M.A.,  and  W.  J.  BRODRIBB,  M.A. 

With  Maps.    Cr.  8vo.    7s.  6d. 

THE  HISTORIES.    By  Rev.  W.  A.  SPOONER,  M.A.,  Fellow  of  New  College, 

Oxford.     8vo.  [In  the  Press. 

THE  HISTORY.    Translated  by  A.  J.  CHURCH,   M.A.,  and  W.  J.  BRODRIBB, 

M.A.     With  Map.     Cr.  8vo.    6s. 

THE  AGRICOLA  AND  GERMANY,  WITH  THE  DIALOGUE  ON  ORATORY. 
Translated  by  A.  J.  CHURCH,  M.A.,  and  W.  J.  BRODRIBB,  M.A.     With  Maps.. 
Cr.  8vo.    4s.  6d. 
INTRODUCTION  TO  THE  STUDY  OF  TACITUS.     By  A.  J.  CHURCH,  M.A., 

and  W.  J.  BRODRIBB,  M.A.     Fcap.  Svo.     Is.  6d.    (Classical  Writers.) 
THEOCRITUS,  BION,  AND  MOSCHUS.    Translated  by  A.  LANG,  M.A.     18mo 
4s.  6d. 

***  Also  an  Edition  on  Large  Paper.    Cr.  Svo.    9s. 

THUCYDIDES.— BOOK  IV.    A  Revision  of  the  Text,  Illustrating  the  Principal 
Causes  of  Corruption  in  the  Manuscripts  of  this  Author.     By  Rev.  W.  G. 
RUTHERFORD,  M.A.,  LL.D.,  Headmaster  of  Westminster.    Svo.    7s.  6d. 
BOOK  VIII.    By  H.  C.  GOODHART,  M.A.,  Fellow  of  Trinity  College,  Cambridge. 

[In  the  Press. 

VIRGIL.— Translated  by  J.  LONSDALE,  M.A.,  and  S.  LEE,  M.A.     Gl.  Svo.     3s.  6d. 
THE    ^NEID.    Translated  by  J.  W.  MACKAIL,  M.A.,  Fellow  of  Balliol  College, 

Oxford.     Cr.  Svo.    7s.  6d. 

XENOPHON.— Translated  by  H.  G.  DAKYNS,  M.A.  In  four  vols.  Vol.  I.,  con- 
taining "The  Anabasis"  and  Books  I.  and  II.  of  "The  Hellenica."  Cr.  Svo, 
10s.  6d.  [Vol.  II.  in  the  Press, 
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BELCHER.— SHORT   EXERCISES   IN  LATIN  PROSE   COMPOSITION  AND 
EXAMINATION   PAPERS   IN  LATIN  GRAMMAR.     Part  I.     By  Rev.    H. 
BELCHER,  LL.D.,  Rector  of  the  High  School,  Dunedin,  N.Z.     18mo.     Is.  6d. 
KEY,  for  Teachers  only.    18mo.    3s.  6d. 

Part  II.,  On  the  Syntax  of  Sentences,  with  an  Appendix,  including  EXERCISES 
IN  LATIN  IDIOMS,  etc.     18mo.    2s.     KEY,  for  Teachers  only.     18mo.    3s. 
BLACKIE.— GREEK  AND  ENGLISH  DIALOGUES  FOR  USE  IN  SCHOOLS 
AND  COLLEGES.    By  JOHN  STUART  BLACKIE,  Emeritus  Professor  of  Greek 
in  the  University  of  Edinburgh.    New  Edition.     Fcap.  8vo.    2s.  6d. 
BEYANS.— LATIN   PROSE   EXERCISES  BASED  UPON  CAESAR'S  GALLIC 
WAR.     With  a  Classification  of  Caesar's  Chief  Phrases  and  Grammatical  Notes 
on  Caesar's  Usages.    By  CLEMENT  BRYANS,  M.A.,  Assistant  Master  at  Dulwich 
College.     Ex.  fcap.    8vo.    2s.  6d.     KEY,  for  Teachers  only.    4s.  6d. 
GREEK  PROSE  EXERCISES  based  upon  Thucydides.     By  the  same. 

[In  preparation. 

OOOKSON.— A  LATIN  SYNTAX.    By  CHRISTOPHER  COOKSON,  M.A.,  Assistant 

Master  at  St.  Paul's  School.    8vo.  [In  preparation. 

CORNELL  UNIVERSITY  STUDIES  IN  CLASSICAL  PHILOLOGY.    Edited  by 

1.  FLAOO,  W.  G.  HALE,  and  B.  I.  WHEELER.    I.  The  CUM -Constructions :  their 
History  and  Functions.     By  W.  G.  HALE.    Part  1.  Critical.     Is.  8d.  nett.     Part 

2.  Constructive.     3s.  4d.  nett.     II.  Analogy  and  the  Scope  of  its  Application 
in  Language.     By  B.  I.  WHEELER.    Is.  3d.  nett. 

EICKE.— FIRST  LESSONS  IN  LATIN.    By  K.  M.  EICKE,  B.A.,  Assistant  Master 

at  Oundle  School.     Gl.  8vo.     2s.  6d. 
ENGLAND.— EXERCISES  ON  LATIN  SYNTAX  AND   IDIOM.     ARRANGED 

WITH   REFERENCE  TO   ROBY'S  SCHOOL  LATIN  GRAMMAR.     By  E. 

B.  ENGLAND,  Assistant  Lecturer  at  the  Owens  College,  Victoria  University, 

Manchester.     Cr.  8vo.     2s.  6d.     KEY,  for  Teachers  only.     2s.  6d. 
GILES.— A  MANUAL  OF  GREEK  AND  LATIN  PHILOLOGY.     By  P.  GILES, 

M.A.,  Fellow  of  Gonville  and  Caius  College,  Cambridge.    Cr.  8vo. 

[In  the  Press. 
GOODWIN.— Works  by  W.  W.  GOODWIN,  LL.D.,  D.C.L.,  Professor  of  Greek  in 

Harvard  University,  U.S.A. 
SYNTAX  OF  THE  MOODS  AND  TENSES  OF  THE  GREEK  VERB.    New 

Ed.,  revised  and  enlarged.    8vo.    14s. 
A  GREEK  GRAMMAR.     Cr.  8vo.     6s. 
A  GREEK  GRAMMAR  FOR  SCHOOLS.     Cr.  8vo.    3s.  6d. 
GREENWOOD.— THE  ELEMENTS  OF  GREEK  GRAMMAR.    Adapted  to  the 

System  of  Crude  Forms.      By  J.  G.  GREENWOOD,  sometime  Principal  of  the 

Owens  College,  Manchester.     Cr.  8vo.     5s.  6d. 
HADLEY    AND    ALLEN.— A    GREEK    GRAMMAR    FOR    SCHOOLS    AND 

COLLEGES.    By  JAMES  HADLEY,  late  Professor  in  Yale  College.     Revised 

and  in  part  rewritten  by  F.  DE  F.  ALLEN,  Professor  in  Harvard  College. 

Cr.  8vo.    6s. 
HODGSON.— MYTHOLOGY  FOR  LATIN  VERSIFICATION.    A  brief  sketch  of 

the  Fables  of  the  Ancients,  prepared  to  be  rendered  into  Latin  Verse  for 

Schools.    By  F.  HODGSON,  B.D.,  late  Provost  of  Eton.    New  Ed.,  revised  by 

F.  C.  HODGSON,  M.A.     18mo.    3s. 
JACKSON.— FIRST  STEPS  TO  GREEK  PROSE  COMPOSITION.     By  BLOMFIELD 

JACKSON,  M.A.,  Assistant  Master  at  King's  College  School.    18mo.    Is.  6d. 

KEY,  for  Teachers  only.    18mo.    3s.  6d. 
SECOND  STEPS  TO  GREEK  PROSE   COMPOSITION,   with  Miscellaneous 

Idioms,  Aids  to  Accentuation,  and  Examination  Papers  in  Greek  Scholarship. 

By  the  same.    ISmo.    2s.  6d.    KEY,  for  Teachers  only.     18mo.    3s.  6d. 
KYNASTON.— EXERCISES    IN    THE    COMPOSITION   OF    GREEK   IAMBIC 

VERSE  by  Translations  from  English  Dramatists.    By  Rev.  H.  KYNASTON, 

D.D.,  Professor  of  Classics  in  the  University  of  Durham.    With  Vocabulary 

Ex.  fcap.    8vo.    5s. 
KEY,  for  Teachers  only.    Ex.  fcap.  8vo.    4s.  6d. 
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LUPTON.--AN    INTRODUCTION   TO   LATIN   ELEGIAC   VERSE   COMPOSI- 
TION.    By  J.  H.  LUPTON,  Sur-Master  of  St.  Paul's  School.     Gl.    8vo.     2s.  6d. 
KEY  TO  PART  II.  (XXV.— C.)    Gl.  8vo.     3s.  6d. 
AN  INTRODUCTION  TO  LATIN  LYRIC  VERSE  COMPOSITION.     By  the 

same.     Gl.  8vo.     3s.     KEY,  for  Teachers  only.    Gl.  8vo.     4s.  6d. 
MACKIE.— PARALLEL    PASSAGES    FOR    TRANSLATION    INTO    GREEK 
AND  ENGLISH.     With  Indexes.     By  Rev.  ELLIS  C.  MACKIE,  M.A.,  Classical 
Master  at  Heversham  Grammar  School.     Gl.  8vo.    4s.  6d. 
MACMILLAN.— FIRST    LATIN    GRAMMAR.       By  M.    C.    MACMILLAN,    M.A. 

Fcap.  8vo.     Is.  6d. 
MACMILLAN'S  GREEK  COURSE.— Edited  by  Rev.  W.  G.  RUTHERFORD,  M.A., 

LL.D.,  Headmaster  of  Westminster.     Gl.  8vo. 
FIRST  GREEK  GRAMMAR-ACCIDENCE.     By  the  Editor.     2s. 
FIRST  GREEK  GRAMMAR— SYNTAX.     By  the  same.     2s. 
ACCIDENCE  AND  SYNTAX.     In  one  volume.     3s.  6d. 
EASY  EXERCISES  IN  GREEK  ACCIDENCE.     By  H.  G.  UNDERBILL,  M.A.. 

Assistant  Master  at  St.  Paul's  Preparatory  School.     2s. 
A  SECOND   GREEK   EXERCISE    BOOK.     By    Rev.    W.  A.    HEARD,    M.A., 

Headmaster  of  Fettes  College,  Edinburgh.    2s.  6d. 

MANUAL  OF  GREEK  ACCIDENCE.     By  the  Editor.  [In  preparation. 

MANUAL  OF  GREEK  SYNTAX.     By  the  Editor.  [In  preparation. 

ELEMENTARY  GREEK  COMPOSITION.     By  the  Editor.         [In  preparation. 

MACMILLAN'S  GREEK  READER.— STORIES  AND  LEGENDS.    A  First  Greek 

Reader,  with  Notes,  Vocabulary,  and  Exercises.     By  F.  H.  COLSON,    M.A., 

Headmaster  of  Plymouth  College.     Gl.  8vo.     3s. 

MACMILLAN'S  LATIN  COURSE.— By  A.  M.  COOK,  M.A.,  Assistant  Master  at 
St.  Paul's  School.  First  Part.  Gl.  8vo.  3s.  6d.  Second  Part.  2s.  6d. 

[Third  Part  in  preparation. 
MACMILLAN'S  SHORTER  LATIN  COURSE.— By  A.  M.  COOK,  M.A.     Being  an 

abridgment  of  "Macmillan's  Latin  Course,"  First  Part.     Gl.  8vo.     Is.  6d. 
MACMILLAN'S  LATIN  READER.— A  LATIN  READER   FOR    THE  LOWER 
FORMS  IN  SCHOOLS.     By  H.  J.  HARDY,  M.A.,  Assistant  Master  at  Win- 
chester.   Gl.  8vo.     2s.  6d. 

MARSHALL.— A  TABLE  OF  IRREGULAR  GREEK  VERBS,  classified  according 
to  the  arrangement  of  Curtius's  Greek  Grammar.     By  J.  M.  MARSHALL,  M.A., 
Headmaster  of  the  Grammar  School,  Durham.     8vo.     Is. 
MAYOR.— FIRST  GREEK  READER.    By  Prof.  JOHN  E.  B.  MAYOR,  M.A.,  Fellow 

of  St.  John's  College,  Cambridge.     Fcap.  8vo.    4s.  6d. 

MAYOR.— GREEK  FOR  BEGINNERS.— By  Rev.  J.  B.  MAYOR,  M.A.,  late 
Professor  of  Classical  Literature  in  King's  College,  London.  Part  I.,  with 
Vocabulary,  Is.  6d.  Parts  II.  and  III.,  with  Vocabulary  and  Index.  Fcap. 
8vo.  3s.  6d.  Complete  in  one  Vol.  4s.  6cl. 

NIXON.— PARALLEL  EXTRACTS,  Arranged  for  Translation  into  English  and 
Latin,  with  Notes  on  Idioms.  By  J.  E.  NIXON,  M.A.,  Fellow  and  Classical 
Lecturer,  King's  College,  Cambridge.  Part  I.— Historical  and  Epistolary. 
Cr.  8vo.  3s.  6d. 

PROSE  EXTRACTS,  Arranged  for  Translation  into  English  and  Latin,  with 
General  and  Special  Prefaces  on  Style  and  Idiom.  By  the  same.  I.  Oratorical. 
II.  Historical.  III.  Philosophical.  IV.  Anecdotes  and  Letters.  2d  Ed., 
enlarged  to  280  pp.  Cr.  8vo.  4s.  6d. 

SELECTIONS  FROM  PROSE  EXTRACTS,  including  Easy  Anecdotes  and 
Letters  and  Notes  and  Hints.  By  the  same.  120  pp.  3s. 

Translations  of  about  70  Extracts  can  be  supplied  to  Schoolmasters  (2s.  6d.), 
on  application  to  the  Author  :  and  about  40  similarly  of  "Parallel  Extracts," 
Is.  6d.  post  free. 
PANTIN.— A  FIRST   LATIN  VERSE   BOOK.     By    W.    E.    P.    PANTIN,  M.A., 

Assistant  Master  at  St.  Paul's  School.     Gl.  8vo.    Is.  6d. 

PEILE.— A  PRIMER  OF  PHILOLOGY.  By  J.  PEILE,  Litt.  D.,  Master  of  Christ's 
College,  Cambridge.  18mo.  Is. 
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POSTGATE.— SERMO  LATINUS.  A  short  Guide  to  Latin  Prose  Composition. 
By  Prof.  J.  P.  POSTDATE,  Litt.D.,  Fellow  of  Trinity  College,  Cambridge.  Gl. 
8vo.  2s.  6d.  KEY  to  "  Selected  Passages."  Gl.  8vo.  3s.  6d. 

POSTGATE  AND  VINCE.— A  DICTIONARY  OF  LATIN  ETYMOLOGY.  By 
J.  P.  POSTDATE  and  C.  A.  VINCE.  [In  preparation. 

POTTS.— HINTS  TOWARDS  LATIN  PROSE  COMPOSITION.    By  A.  W.  POTTS, 

M.A.,  LL.D.,  late  Fellow  of  St.  John's  College,  Cambridge.    Ex.  fcap.  Svo.   3s. 

PASSAGES  FOR  TRANSLATION  INTO  LATIN  PROSE.     Edited  with  Notes 

and  References  to  the  above.    Ex.  fcap.  Svo.    2s.  6d.     KEY,  for  Teachers  only. 

2s.  6d. 

PRESTON.— EXERCISES  IN  LATIN  VERSE  OF  VARIOUS  KINDS.  By  Rev. 
G.  PRESTON.  Gl.  Svo.  2s.  6d.  KEY,  for  Teachers  only.  Gl.  Svo.  5s. 

REID.— A  GRAMMAR  OF  TACITUS.    By  J.  S.  REID,  Litt.  D.,  Fellow  of  Caius 

College,  Cambridge.  [In  the  Press. 

A  GRAMMAR  OF  VIRGIL.     By  the  same.  [In  preparation. 

ROSY.— Works  by  H.  J.  ROSY,  M.A.,  late  Fellow  of  St.  John's  College,  Cambridge. 
A  GRAMMAR  OF  THE  LATIN  LANGUAGE,  from  Plautus  to  Suetonius.     Part 
I.      Sounds,  Inflexions,  Word-formation,   Appendices.   Cr.  Svo.    9s.    Part  II. 
Syntax,  Prepositions,  etc.     10s.  6d. 
SCHOOL  LATIN  GRAMMAR.    Cr.  Svo.    5s. 

RUSH.— SYNTHETIC  LATIN  DELECTUS.  With  Notes  and  Vocabulary.  By  E. 
RUSH,  B.A.  Ex.  fcap.  Svo.  2s.  6d. 

RUST.— FIRST  STEPS  TO  LATIN  PROSE  COMPOSITION.  By  Rev.  G.  RUST, 
M.A.  18mo.  Is.  6d.  KEY,  for  Teachers  only.  By  W.  M.  YATES.  ISmo. 
3s.  6d. 

RUTHERFORD. —Works  by  the  Rev.  W.  G.  RUTHERFORD,  M.A.,  LL.D.,  Head- 
master of  Westminster. 

REX  LEX.  A  Short  Digest  of  the  principal  Relations  between  the  Latin, 
Greek,  and  Anglo-Saxon  Sounds.  Svo.  [In  preparation. 

THE  NEW  PHRYNICHUS ;  being  a  Revised  Text  of  the  Ecloga  of  the  Gram- 
marian Phrynichus.  With  Introduction  and  Commentary.  Svo.  18s.  (See 
also  Macmillan's  Greek  Course.) 

SHUCKBURGH.— PASSAGES  FROM  LATIN  AUTHORS  FOR  TRANSLATION 
INTO  ENGLISH.  Selected  with  a  view  to  the  needs  of  Candidates  for  the 
Cambridge  Local,  and  Public  Schools'  Examinations.  By  E.  S.  SHUCKBURGH, 
M.A.  Cr.  Svo.  2s. 

SIMPSON.  — LATIN  PROSE  AFTER  THE  BEST  AUTHORS:  Csesarian  Prose. 
By  F.  P.  SIMPSON,  B.A.  Ex.  fcap.  Svo.  2s.  6d.  KEY,  for  Teachers  only. 
Ex.  fcap.  Svo.  5s. 

STRACHAN  AND  WILKINS.— ANALECTA.  Selected  Passages  for  Translation. 
By  J.  S.  STRACHAN,  M.A.,  Professor  of  Greek,  and  A.  S.  WILKINS,  Litt.  D., 
Professor  of  Latin  in  the  Owens  College,  Manchester.  Cr.  Svo.  5s. 

THRING.— Works  by  the  Rev.  E.  THRING,  M.A.,  late  Headmaster  of  Uppingham. 
A  LATIN  GRADUAL.    A  First  Latin  Construing  Book  for  Beginners.    With 

Coloured  Sentence  Maps.    Fcap.  Svo.     2s.  6d. 
A  MANUAL  OF  MOOD  CONSTRUCTIONS.     Fcap.  Svo.     Is.  6d. 

WELCH  AND  DUFFIELD.  —  LATIN  ACCIDENCE  AND  EXERCISES  AR- 
RANGED FOR  BEGINNERS.  By  W.  WELCH  and  C.  G.  DUFFIELD, 
Assistant  Masters  at  Cranleigh  School.  ISmo.  Is.  6d. 

WHITE.— FIRST  LESSONS  IN  GREEK.  Adapted  to  GOODWIN'S  GREEK  GRAM- 
MAR, and  designed  as  an  introduction  to  the  ANABASIS  or  XENOPHON.  By 
JOHN  WILLIAMS  WHITE,  Assistant-Professor  of  Greek  in  Harvard  University, 
U.S.A.  Cr.  Svo.  4s.  6d. 

WRIGHT.— Works  by  J.  WRIGHT,   M.A..  late  Headmaster  of  Sutton  Coldfield 

School. 
A  HELP  TO  LATIN  GRAMMAR ;  or,  the  Form  and  Use  of  Words  in  Latin, 

with  Progressive  Exercises.     Cr.  Svo.    4s.  6d. 

THE  SEVEN  KINGS  OF  ROME.  An  Easy  Narrative,  abridged  from  the  First 
Book  of  Livy  by  the  omission  of  Difficult  Passages  ;  being  a  First  Latin  Read- 
ing Book,  with  Grammatical  Notes  and  Vocabulary.  Fcap.  Svo.  3s.  6d. 
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FIRST  LATIN  STEPS;  OR,  AN  INTRODUCTION  BY  A  SERIES  OF 
EXAMPLES  TO  THE  STUDY  OF  THE  LATIN  LANGUAGE.  Or.  8vo.  3s. 

ATTIC  PRIMER.  Arranged  for  the  Use  of  Beginners.  Ex.  fcap.  8vo. 
2s.  6d. 

A  COMPLETE  LATIN  COURSE,  comprising  Rules  with  Examples,  Exercises, 
boih  Latin  and  English,  on  each  Rule,  and  Vocabularies.  Cr.  8vo.  2s.  6d. 

ANTIQUITIES,  ANCIENT  HISTORY,  AND 
PHILOSOPHY. 

ARNOLD.— A   HANDBOOK    OF  LATIN  EPIGRAPHY.      By  W.   T.   ARNOLD, 

M.A.  [In  preparation. 

THE    ROMAN   SYSTEM    OF   PROVINCIAL   ADMINISTRATION    TO   THE 

ACCESSION  OF  CONSTANTINE  THE  GREAT.    By  the  same.    Cr.  8vo.     6s. 

ARNOLD.— THE  SECOND  PUNIC  WAR.     Being  Chapters  from  THE  HISTORY 

OF   ROME  by  the   late    THOMAS    ARNOLD,   D.D.,    Headmaster   of   Rugby. 

Edited,  with  Notes,  by  W.  T.  ARNOLD,  M.A.    With  8  Maps.    Cr.  8vo.    8s.  6d. 

BEESLY.— STORIES    FROM   THE   HISTORY  OF   ROME.     By  Mrs.  BEESLY. 

Fcap.  8vo.     2s.  6d. 

BURN.— ROMAN  LITERATURE  IN  RELATION  TO  ROMAN  ART.  By  Rev. 
ROBERT  BURN,  M.A.,  late  Fellow  of  Trinity  College,  Cambridge.  Illustrated. 
Ex.  cr.  8vo.  14s. 

BURY.— A  HISTORY  OF  THE  LATER  ROMAN  EMPIRE  FROM  ARCADIUS 
TO  IRENE,  A.D.  395-800.     By  J.  B.  BURY,  M.A.,  Fellow  of  Trinity  College, 
Dublin.     2  vols.    8vo.     32s. 
CLASSICAL  WRITERS.— Edited  by  JOHN  RICHARD  GREEN,  M.A.,  LL.D.    Fcap. 

8vo.     Is.  6d.  each. 

SOPHOCLES.     By  Prof.  L.  CAMPBELL,  M.A. 
EURIPIDES.     By  Prof.  MAHAFFY,  D.D. 
DEMOSTHENES.     By  Prof.  S.  H.  BUTCHER,  M.A. 
VIRGIL.    By  Prof.  NETTLESHIP,  M.A. 
LIVY.     By  Rev.  W.  W.  CAPES,  M.A. 

TACITUS.     By  Prof.  A.  J.  CHURCH,  M.A.,  and  W.  J.  BRODRIBB,  M.A. 
MILTON.     By  Rev.  STOPFORD  A.  BROOKE,  M.A. 
FREEMAN. — Works  by  EDWARD  A.  FREEMAN,  D.C.L.,  LL.D.,  Regius  Professor  of 

Modern  History  in  the  University  of  Oxford. 

HISTORY  OF  ROME.  (Historical  Course  for  Schools.)  18mo.  [In  preparation, 
HISTORY  OF  GREECE.  (Historical  Course  for  Schools.)  18mo.  [In  preparation. 
A  SCHOOL  HISTORY  OF  ROME.  Cr.  8vo.  [ In  preparation. 

HISTORICAL  ESSAYS.    Second  Series.    [Greek  and  Roman  History.]     8vo. 

10s.  6d. 

FYFFE.— A  SCHOOL  HISTORY  OF  GREECE.    By  C.  A.  FYFFE,  M.A.     Cr.  8vo. 

[In  preparation. 

GARDNER.— SAMOS  AND  SAMIAN  COINS.     An  Essay.     By  PERCY  GARDNER, 
LittD.,  Professor  of  Archaeology  in  the  University  of  Oxford.    With  Illustra- 
tions.   8vo.     7s.  6d. 
GEDDES.— THE  PROBLEM  OF  THE  HOMERIC  POEMS.    By  W.  D.  GEDDES, 

Principal  of  the  University  of  Aberdeen.     8vo.     14s. 
GLADSTONE.— Works  by  the  Rt.  Hon.  W.  E.  GLADSTONE,  M.P. 
THE  TIME  AND  PLACE  OF  HOMER.     Cr.  8vo.     6s.  6d. 
A  PRIMER  OF  HOMER.     18mo.     Is. 

GOW.— A  COMPANION  TO  SCHOOL  CLASSICS.  By  JAMES  Gow,  Litt.D., 
Master  of  the  High  School,  Nottingham.  With  Illustrations.  2d  Ed.,  revised. 
Cr.  8vo.  6s. 

HARRISON  AND  VERRALL.— MYTHOLOGY  AND  MONUMENTS  OF  ANCIEN1 
ATHENS.  Translation  of  a  portion  of  the  "Attica"  of  Pausanias.  By 
MARGARET  DE  G.  VERRALL.  With  Introductory  Essay  and  Archjeological 
Commentary  by  JANE  E.  HARRISON.  With  Illustrations  and  Plans.  Cr. 
8vo.  163. 
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JKBB.— Works  by  R.  C.  JEBB,  Litt.D.,  Professor  of  Greek  in  the  University  of 

Cambridge. 

THE  ATTIC  ORATORS  FROM  ANTIPHON  TO  ISAEOS.     2  vols.     8vo.    25s. 
A  PRIMER  OF  GREEK  LITERATURE.     18mo.     Is. 

(See  also  Classical  Series.) 
KIEPERT.  — MANUAL     OF     ANCIENT     GEOGRAPHY.       By    Dr.    H     KIE- 

PERT.    Cr.  8vo.     5s. 

LANCIANL— ANCIENT  ROME  IN  THE  LIGHT  OF  RECENT  DISCOVERIES.— 
By  RODOLFO  LAKCIANI,  Professor  of  Archaeology  fn  the  University  of  Rome. 
Illustrated.    4to.     24s. 
MAHAFFY.— Works  by  J.  P.  MAHAFFY,  D.D.,  Fellow  of  Trinity  College,  Dublin, 

and  Professor  of  Ancient  History  in  the  University  of  Dublin. 
SOCIAL  LIFE  IN  GREECE  ;  from  Homer  to  Menander.     Cr.  8vo.    9s. 
GREEK  LIFE  AND  THOUGHT ;  from  the  Age  of  Alexander  to  the  Roman 

Conquest.     Cr.  8vo.     12s.  6d. 

THE  GREEK  WORLD  UNDER  ROMAN  SWAY.     From  Plutarch  to  Polybius. 

Cr.  8vo.  [In  the  Press. 

RAMBLES  AND  STUDIES  IN  GREECE.     With  Illustrations.    With  Map.    Cr, 

8vo.     10s.  6d. 

A  HISTORY  OF  CLASSICAL  GREEK  LITERATURE.  In  2  vols.  Cr.  8vo. 
Vol.  I.  The  Poets,  with  an  Appendix  on  Homer  by  Prof.  SAYCE.  9s.  Vol. 
II.  The  Prose  Writers.  In  two  parts. 

A  PRIMER  OF  GREEK  ANTIQUITIES.     With  Illustrations.     18mo.     Is. 
EURIPIDES.    18mo.     Is.  6d.    (Classical  Writers.) 

MAYOR.— BIBLIOGRAPHICAL    CLUE    TO    LATIN    LITERATURE.     Edited 
after  HCBNER.     With  large  Additions.     By  Prof.  JOHN  E.  B.  MAYOR.     Cr.  8vo. 
10s.  6d. 
NEWTON.— ESSAYS  IN  ART  AND  ARCHEOLOGY.     By  Sir  CHARLES  NEWTON, 

K.C.B.,  D.C.L.    8vo.     12s.  6d. 
SAYCE.— THE  ANCIENT  EMPIRES  OF  THE  EAST.     By  A.  H.  SAYCE,  M.A., 

Deputy-Professor  of  Comparative  Philosophy,  Oxford.     Cr.  8vo.    6s. 
SHUCKBURGH.— A  SCHOOL  HISTORY  OF  ROME.      By  E.  S.  SHUCKBTJRQH, 
M.A.     Cr.  8vo.  [In  preparation. 

STEWART.— THE  TALE  OF  TROY.     Done  into  English  by  AUBREY  STEWART. 

Gl.  8vo.     3s.  6d. 

WALDSTEIN.— CATALOGUE  OF  CASTS  IN  THE  MUSEUM  OF  CLASSICAL 
ARCHEOLOGY,  CAMBRIDGE.  By  CHARLES  WALDSTEIN,  University  Reader 
in  Classical  Archaeology.  Cr.  8vo.  Is.  6d. 

***  Also  an  Edition  on  Large  Paper,  small  4to.    5s. 
WILKINS.— Works  by  Prof.  WILKINS,  Litt.D.,  LL.D. 
A  PRIMER  OF  ROMAN  ANTIQUITIES.     Illustrated.     18mo.     Is. 
A  PRIMER  OF  ROMAN  LITERATURE.     18mo.     Is. 

WILKINS  AND  ARNOLD.— A  MANUAL  OF  ROMAN  ANTIQUITIES.  By 
Prof.  A.  S.  WILKINS,  Litt.D.,  and  W.  T.  ARNOLD,  M.A.  Cr.  8vo.  Illustrated. 

[In  preparation. 
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English ;  French ;  German ;  Modern  Greek ;  Italian ;  Spanish. 

ENGLISH. 

ABBOTT.— A  SHAKESPEARIAN  GRAMMAR     An  Attempt  to  Illustrate  some 

of  the  Differences  between  Elizabethan  and  Modern  English.     By  the  Rev.  E. 

A.  ABBOTT,  D.D.,  formerly  Headmaster  of  the  City  of  London  School.    Ex. 

fcap.  8vo.     6s. 
BACON.— ESSAYS.    With  Introduction  and  Notes,  by  F.  G.  SELBY,  M.A.,  Profes- 

sor  of  Logic  and  Moral  Philosophy,  Deccan  College,  Poona.    Gl.  8vo.    8s.  6d. 
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BURKE.— REFLECTIONS  ON  THE  FEENCH  REVOLUTION.  By  the  same. 
Gl.  Svo.  [In  July. 

BROOKE.— PRIMER    OF    ENGLISH    LITERATURE.    By  Rev.   STOPFORD  A. 

BROOKE,  M.A.     ISrao.     Is. 
EARLY  ENGLISH  LITERATURE.    By  the  same.    2  vols.  8vo.    [In  preparation. 

BUTLER.— HUDIBRAS.  With  Introduction  and  Notes,  by  ALFRED  MILNES, 
M.A.  Ex.  fcap.  8vo.  Part  I.  3s.  6d.  Parts  II.  and  III.  4s.  6d. 

CAMPBELL.— SELECTIONS.  With  Introduction  and  Notes,  by  CECIL  M. 
BARROW,  M.A.,  Principal  and  Professor  of  English  and  Classics,  Doveton 
College,  Madras.  Gl.  8vo.  [In  preparation. 

COWPER.— THE  TASK  :  an  Epistle  to  Joseph  Hill,  Esq.  ;  TIROCINIUM,  or  a  Re- 
view of  the  Schools  ;  and  THE  HISTORY  OF  JOHN  GILPIN.     Edited,  with  Notes, 
by  W.  BENHAM,  B.D.     Gl.  Svo.     Is.    (Globe  Readings  from  Standard  Authors.) 
THE  TASK.     With  Introduction  and  Notes,  by  F.  J.  Rows,  M.A.,  and  W.  T. 
WEBB,  M.A.,  Professors  of  English  Literature,  Presidency  College,  Calcutta. 

[In  preparation. 

DOWDEN.— SHAKESPERE.     By  Prof.  DOWDEN.     18mo.    Is. 

DRYDEN.— SELECT  PROSE  WORKS.  Edited,  with  Introduction  and  Notes,  by 
Prof.  C.  D.  YONGE.  Fcap.  8vo.  2s.  6d. 

GLOBE  READERS.  For  Standards  I. -VI.  Edited  by  A.  F.  MtrRisoN.  Illustrated. 
Gl.  Svo. 


Primer  I.  (48  pp. 
Primer  II.  (48  pp. 
Book  I.  (96pp. 
Book  II.  (136  pp. 


3d. 
3d. 
6d. 


Book  III.  (232  pp.)  Is.  3d. 

Book  IV.  (328  pp.)  Is.  9d. 

Book    V.  (416  pp.)  2s. 

Book  VI.  (448  pp.)  2s.  6d. 


*THE  SHORTER  GLOBE  READERS.— Illustrated.    Gl.  Svo. 


Primer       I.    (48pp.)  3d. 

Primer     II.    (48pp.)  3d. 

Standard    I.    (92pp.)  6d. 

Standard  II.  (124  pp.)  9d. 


Standard  III.  (178  pp.)  Is. 
Standard  IV.  (182  pp.)  Is. 
Standard     V.  (216  pp.)  Is.  3d. 
Standard  VI.  (228  pp.)  Is.  6d. 


*  This  Series  has  been  abridged  from  "The  Globe  Readers  "  to  meet  the  demand 
for  smaller  reading  books. 
GOLDSMITH.— THE  TRAVELLER,  or  a  Prospect  of  Society  ;  and  the  DESERTED 

VILLAGE.    With  Notes,  Philological  and  Explanatory,  by  J.  W.  HALES,  M.A. 

Cr.  8vo.     6d. 
THE  VICAR  OF  WAKEFIELD.     With    a   Memoir  of   Goldsmith,  by  Prof. 

MASSON.     Gl.  8vo.     Is.     (Globe  Readings  from  Standard  Authors.) 
SELECT   ESSAYS.     With   Introduction  and   Notes,    by  Prof.  C.  D.  YONGE. 

Fcap.  Svo.     2s.  6d. 
THE  TRAVELLER  AND  THE  DESERTED  VILLAGE.     With  Introduction  and 

Notes.    By  A.  BARRETT,  B.A.,  Professor  of  English  Literature,  Elphinstone 

College,  Bombay.    Gl.  8vo.     Is.  6d. 

THE  VICAR  OF  WAKEFIELD.     With  Introduction  and  Notes.     By  H.  LITTLE- 
DALE,  B.A.,  Professor  of  History  and  English  Literature,  Baroda  College.     Gl. 

Svo.  [In  preparation. 

GOSSE.— A  HISTORY  OF  EIGHTEENTH  CENTURY  LITERATURE  (1660-1780). 

By  EDMUND  GOSSE,  M.A.     Cr.  Svo.     7s.  6d. 
GRAY.— POEMS.    With   Introduction  and  Notes,  by  JOHN  BRADSHAW,  LL.D. 

Gl.  Svo.  [In  preparation. 

HALES.— LONGER  ENGLISH  POEMS.    With  Notes,  Philological  and  Explana 

tory,  and  an  Introduction  on  the  Teaching  of  English,  by  J.  W.  HALES,  M.A., 

Professor  of  English  Literature  at  King's  College,  London.  Ex.  fcap.  Svo.  4s.  6d. 
HELPS.— ESSAYS   WRITTEN    IN    THE    INTERVALS  OF   BUSINESS.     With 

Introduction  and  Notes,   by  F.   J.  ROWE,   M.A.,  and  W.   T.  WEBB,   M.A., 

Gl.  Svo.     2s.  6d. 
JOHNSON.— LIVES  OF  THE  POETS.     The  Six  Chief  Lives  (Milton,  Dryden, 

Swift,  Addison,  Pope,  Gray),  with  Macaulay's  "  Life  of  Johnson."    With  Pre- 
face and  Notes  by  MATTHEW  ARNOLD.     Cr.  Svo.    4s.  6d. 


ENGLISH  15 

LAMB.— TALES  FROM    SHAKSPEARE.      With  Preface  by  the   Rev.  CANON 

AINGER,  M.A.,  LL.D.     Gl.  8vo.     2s.    (Globe  Readings  from  Standard  Authors.) 
LITERATURE    PRIMERS.— Edited  by  JOHN  RICHARD   GREEN,   LL.D.     18mo. 

Is.  each. 

ENGLISH  GRAMMAR.    By  Rev.  R.  MORRIS,  LL.D. 
ENGLISH   GRAMMAR  EXERCISES.      By  R.   MORRIS,   LL.D.,  and    H.  C. 

BOWEN,  M.A. 
EXERCISES  ON  MORRIS'S  PRIMER  OF  ENGLISH  GRAMMAR.      By  J. 

WETHERELL,  M.A. 

ENGLISH  COMPOSITION.    By  Professor  NICHOL. 
QUESTIONS  AND  EXERCISES  ON  ENGLISH  COMPOSITION      By  Prof. 

NICHOL  and  W.  S.  M'CORMICK. 

ENGLISH  LITERATURE.    By  STOPFORD  BROOKE,  M.A. 
SHAKSPERE.    By  Professor  DOWDEN. 
THE    CHILDREN'S    TREASURY    OF    LYRICAL    POETRY.      Selected  and 

arranged  with  Notes  by  FRANCIS  TURNER  PALGRAVE.     In  Two  Parts.    Is.  each. 
PHILOLOGY.    By  J.  PEILE,  Litt.D. 

ROMAN  LITERATURE.    By  Prof.  A.  S.  WILKINS,  Litt.D. 
GREEK  LITERATURE.    By  Prof.  JEBB,  Litt.D. 
HOMER.    By  the  Rt.  Hon.  W.  E.  GLADSTONE,  M.P. 

A  HISTORY  OF  ENGLISH  LITERATURE  IN  FOUR  VOLUMES.    Cr.  8vo. 
EARLY  ENGLISH  LITERATURE.  By  STOPFORD  BROOKE,  M.A.  [In preparation. 
ELIZABETHAN  LITERATURE.  (1560-1665.)  By  GEORGE  SAINTSBURY.    7s.  6d. 
EIGHTEENTH  CENTURY  LITERATURE.    (1660-1780.)    By  EDMUND  GOSSE 

M.A.     7s.  6d. 

THE  MODERN  PERIOD.     By  Prof.  DOWDEN.  [In  preparation. 

MACMILLAN'S  READING  BOOKS. 


PRIMER.     18mo.     48pp.     2d. 
BOOK  I.  for  Standard  I.    96  pp.    4d. 
BOOK  II.  for  Standard  II.     144  pp. 

5d. 
BOOK   III.  for  Standard   III.     160 

pp.    6d. 


BOOK  IV.  for  Standard  IV.     176  pp. 

Sd. 
BOOK  V.  for  Standard  V.  380  pp. 

Is. 
BOOK  VI.  for  Standard  VI.  Cr.  8vo. 

430  pp.     2s. 


Book  VI.  is  fitted  for  Higher  Classes,  and  as  an  Introduction  to  English  Liter- 
ature. 

MACMLLLAN'S    COPY  BOOKS.— 1.   Large  Post  4to.    Price  4d.  each.     2.  Post 
Oblong.    Price  2d.  each. 

1.  INITIATORY  EXERCISES  AND  SHORT  LETTERS. 

2.  WORDS  CONSISTING  OF  SHORT  LETTERS. 

*3.  LONG  LETTERS.    With  Words  containing  Long  Letters — Figures. 

*4.  WORDS  CONTAINING  LONG  LETTERS. 

4a.  PRACTISING  AND  REVISING  COPY-BOOK.    For  Nos.  1  to  4. 

*5.  CAPITALS  AND  SHORT  HALF-TEXT.     Words  beginning  with  a  Capital. 

*6.  HALF-TEXT  WORDS  beginning  with  Capitals— Figures. 

*7.  SMALL-HAND  AND  HALF-TEXT.    With  Capitals  and  Figures. 

*8.  SMALL-HAND  AND  HALF-TEXT.    With  Capitals  and  Figures. 

8a.  PRACTISING  AND  REVISING  COPY-BOOK.    For  Nos.  5  to  8. 

*9.  SMALL-HAND  SINGLE  HEADLINES — Figures. 

10.  SMALL-HAND  SINGLE  HEADLINES— Figures. 

11.  SMALL-HAND  DOUBLE  HEADLINES— Figures. 

12.  COMMERCIAL  AND  ARITHMETICAL  EXAMPLES,  &c. 

12a.  PRACTISING  AND  REVISING  COPY- BOOK.     For  Nos.  8  to  12. 

*  These  numbers  may  be  had  with  Goodman's  Patent  Sliding  Copies.     Large  Post 

4to.    Price  6d.  each. 
ilARTIN.— THE  POET'S  HOUR :  Poetry  selected  and  arranged  for  Children.    By 

FRANCES  MARTIN.    18mo.    2s.  6d. 
SPRING-TIME  WITH  THE  POETS.     By  the  same.     ISnio.    3s.  6d. 
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MILTON.— PARADISE  LOST.    Books  I.  and  II.     With  Introduction  and  Notes; 
by  MICHAEL    MACMILLAN,   B.A.,  Professor  of  Logic  and  Moral  Philosophy 's 
Elphinstone  College,  Bombay.     Gl.  8vo.    2s.  6d.     Or  separately,  Is.  6d.  each. 
L' ALLEGRO,  IL  PENSEROSO,  LYCIDAS,  ARCADES,  SONNETS,  &c.     Witt 
Introduction  and  Notes,   by  W.   BELL,  M.A.,  Professor  of  Philosophy  and 
Logic,  Government  College,  Lahore.     Gl.  8vo.    2s. 
COMUS.     By  the  same.     Gl.  8vo.     Is.  6d. 
SAMSON  AGONISTES.     By  H.  M.  PERCIVAL,  M.A.,  Professor  of  English  Liter 

ature,  Presidency  College,  Calcutta.     Gl.  8vo.     2s.  6d. 
INTRODUCTION  TO  THE  STUDY  OF  MILTON.      By  STOPFORD  BROOKE 

M.A.     Fcap.  8vo.     Is.  6d.    (Classical  Writers.) 

MORLEY.— ON  THE  STUDY  OF  LITERATURE.  Address  to  the  Students  o 
the  London  Society  for  the  Extension  of  University  Teaching,  delivered  at  th. 
Mansion  House,  February  26, 1887.  By  JOHN  MORLEY.  Gl.  8vo,  cloth.  Is.  6d 

*  Also  a  Popular  Edition  in  Pamphlet  form  for  Distribution,  price  2d. 
APHORISMS.    Address  delivered  before  the  Philosophical  Society  of  Edinburg 

November  11,  1887.     By  the  same.     Gl.  8vo.     Is.  6d. 
MORRIS.— Works  by  the  Rev.  R.  MORRIS,  LL.D. 
PRIMER  OF  ENGLISH  GRAMMAR.     18mo.     Is. 
ELEMENTARY  LESSONS   IN   HISTORICAL    ENGLISH    GRAMMAR,  co 

taining  Accidence  and  Word  Formation.     18mo.     2s.  6d. 

HISTORICAL  OUTLINES  OF  ENGLISH  ACCIDENCE,  comprising  Chapte 

on  the  History  and  Development  of  the  Language,  and  on  Word  Formatio 

Ex.  fcap.  8vo.    6s. 

MORRIS   AND  KELLNER.— HISTORICAL   OUTLINES  OF   ENGLISH   SY1 

TAX.     By  Rev.  R.  MORRIS  and  Dr.  L.  KELLNER.  [In  preparatioi 

NICHOL.— A  SHORT  HISTORY  OF  ENGLISH  LITERATURE.     By  Prof.  JOH 

NICHOL.     Gl.  8vo.  [In  preparatio 

OLIPHANT.— THE    OLD    AND    MIDDLE    ENGLISH.      By    T.    L.    KINGTO 

OLIPHANT.    New  Ed.,  revised   and   enlarged,   of  "The  Sources  of  Standa 

English."     Gl.  8vo.     9s. 

THE  NEW  ENGLISH.     By  the  same.     2  vols.     Cr.  Svo.     21s. 
PALGRAVE.  — THE     CHILDREN'S    TREASURY    OF    LYRICAL    POETR 
Selected  and  arranged,  with  Notes,  by  FRANCIS  T.  PALGRAVE.     18mo.    2s.  6 
Also  in  Two  Parts.     Is.  each. 

PATMORE.  — THE     CHILDREN'S    GARLAND    FROM    THE    BEST    POET 
Selected  and  arranged  by  COVENTRY  PATMORE.     Gl.  Svo.     2s.    (Globe  Readi 
from  Standard  Authors.) 

PLUTARCH.— Being  a  Selection  from  the  Lives  which  illustrate  Shakespear 
North's  Translation.  Edited,  with  Introductions,  Notes,  Index  of  Name 
and  Glossarial  Index,  by  Prof.  W.  W.  SKEAT,  Litt.D.  Cr.  Svo.  6s. 
RANSOME.  — SHORT  STUDIES  OF  SHAKESPEARE'S  PLOTS.  By  CYR 
RANSOME,  Professor  of  Modern  History  and  Literature,  Yorkshire  Colleg 
Leeds.  Cr.  Svo.  3s.  6d. 

RYLAND.— CHRONOLOGICAL    OUTLINES    OF    ENGLISH    LITERATUR] 

By  F.  RYLAND,  M.A.     Cr.  Svo.  [In  the  Prei 

SAINTSBURY.— A  HISTORY  OF  ELIZABETHAN  LITERATURE.     1560-166 

By  GEORGE  SAINTSBURY.     Cr.  Svo.     7s.  6d. 

SCOTT.— LAY  OF  THE  LAST  MINSTREL,  and  THE  LADY  OF  THE  LAK. 

Edited,  with  Introduction  and  Notes,  by  FRANCIS  TURNER  PALGRAVE.    Gl.  8v 

Is.    (Globe  Readings  from  Standard  Authors.) 

THE  LAY  OF  THE   LAST  MINSTREL.    With   Introduction  and  Notes,    . 

G.    H.  STUART,  M.A.,  Professor   of  English  Literature,  Presidency  Colleg 

Madras.      Gl.    Svo.     Cantos    I.    to    III.     Is.    6d.     Introduction   and    Can 

I.    9d. 

MARMION,  and  THE  LORD  OF  THE  ISLES.     By  F.  T.  PALGRAVE.     Gl.  8v 

Is.    (Globe  Readings  from  Standard  Authors.) 
MARMION.     With   Introduction   and   Notes,  by  MICHAEL   MACMILLAN,  B.. 

Gl.  Svo.    3s.  6d. 
THE  LADY  OF  THE  LAKE.      By  G.  H.  STUART,  M.A.  [In  the  Pr& 
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ROKBBY.     With    Introduction   and    Notes,   by  MICHAEL   MACMILLAN,   B.A. 

Gl.  8vo.    3s.  6d. 
SHAKESPEARE.— A  SHAKESPEARIAN  GRAMMAR.    By  Rev.  E.  A.  ABBOTT, 

D.D.    Gl.  8vo.    6s. 
A  SHAKESPEARE  MANUAL.     By  F.  G.  FLEAY,  M.A.    2d  Ed.     Ex.  fcap.  8vo. 

4s.  6d. 

PRIMER  OF  SHAKESPERE.    By  Prof.  DOWDEN.     18mo.    Is. 
SHORT  STUDIES  OF  SHAKESPEARE'S  PLOTS.     By  CYKIL  RANSOM  E,  M.A. 

Cr.  8vo.     3s.  6d. 
THE  TEMPEST.    With  Introduction  and  Notes,  by  K.  DEIGHTON,  late  Principal 

of  Agra  College.     Gl.  8vo.    Is.  6d. 

MUCH  ADO  ABOUT  NOTHING.    By  the  same.     Gl.  Svo.     2s. 
THE  MERCHANT  OF  VENICE.     By  the  same.     Gl.  Svo.    Is.  6d. 
TWELFTH  NIGHT.    By  the  same.     Gl.  Svo.     Is.  6d. 
THE  WINTER'S  TALE.    By  the  same.     Gl.  Svo.    2s.  6d. 
RICHARD  II.    By  the  same.    Gl.  Svo.  [In  August. 

KING  JOHN.    By  the  same.    Gl.  Svo.  [In  preparation. 

HENRY  V.    By  the  same.    Gl.  Svo.    2s. 
RICHARD  III.     By  C.  H.  TAWNEY,  M.A.,  Principal  and  Professor  of  English 

Literature,  Presidency  College,  Calcutta.    Gl.  8vo.    2s.  6d. 
JULIUS  C^SAR.    By  K.  DEIGHTON.    Gl.  Svo.    2s. 
MACBETH.    By  the  same.     Gl.  Svo.     Is.  6d. 
OTHELLO.    By  the  same.     Gl.  Svo.     2s.  6d. 
CYMBELINE.     By  the  same.     Gl.  Svo.     2s.  6d. 
SONNENSCHEIN     AND     MEIKLEJOHN.  —  THE     ENGLISH    METHOD    OF 

TEACHING  TO  READ.     By  A.  SONNENSCHEIN  and  J.  M.  D.  MEIKLEJOHN, 

M.A.    Fcap.  Svo. 

COMPBISING  I 

THE  NURSERY  BOOK,  containing  all  the  Two -Letter  Words  in  the  Lan- 
guage.   Id.    (Also  in  Large  Type  on  Sheets  for  School  Walls.    5s.) 
THE  FIRST  COURSE,  consisting  of  Short  Vowels  with  Single  Consonants.   7d. 
THE  SECOND  COURSE,  with  Combinations  and  Bridges,  consisting  of  Short 

Vowels  with  Double  Consonants.    7d. 
THE  THIRD  AND  FOURTH  COURSES,  consisting  of  Long  Vowels,  and  all 

the  Double  Vowels  in  the  Language.    7d. 
SOUTHEY.— LIFE  OF  NELSON.     With  Introduction  and  Notes,  by  MICHAEL 

MACMILLAN,  B.A.     Gl.  Svo.     8s.  6d. 

TAYLOR.— WORDS  AND  PLACES ;  or,  Etymological  Illustrations  of  History, 
Ethnology,  and  Geography.     By  Rev.  ISAAC  TAYLOR,  Litt.D.     With  Maps. 
Gl.  Svo.     6s. 
TENNYSON.— THE  COLLECTED  WORKS  OF  LORD  TENNYSON.    An  Edition 

for  Schools.    In  Four  Parts.    Cr.  Svo.    2s.  6d.  each. 

TENNYSON  FOR  THE  YOUNG.     Edited,  with  Notes  for  the  Use  of  Schools, 
by  the  Rev.  ALFRED  AINGER,  LL.D.,  Canon  of  Bristol.  [ In  preparation. 

SELECTIONS  FROM  TENNYSON.     With  Introduction  and  Notes,  by  F.  J. 
ROWE,  M.A.,  and  W.  T.  WEBB,  M.A.     Gl.  Svo.    3s.  6d. 

This  selection  contains  :— Recollections  of  the  Arabian  Nights,  The  Lady  of 

Shalott,  Oenone,  The  Lotos  Eaters,  Ulysses,  Tithonus,  Morte  d'Arthur,  Sir 

Galahad,   Dora,   Ode  on  the  Death  of  the  Duke  of  Wellington,   and  The 

Revenge. 

THRING.— THE  ELEMENTS  OF   GRAMMAR  TAUGHT   IN  ENGLISH.      By 

EDWARD  THRING,  M.A.    With  Questions.    4th  Ed.     ISmo.    2s. 
VAUGHAN.— WORDS  FROM  THE  POETS.     By  C.  M.  VAUGHAN.     18mo.     Is. 
WARD.— THE  ENGLISH  POETS.     Selections,  with   Critical  Introductions  by 
various  Writers  and  a  General  Introduction  by  MATTHEW  ARNOLD.    Edited 
by  T.  H.  WARD,  M.A.    4  Vols.    Vol.  I.  CHAUCER  TO  DONNE.— Vol.  II.  BEN 
JONSON  TO  DRYDEN.— Vol.  III.  ADDISON  TO  BLAKE.— Vol.  IV.  WOKDSWORTH 
TO  ROSSETTI.    Cr.  Svo.    Each  7s.  6d. 
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WETHERELL.—  EXERCISES  ON  MORRIS'S  PRIMER  OF  ENGLISH  GRAM- 
MAR.      By  JOHN  WETHERELL,  M.A.,  Headmaster  of  Towcester  Grammar 
School.     18mo.    Is. 
WOODS.— A  FIRST  POETRY  BOOK.     By  M.  A.  WOODS,  Head  Mistress  of  the 

Clifton  High  School  for  Girls.     Fcap.  8vo.     2s.  6d. 

A  SECOND  POETRY  BOOK     By  the  same.     In  two  Parts.    2s.  6d.  each. 
A  THIRD  POETRY  BOOK.     By  the  same.    4s.  6d. 

WORDSWORTH.— SELECTIONS.     With  Introduction  and  Notes,  by  WILLIAM 

WORDSWORTH,  B.A.,  Principal  and  Professor  of  History  and  Political  Economy, 

Elphinstone  College,  Bombay     Gl.  8vo.  [In  preparation. 

YONGE.— A  BOOK  OF  GOLDEN    DEEDS.     By  CHARLOTTE  M.    YONGE.     Gl. 

8vo.    2s. 
THE  ABRIDGED  BOOK  OF  GOLDEN  DEEDS.     18mo.     Is. 

FRENCH. 

BEAUMARCHAIS.—  LE   BARBIER    DE    SEVILLE.      With    Introduction    and 

Notes.     By  L.  P.  BLOUET.     Fcap.  8vo.    3s.  6d. 
BOWEN.  -  FIRST  LESSONS  IN  FRENCH.     By  H.    COURTHOPE  BOWEN,   M.A. 

Ex.  fcap.  8vo.    Is. 
BREYMANN.— Works  by  HERMANN  BREYMANN,  Ph.D.,  Professor  of  Philology  in 

the  University  of  Munich. 
A  FRENCH  GRAMMAR  BASED  ON  PHILOLOGICAL  PRINCIPLES.     Ex. 

fcap.  8vo.     4s.  6d. 

FIRST  FRENCH  EXERCISE  BOOK.     Ex.  fcap.  8vo.    4s.  6d. 
SECOND  FRENCH  EXERCISE  BOOK.    Ex.  fcap.  8vo.     2s.  6d. 
FASNACHT.— Works  by  G.  E.  FASNACHT,  late  Assistant  Master  at  Westminster. 
THE  ORGANIC  METHOD  OF  STUDYING  LANGUAGES.    Ex.  fcap.  8vo.     1. 

French.    3s.  6d. 

A  SYNTHETIC  FRENCH  GRAMMAR  FOR  SCHOOLS.    Cr.  8vo.    3s.  6d. 
GRAMMAR    AND   GLOSSARY  OF  THE  FRENCH    LANGUAGE    OF    THE 
SEVENTEENTH  CENTURY.     Cr.  8vo.  [In  preparation. 

MACMILLAN'S  PRIMARY  SERIES  OF  FRENCH  READING  BOOKS.-Edited  by 
G.  E.  FASNACHT.  With  Illustrations,  Notes,  Vocabularies,  and  Exercises. 
Gl.  8vo. 

CORNA2J— NOS  ENFANTS  ET  LEURS  AMIS.     By  EDITH  HARVEY.    Is.  6d. 
DE  MAISTRE— LA  JEUNE  SIBERIENNE  ET  LE  LEPREUX  DE  LA  CITE 

D'AOSTE.    By  STEPHANE  BARLET,  B.Sc.  &c.    Is.  6d. 
FLORIAN— FABLES.    By  Rev.  CHARLES  YELD,  M.  A. ,  Headmaster  of  University 

School,  Nottingham.     Is.  6d. 
LA  FONTAINE— A  SELECTION  OF  FABLES.    By  L.  M.  MORIARTY,  B.A., 

Assistant  Master  at  Harrow.     2s.  6d. 
MOLESWORTH— FRENCH    LIFE    IN  LETTERS.      By  Mrs.    MOLESWORTH. 

Is.  6d. 

PERRAULT— CONTES  DE  FEES.     By  G.  E.  FASNACHT.     Is.  6d. 
MACMILLAN'S  PROGRESSIVE  FRENCH  COURSE.-By  G.  E.  FASNACHT.    Ex. 

fcp.  8vo. 

FIRST  YEAR,  containing  Easy  Lessons  on  the  Regular  Accidence.    Is. 
SECOND  YEAR,  containing  an  Elementary  Grammar  with  copious  Exercises 

Notes,  and  Vocabularies.    2s. 
THIRD  YEAR,   containing  a  Systematic  Syntax,  and  Lessons  in  Composition. 

2s.  6d. 

THE  TEACHER'S  COMPANION  TO  MACMILLAN'S  PROGRESSIVE  FRENCH 
COURSE.  With  Copious  Notes,  Hints  for  Difterent  Renderings,  Synonyms, 
Philological  Remarks,  etc.  By  G.  E.  FASNACHT.  Ex.  fcap.  8vo.  Each  Year 
4s.  6d. 

MACMILLAN'S  FRENCH  COMPOSITION.— By  G.  E.  FASNACHT.  Ex.  fcap. 
8vo.  Part  I.  Elementary.  2s.  6d.  Part  II.  Advanced.  [In  the  Press. 

THE  TEACHER'S  COMPANION  TO  MACMILLAN'S  COURSE  OF  FRENCH 
COMPOSITION,  By  G.  E.  FASNACHT.  Part  I.  Ex.  fcap.  8vo.  4s.  6d. 
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MACMILIAN'S  PROGRESSIVE  FRENCH  READERS.    By  G.  B.  FASNACHT.    Ex. 

fcap.  8vo. 
FIRST  YEAR,  containing  Tales,  Historical  Extracts,  Letters,  Dialogues,  Ballads, 

Nursery  Songs,  etc.,  with  Two  Vocabularies:  (1)  in  the  order  of  subjects; 

(2)  iu  alphabetical  order.     With  Imitative  Exercises.    2s.  6d. 
SECOND  YEAR,  containing  Fiction  in  Prose  and  Verse,  Historical  and  Descriptive 

Extracts,  Essays,  Letters,  Dialogues,  etc.     With  Imitative  Exercises.     2s.  6d. 
MACMILLAN'S  FOREIGN  SCHOOL  CLASSICS.    Edited  by  G.  E.   FASNACHT. 

18mo. 

CORNEILLE— LE  CID.    By  G.  E.  FASNACHT.     Is. 
DUMAS— LES  DEMOISELLES  DE  ST.  CYR.    By  VICTOR  OGER,  Lecturer  at 

University  College,  Liverpool.    Is.  6d. 
LA  FONTAINE'S  FABLES.      Books  I.— VI.      By  L.    M.    MORIARTY,    B.A., 

Assistant  Master  at  Harrow.  [In  preparation. 

MOLIERE— L' AVARS.    By  the  same.    Is. 

MOLIERE— LE  BOURGEOIS  GENTILHOMME.    By  the  same.    Is.  6d. 
MOLIERE— LES  FEMMES  SAV ANTES.    By  G.  E.  FASNACHT.     Is. 
MOLIERE— LE  MISANTHROPE.     By  the  same.    Is. 
MOLIERE-LE  MEDECIN  MALGRE  LUI.     By  the  same.    Is. 
RACINE— BRITANICUS.       By  E.    PELLISSIER,    M.A.,    Assistant    Master   at 

Clifton  College.     2s. 
FRENCH  READINGS  FROM  ROMAN  HISTORY.      Selected    from  various 

Authors,  by  C.  COLBECK,  M.A.,  Assistant  Master  at  Harrow.     4s.  6d. 
SAND,    GEORGE— LA    MARE  AU  DIABLE.      By    W.    E.    RUSSELL,    M.A., 

Assistant  Master  at  Haileybury.    Is. 
SANDEAU,  JULES— MADEMOISELLE    DE    LA  SEIGLIERE.      By  H.    C. 

STEEL,  Assistant  Master  at  Winchester.    Is.  6d. 
THIERS'S  HISTORY  OF  THE  EGYPTIAN  EXPEDITION.    By  Rev.   H.  A. 

BULL,  M.A.,  Assistant  Master  at  Wellington.  [In  preparation. 

VOLTAIRE— CHARLES  XII.     By  G.  E.  FASNACHT.    3s.  6d. 
MASSON.— A  COMPENDIOUS  DICTIONARY  OF  THE  FRENCH  LANGUAGE. 

Adapted  from  the  Dictionaries  of  Professor  A.  ELWALL.    By  GUSTAVE  MASSON. 

Cr.  8vo.     6s. 
MOLIERE.— LE  MALADE  IMAGINAIRE.    With  Introduction  and  Notes,  by  F. 

TARVER,  M.A.,  Assistant  Master  at  Eton.     Fcap.  8vo.    2s.  6d. 
PELLISSIER.— FRENCH    ROOTS    AND    THEIR    FAMILIES.      A    Synthetic 

Vocabulary,  based  upon  Derivations.     By  E.  PELLISSIER,  M.A.,  Assistant 

Master  at  Clifton  College.    Gl.  8vo.    6s. 

GERMAN. 

HUSS.— A    SYSTEM  OF  ORAL  INSTRUCTION  IN  GERMAN,   by  means  of 

Progressive  Illustrations  and  Applications  of  the  leading  Rules  of  Grammar. 

By  H.  C.  O.  Huss,  Ph.D.    Cr.  8vo.    5s. 
MACMILLAN'S  PROGRESSIVE  GERMAN  COURSE.    By  G.  E.  FASNACHT.    Ex. 

fcp.  8vo. 

FIRST  YEAR.    Easy  lessons  and  Rules  on  the  Regular  Accidence.    Is.  6d. 
SECOND  YEAR.    Conversational  Lessons  in  Systematic  Accidence  and  Elementary 

Syntax.     With    Philological    Illustrations    and    Etymological    Vocabulary. 

3s.  6d. 

THIRD  YEAR.  [In  Vie  Press. 

TEACHER'S  COMPANION  TO  MACMILLAN'S  PROGRESSIVE   GERMAN 

COURSE.    With  copious  Notes,  Hints  for  Different  Renderings,  Synonyms, 

Philological  Remarks,  etc.    By  G.  E.  FASNACHT.    Ex.  fcap.  8vo.    FIRST  YEAR. 

4s.  6d.     SECOND  YEAR.    4s.  6d. 
MACMILLAN'S  PROGRESSIVE  GERMAN  READERS.    By  G.  E.  FASNACHT.    Ex. 

fcap.  8vo. 
FIRST  YEAR,  containing  an  Introduction  to  the  German  order  of  Words,  with 

Copious  Examples,  extracts  from  German  Authors  in  Prose  and  Poetry ;  Notes, 

and  Vocabularies.    2s.  6d. 
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MACMILLAN'S  PRIMARY  SERIES  OF  GERMAN  READING  BOOKS.  Edited 
by  G.  E.  FASNACHT.  With  Notes,  Vocabularies  and  Exercises.  Gl.  8vo. 

GRIMM— KINDER  UND  HAUSMARCHEN.    By  G.  E.  FASNACHT.    2s.  6d. 

HAUFP— DIE  KARA  VANE.  By  HERMAN  HAGEB,  Ph.D.,  Lecturer  in  the 
Owens  College,  Manchester.  8s. 

SCHMID,  CHR.  VON— H.  VON  EICHENFELS.    By  G.  E.  FASNACHT.     2s.  6d. 
MACMILLAN'S  FOREIGN  SCHOOL  CLASSICS.— Edited  by  G.  E.  FASNACHT.  18mo. 

FREYTAG  (G.).— DOKTOR  LUTHER.  By  F.  STORB,  M.A.,  Headmaster  of  the 
Modern  Side,  Merchant  Taylors'  School.  [In  preparation. 

GOETHE— GOTZ  VON  BERLICHINGEN.  By  H.  A.  BULL,  M.A.,  Assistant 
Master  at  Wellington.  2s. 

GOETHE— FAUST.  PART  I.,  followed  by  an  Appendix  on  PART  II.  By  JANE 
LEE,  Lecturer  in  German  Literature  at  Newnham  College,  Cambridge.  4s.  6d. 

HEINE— SELECTIONS  FROM  THE  REISEBILDER  AND  OTHER  PROSE 
WORKS.  By  C.  COLBECK,  M.A.,  Assistant  Master  at  Harrow.  2s.  6d. 

LESSING— MINNA  VON  BARNHELM.    By  JAMES  SIME,  M.A.  [In preparation. 

SCHILLER— SELECTIONS  FROM  SCHILLER'S  LYRICAL  POEMS.  With  a 
Memoir  of  Schiller.  By  E.  J.  TURNER,  B.A.,  and  E.  D.  A.  MOBSHEAD,  M.A. 
Assistant  Masters  at  Winchester.  2s.  6d. 

SCHILLER— DIE  JUNGFRAU  VON  ORLEANS.  By  JOSEPH  GOSTWICK.  2s.  6d. 

SCHILLER— MARIA  STUART.  By  C.  SHELDON,  D.Lit.,  of  the  Royal  Academ- 
ical Institution,  Belfast.  2s.  6d. 

SCHILLER— WILHELM  TELL.    By  G.  E.  FASNACHT.     2s.  6d. 

SCHILLER— WALLENSTEIN.  Part  I.  DAS  LAGER.  By  H.  B.  COTTERILL, 
M.A.  2s. 

UHLAND— SELECT  BALLADS.    Adapted  as  a  First  Easy  Reading  Book  for 

Beginners.    With  Vocabulary.    By  G.  E.  FASNACHT.    Is. 

PYLODET.— NEW  GUIDE  TO  GERMAN  CONVERSATION  ;  containing  an  Alpha- 
betical List  of  nearly  800  Familiar  Words  ;  followed  by  Exercises,  Vocabulary 
of  Words  in  frequent  use,  Familiar  Phrases  and  Dialogues,  a  Sketch  of  German 
Literature,  Idiomatic  Expressions,  etc.  By  L.  PYLODET.  18mo.  2s.  6d. 
WHITNEY.— A  COMPENDIOUS  GERMAN  GRAMMAR.  By  W.  D.  WHITNEY, 
Professor  of  Sanskrit  and  Instructor  in  Modern  Languages  in  Yale  College. 
Cr.  8vo.  4s.  6d. 

A  GERMAN  READER  IN  PROSE  AND  VERSE.     By  the  Same.    With  Notes 

and  Vocabulary.     Cr.  Svo.    5s. 

WHITNEY  AND  EDGREN.— A  COMPENDIOUS  GERMAN  AND  ENGLISH 
DICTIONARY,  with  Notation  of  Correspondences  and  Brief  Etymologies.  By 
Prof.  W.  D.  WHITNEY,  assisted  by  A.  H.  EDGREN.  Cr.  8vo.  7s.  6d. 

THE  GERMAN-ENGLISH  PART,  separately,  5s. 


MODERN  GREEK. 

VINCENT  AND  DICKSON.— HANDBOOK  TO  MODERN  GREEK.  By  Sir  EDGAR 
VINCENT,  K.C.M.G.,  and  T.  G.  DICKSON,  M.A.  With  Appendix  on  the  relation 
of  Modern  and  Classical  Greek  by  Prof.  JEBB.  Cr.  8vo.  6s. 


ITALIAN. 

DANTE.— THE  PURGATORY  OF  DANTE.  With  Translation  and  Notes,  by  A.  J. 

BUTLER,  M.A.    Cr.  Svo.    12s.  6d. 
THE  PARADISO  OF  DANTE.     With  Translation  and  Notes,  by  the  Same. 

Cr.  Svo.     12s.  6d. 

READINGS  ON  THE  PURGATORIO  OF  DANTE.  Chiefly  based  on  the  Com- 
mentary of  Benvenuto  Da  Imola.  By  the  Hon.  W.  WARREN  VERNON,  M.A. 
With  an  Introduction  by  the  Very  Rev  the  DEAN  OF  ST.  PAUL'S.  2  vols. 
Cr.  Svo.  24s. 


SPANISH  21 

SPANISH. 

CALDERON.— FOUR  PLAYS  OP  CALDERON.    With  Introduction  and  Notes- 

By  NORMAN  MACCOLL,  M.A.     Cr.  8vo.    14s. 

The  four  plays  here  given  are  El  Principe  Constante,  La  Vida  es  Sueno,  El  Alcalde 
de  Zalamea,  and  El  Escondido  y  La  Tapada. 


MATHEMATICS. 

Arithmetic,  Book-keeping,  Algebra,  Euclid  and  Pure  Geometry,  Geometrical 
Drawing,  Mensuration,  Trigonometry,  Analytical  Geometry  (Plane  and 
Solid),  Problems  and  Questions  in  Mathematics,  Higher  Pure  Mathe- 
matics, Mechanics  (Statics,  Dynamics,  Hydrostatics,  Hydrodynamics :  see 
also  Physics),  Physics  (Sound,  Light,  Heat,  Electricity,  Elasticity,  Attrac* 
tions,  &c.),  Astronomy,  Historical. 

ARITHMETIC. 

ALOIS.— THE  GREAT  GIANT  ARITHMOS.  A  most  Elementary  Arithmetic 
for  Children.  By  MARY  STEADMAN  ALDIS.  Illustrated.  Gl.  8vo.  2s.  6d. 

ARMY  PRELIMINARY  EXAMINATION,  SPECIMENS  OF  PAPERS  SET  AT 
THE,  1882-89.— With  Answers  to  the  Mathematical  Questions.  Subjects: 
Arithmetic,  Algebra,  Euclid,  Geometrical  Drawing,  Geography,  French, 
English  Dictation.  Cr.  8vo.  3s.  6d. 

BRADSHAW.— A  COURSE  OF  EASY  ARITHMETICAL  EXAMPLES  FOR 
BEGINNERS.  By  J.  G.  BRADSHAW,  B.A.,  Assistant  Master  at  Clifton  College. 
Gl.  8vo.  2s.  With  Answers,  2s.  6d. 

BROOKSMITH.— ARITHMETIC  IN  THEORY  AND  PRACTICE.  By  J.  BROOK. 
SMITH,  M.A.  Cr.  8vo.  4s.  6d. 

BROOKSMITH.— ARITHMETIC  FOR  BEGINNERS.  By  J.  and  E.  J.  BROOK- 
SMITH.  Gl.  8vo.  Is.  6d. 

CANDLER.— HELP  TO  ARITHMETIC.  Designed  for  the  use  of  Schools.  By  H. 
CANDLER,  Mathematical  Master  of  Uppingham  School.  2d  Ed.  Ex.  fcap.  8vo. 
2s.  6d. 

DALTON.— RULES  AND  EXAMPLES  IN  ARITHMETIC.  By  the  Rev.  T.  DAL- 
TON,  M. A.,  Assistant  Master  at  Eton.  New  Ed.,  with  Answers.  18mo.  2s.  6d. 

GOYEN— HIGHER  ARITHMETIC  AND  ELEMENTARY  MENSURATION. 
By  P.  GOYEN,  Inspector  of  Schools,  Dunedin,  New  Zealand.  Cr.  8vo.  5s. 

HALL  AND  KNIGHT.-ARITHMETICAL  EXERCISES  AND  EXAMINATION 
PAPERS.  With  an  Appendix  containing  Questions  in  LOGARITHMS  and 
MENSURATION.  By  H.  S.  HALL,  M.A.,  Master  of  the  Military  and  Engineering 
Side,  Clifton  College,  and  S.  R.  KNIGHT,  B.A.  Gl.  8vo.  2s.  6d. 

LOCK.— Works  by  Rev.  J.  B.  LOCK,  M.A.,  Senior  Fellow,  Assistant  Tutor  and 

Lecturer  in  Gonville  and  Caius  College,  Cambridge. 

ARITHMETIC  FOR  SCHOOLS.  With  Answers  and  1000  additional  Examples 
for  Exercise.  3d  Ed.,  revised.  Gl.  8vo.  4s.  6d.  Or  in  Two  Parts:— 
Part  I.  Up  to  and  including  Practice.  2s.  Part  II.  With  1000  additional 
Examples  for  Exercise.  3s.  KEY.  Cr.  8vo.  ]0s.  6d. 

ARITHMETIC  FOR  BEGINNERS.  A  School  Class-Book  of  Commercial  Arith- 
metic. Gl.  8vo.  2s.  6d.  KEY.  Cr.  8vo.  8s.  6d. 

A  SHILLING  CLASS-BOOK  OF  ARITHMETIC,  ADAPTED  FOR  USE  IN 
ELEMENTARY  SCHOOLS.  18mo.  Is.  With  Answers.  Is.  6d.  [In  July. 


22  MATHEMATICS 

PEDLEY.— EXERCISES  IN  ARITHMETIC  for  the  Use  of  Schools.    Containing 
more  than  7000  original  Examples.     By  SAMUEL  PEDLEY.     Cr.  8vo.    5s. 

Also  in  Two  Parts,  2s.  6d.  each. 

SMITH.— Works  by  Rev.  BARNARD  SMITH,  M.A.,  late  Fellow  and  Senior  Bursar  of 
St.  Peter's  College,  Cambridge. 

ARITHMETIC  AND  ALGEBRA,  in  their  Principles  and  Application ;  with 
numerous  systematically  arranged  Examples  taken  from  the  Cambridge  Exam- 
ination Papers,  with  especial  reference  to  the  Ordinary  Examination  for  the 
B.A.  Degree.  New  Ed.,  carefully  revised.  Cr.  8vo.  10s.  6d. 

ARITHMETIC  FOR  SCHOOLS.     Cr.  8vo.    4s.  6d.      KEY.    Cr.  8vo.    4s.  6d. 

EXERCISES  IN  ARITHMETIC.  Cr.  8vo.  2s.  With  Answers,  2s.  6d.  An- 
swers separately,  6d. 

SCHOOL  CLASS-BOOK  OF  ARITHMETIC.  18mo.  3s.  Or  separately,  in 
Three  Parts,  Is.  each.  KEYS.  Parts  I.,  II.,  and  III.,  2s.  6d.  each. 

SHILLING  BOOK  OF  ARITHMETIC.  18mo.  Or  separately,  Part  I.,  2d. ; 
Part  II.,  3d. ;  Part  III.,  7d.  Answers,  6d.  KEY.  18mo.  4s.  6d. 

THE  SAME,  with  Answers.    18mo,  cloth.     Is.  6d. 

EXAMINATION  PAPERS  IN  ARITHMETIC.  18mo.  Is.  6d.  The  Same, 
with  Answers.  18mo.  2s.  Answers,  6d.  KEY.  18mo.  4s.  6d. 

THE  METRIC  SYSTEM  OF  ARITHMETIC,  ITS  PRINCIPLES  AND  APPLI- 
CATIONS, with  Numerous  Examples.  18mo.  3d. 

A  CHART  OF  THE  METRIC  SYSTEM,  on  a  Sheet,  size  42  in.  by  34  in.  on 
Roller.  3s.  6d.  Also  a  Small  Chart  on  a  Card.  Price  Id. 

EASY  LESSONS  IN  ARITHMETIC,  combining  Exercises  in  Reading,  Writing, 
Spelling,  and  Dictation.  Part  I.  Cr.  8vo.  9d. 

EXAMINATION  CARDS  IN  ARITHMETIC.    With  Answers  and  Hints. 

Standards  I.  and  II.,  in  box,  Is.  Standards  III.,  IV.,  and  V.,  in  boxes,  Is.  each. 
Standard  VI.  in  Two  Parts,  in  boxes,  Is.  each. 

A  and  B  papers,  of  nearly  the  same  difficulty,  are  given  so  as  to  prevent  copying, 
and  the  colours  of  the  A  and  B  papers  differ  in  each  Standard,  and  from  those  of 
every  other  Standard,  so  that  a  master  or  mistress  can  see  at  a  glance  whether  the 
children  have  the  proper  papers. 

BOOK-KEEPING-. 

THORNTON.— FIRST  LESSONS  IN  BOOK-KEEPING.    By  J.  THORNTON.     Cr. 

8vo.     2s.  6d.     KEY.     Oblong  4to.    10s.  6d. 
PRIMER  OF  BOOK-KEEPING.    18mo.     Is.     KEY.  [Immediately. 


ALGEBRA. 

DALTON.— RULES  AND  EXAMPLES  IN  ALGEBRA.  By  Rev.  T.  DALTON, 
Assistant  Master  at  Eton.  Part  I.  18mo.  2s.  KEY.  Cr.  8vo.  7s.  6d. 
Part  II.  18mo.  2s.  6d. 

HALL  AND  KNIGHT.— Works  by  H.  S.  HALL,  M.A.,  Master  of  the  Military  and 
Engineering  Side,  Clifton  College,  and  S.  R.  KNIGHT,  B.A. 

V  ELEMENTARY  ALGEBRA  FOR  SCHOOLS.  5th  Ed.,  revised  and  corrected. 
'GL  8vo,  bound  in  maroon  coloured  cloth,  3s.  6d. ;  with  Answers,  bound  in 
green  coloured  cloth,  4s.  6d.  [KEY.  In  the  Press. 

ALGEBRAICAL  EXERCISES  AND  EXAMINATION  PAPERS.     To  accom- 
pany ELEMENTARY  ALGEBRA.    2d  Ed.,  revised.     Gl.  8vo.    2s.  6d. 

/HIGHER  ALGEBRA.     3d  Ed.    Cr.  8vo.     7s.  6d.     KEY.    Cr.  8vo.     10s.  6d. 

JONES  AND  CHEYNE.— ALGEBRAICAL  EXERCISES.  Progressively  Ar- 
ranged. By  Rev.  C.  A.  JONES  and  C.  H.  CHEYNE,  M.A.,  late  Mathematical 
Masters  at  Westminster  School.  18mo.  2s.  6d. 

KEY.    By  Rev.  W.  FAILES,  M.  A.,  Mathematical  Master  at  Westminster  School. 
Cr.  8vo.    7s.  6d. 
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SMITH.— ARITHMETIC  AND  ALGEBRA,  in  their  Principles  and  Application  ; 
with  numerous  systematically  arranged  Examples  taken  from  the  Cambridge 
Examination  Papers,  with  especial  reference  to  the  Ordinary  Examination  for 
the  B.A.  Degree.  By  Rev.  BAKNARD  SMITH,  M.A.  New  Edition,  carefully 
revised.  Cr.  8vo.  10s.  6d. 
SMITH.— Works  by  CHARLES  SMITH,  M.A.,  Master  of  Sidney  Sussex  College, 

Cambridge. 

ELEMENTARY  ALGEBRA.     2d  Ed.,  revised.     Gl.  8vo.    4s.  6d. 
A  TREATISE  ON  ALGEBRA.     Cr.  8vo.     7s.  6d.     KEY.     Cr.  8vo.     10s.  6d. 
TODHUNTER.— Works  by  ISAAC  TODHUNTER,  F.R.S. 
ALGEBRA  FOR  BEGINNERS.     18mo.    2s.  6d.     KEY.    Cr.  8vo.    6s.  6d. 
ALGEBRA  FOR  COLLEGES  AND  SCHOOLS.     Cr.  8vo.     7s.  6d.     KEY.     Cr. 
8vo.     10s.  6d. 

EUCLID  AND  PURE  GEOMETRY. 

COCKSHOTT  AND  WALTERS.— A  TREATISE  ON  GEOMETRICAL  CONICS. 
In  accordance  with  the  Syllabus  of  the  Association  for  the  Improvement  of 
Geometrical  Teaching.  By  A.  COCKSHOTT,  M.A.,  Assistant  Master  at  Eton; 
and  Rev.  F.  B.  WALTERS,  M.A.,  Principal  of  King  William's  College,  Isle  of 
Man.  Cr.  8vo.  5s. 

CONSTABLE.— GEOMETRICAL  EXERCISES  FOR  BEGINNERS.  By  SAMUEL 
CONSTABLE.  Cr.  8vo.  3s.  6d. 

CUTHBERTSON.— EUCLIDIAN  GEOMETRY.  By  FRANCIS  CUTHBERTSON,  M.A., 
LL.D.  Ex.  fcap.  8vo.  4s.  6d. 

DAY.— PROPERTIES  OF  CONIC  SECTIONS  PROVED  GEOMETRICALLY. 
By  Rev.  H.  G.  DAY,  M.A.  Part  I.  The  Ellipse,  with  an  ample  collection  of 
Problems.  Cr.  8vo.  3s.  6d. 

DODGSON.— Works  by  CHARLES  L.  DODQSON,  M.A.,  Student  and  late  Mathematical 

Lecturer,  Christ  Church,  Oxford. 

EUCLID,  BOOKS  I.  AND  II.     6th  Ed.,  with  words  substituted  for  the  Alge- 
braical Symbols  used  in  the  1st  Ed.     Cr.  8vo.     2s. 
EUCLID  AND  HIS  MODERN  RIVALS.     2d  Ed.    Cr.  8vo.     6s. 
CURIOSA  MATHEMATICA.     Part  I.     A  New  Theory  of  Parallels.     2d  Ed. 
Cr.  8vo.    2s. 

DREW.— GEOMETRICAL  TREATISE  ON  CONIC  SECTIONS.  By  W.  H. 
DREW,  M.A.  New  Ed.,  enlarged.  Cr.  8vo.  5s. 

DUPUIS.— ELEMENTARY  SYNTHETIC  GEOMETRY  OF  THE  POINT,  LINE, 
AND  CIRCLE  IN  THE  PLANE.  By  N.  F.  DUPUIS,  M.A.,  Professor  of  Pure 
Mathematics  in  the  University  of  Queen's  College,  Kingston,  Canada.  Gl.  8vo. 
4s.  6d. 

HALL  AND  STEVENS.— A  TEXT -BOOK  OF  EUCLID'S  ELEMENTS.  In- 
cluding Alternative  Proofs,  together  with  additional  Theorems  and  Exercises, 
classified  and  arranged.  By  H.  S.  HALL,  M.A.,  and  F.  H.  STEVENS,  M.A., 
Masters  of  the  Military  and  Engineering  Side,  Clifton  College.  Gl.  8vo.  Book 
I.,  Is. ;  Books  I.  and  II.,  Is.  6d. ;  Books  I.-IV.,  3s. ;  Books  III.-VL,  3s ;  Books 
I.-VI.  and  XL,  4s.  6d. ;  Book  XL,  Is.  [KEY.  In  preparation. 

HALSTED.— THE  ELEMENTS  OF  GEOMETRY  By  G.  B.  HALSTED,  Professor 
of  Pure  and  Applied  Mathematics  in  the  University  of  Texas.  8vo.  12s.  6d. 

LOCK.— EUCLID  FOR  BEGINNERS.  Being  an  Introduction  to  existing  Text- 
books. By  Rev.  J.  B.  LOCK,  M.A.  [In  the  Press. 

MAULT.— NATURAL  GEOMETRY:   an  Introduction  to  the  Logical  Study  of 
Mathematics.     For  Schools  and  Technical  Classes.     With  Explanatory  Models 
based  upon  the  Tachymetrical  works  of  Ed.  Lagout.   By  A.  MAULT.   18mo.   Is. 
Models  to  Illustrate  the  above,  in  Box,  12s.  6d. 

MILNE  AND  DAVIS.— GEOMETRICAL  CONICS.  Part  I.  The  Parabola.  By 
Rev.  J.  J.  MILNE,  M.A.,  and  R.  F.  DAVIS,  M.A.  Cr.  8vo.  [In  the  Press. 

SYLLABUS  OF  PLANE  GEOMETRY  (corresponding  to  Euclid,  Books  I.-VI.)— 
Prepared  by  the  Association  for  the  Improvement  of  Geometrical  Teaching. 
Cr.  8vo.  Is. 
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SYLLABUS  OF  MODERN  PLANE  GEOMETRY.— Prepared  by  the  Association 

for  the  Improvement  of  Geometrical  Teaching.     Cr.  8vo.     Sewed.    Is. 
V  TODHUNTER.—TH$  ELEMENTS  OF  EUCLID.      By  I.  TODHUNTER,  F.R.S. 

18mo.     3s.  <5d.  v  KEY.     Cr.  8vo.     6s.  6d. 

WILSON.— Works  by  Rev.  J.  M.  WILSON,  M.A.,  Head  Master  of  Clifton  College. 
ELEMENTARY  GEOMETRY.     BOOKS  I.-V.     Containing    the  Subjects   of 
Euclid's  first  Six  Books.    Following  the  Syllabus  of  the  Geometrical  Associa- 
tion.    Ex.  fcap.  8vo.    4s.  6d. 

SOLID  GEOMETRY  AND  CONIC  SECTIONS.     With  Appendices  on  Trans- 
versals and  Harmonic  Division.    Ex.  fcap.  8vo.     3s.  6d. 

GEOMETRICAL  DRAWING-. 

EAGLES.— CONSTRUCTIVE  GEOMETRY  OF  PLANE  CURVES.      By  T.  H. 

EAGLES,  M.A.,  Instructor  in  Geometrical  Drawing  and  Lecturer  in  Architecture 

at  the  Royal  Indian  Engineering  College,  Cooper's  Hill.     Cr.  8vo.     12s. 
EDGAR    AND    PRITCHARD.— NOTE  -  BOOK   ON    PRACTICAL    SOLID    OR 

DESCRIPTIVE  GEOMETRY.    Containing  Problems  with  help  for  Solutions. 

By  J.  H.  EDGAR  and  G.  S.  PRITCHARD.    4th  Ed.,  revised  by  A.  MEEZE.    Gl. 

8vo.     4s.  6d. 
KITCHENER.— A  GEOMETRICAL  NOTE-BOOK.    Containing  Easy  Problems  in 

Geometrical  Drawing  preparatory  to  the  Study  of  Geometry.     For  the  Use  of 

Schools.     By  F.  E.  KITCHENER,  M.A.,  Head  Master  of  the  Newcastle-under- 

Lyme  High  School.    4to.     2s. 
MILLAR.— ELEMENTS  OF  DESCRIPTIVE  GEOMETRY.     By  J.  B.  MILLAR, 

Civil  Engineer,  Lecturer  on  Engineering  in  the  Victoria  University,  Manchester. 

2d  Ed.     Cr.  8vo.     6s. 
PLANT.— GEOMETRICAL  DRAWING.    By  E.  C.  PLANT.    Globe  8vo. 

[In  preparation. 

MENSURATION. 

STEVENS.— ELEMENTARY  MENSURATION.    With  Exercises  on  the  Mensura- 
tion  of  Plane  and  Solid  Figures.    By  F.  H.  STEVENS,  M.A.    Gl.  8vo. 

[In  preparation. 
TEBAY.— ELEMENTARY  MENSURATION    FOR  SCHOOLS.      By  S.  TEBAY. 

Ex.  fcap.  8vo.     3s.  6d. 

v  TODHUNTER.-MENSURATION  FOR  BEGINNERS.      By  ISAAC  TODHUNTER, 
F.R.S.    18mo.    2s.  6d.  VKEY.    By  Rev.  FR.  L.  MCCARTHY.    Cr.  8vo.  7s.  6d. 

TRIGONOMETRY. 

BEASLEY.— AN  ELEMENTARY  TREATISE  ON  PLANE  TRIGONOMETRY. 

With  Examples.     By  R.  D.  BEASLEY,  M.A.    9th  Ed.,  revised  and  enlarged. 

Cr.  8vo.     3s.  6d. 
BOTTOMLEY.— FOUR-FIGURE  MATHEMATICAL  TABLES.    Comprising  Lo- 

garithrnic  and  Trigonometrical  Tables,  and  Tables  of  Squares,  Square  Roots, 

and  Reciprocals.    By  J.  T.  BOTTOMLEY,  M.A.,  Lecturer  in  Natural  Philosophy 

in  the  University  of  Glasgow.     8vo.     2s.  6d. 

HAYWARD.— THE  ALGEBRA  OF  CO-PLANAR  VECTORS  AND  TRIGONO- 
METRY.   By  R.  B.  HAYWARD,  M.A.,  F.R.S.,  Assistant  Master  at  Harrow. 

[In  preparation. 
JOHNSON.-A  TREATISE  ON  TRIGONOMETRY.     By  W.  E.  JOHNSON,  M.A. 

late  Scholar  and  Assistant  Mathematical  Lecturer  at  King's  College,  Cam.. 

bridge.     Cr.  8vo.     8s.  6d. 
LOCK.— Works  by  Rev.  J.  B.  LOCK,  M.A.,  Senior  Fellow,  Assistant  Tutor  and 

Lecturer  in  Gonville  and  Caius  College,  Cambridge. 
TRIGONOMETRY  FOR  BEGINNERS,  as  far  as  the  Solution  of  Triangles.    3d 

Ed.     Gl.  8vo.     2s.  6d.    KEY.     Cr.  8vo.    6s.  6d. 
ELEMENTARY  TRIGONOMETRY.      6th  Ed.  (in  this  edition  the  chapter  on 

logarithms  has  been  carefully  revised).   Gl.  8vo.   4s.  6d.    KEY.   Cr.  8vo.   8s.  6d. 
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HIGHER  TRIGONOMETRY.    5th  Ed.     Gl.  8vo.    4s.  6d.     Both  Parts  complete 
in  One  Volume.    Gl.  8vo.     7s.  6d. 

M'CLELLAND  AND  PRESTON.— A  TREATISE  ON  SPHERICAL  TRIGONO- 
METRY. With  applications  to  Spherical  Geometry  and  numerous  Examples. 
By  W.  J.  M'CLELLAND,  M.A.,  Principal  of  the  Incorporated  Society's  School, 
Santry,  Dublin,  and  T.  PRESTON,  M.A.  Cr.  8vo.  8s.  6d.,  or :  Part  I.  To  the 
End  of  Solution  of  Triangles,  4s.  6d.  Part  II.,  5s. 

PALMER.-TEXT-BOOK  OF  PRACTICAL  LOGARITHMS  AND  TRIGONO- 
METRY. By  J.  H.  PALMER,  Headmaster,  R.N.,  H.M.S.  Cambridge,  Devon 
port.  Gl.  8vo.  4s.  6d. 

SNOWBALL.— THE  ELEMENTS  OF  PLANE  AND  SPHERICAL  TRIGONO- 
METRY. By  J.  C.  SNOWBALL.  14th  Ed.  Cr.  8vo.  7s.  6d. 

TODHUNTER.— Works  by  ISAAC  TODHUNTER,  F.R.S. 

TRIGONOMETRY  FOR  BEGINNERS.    18mo.   2s.  6d.      KEY.   Cr.  8vo.   8s.  6d, 
PLANE  TRIGONOMETRY.     Cr.  8vo.    5s.     KEY.    Cr.  8vo.     10s.  6d. 
A  TREATISE  ON  SPHERICAL  TRIGONOMETRY.     Cr.  Svo.     4s.  6d. 

WOLSTENHOLME.— EXAMPLES  FOR  PRACTICE  IN  THE  USE  OF  SEVEN- 
FIGURE  LOGARITHMS.  By  JOSEPH  WOLSTENHOLME,  D.Sc.,  late  Professor 
of  Mathematics  in  the  Royal  Indian  Engineering  Coll.,  Cooper's  Hill.  Svo. 
5s. 


ANALYTICAL  GEOMETRY  (Plane  and  Solid). 

DYER.— EXERCISES  IN  ANALYTICAL  GEOMETRY.  By  J.  M.  DYER,  M.A., 
Assistant  Master  at  Eton.  Illustrated.  Cr.  Svo.  4s.  6d. 

FERRERS.— AN  ELEMENTARY  TREATISE  ON  TRILINEAR  CO-ORDIN- 
ATES, the  Method  of  Reciprocal  Polars,  and  the  Theory  of  Projectors.  By 
the  Rev.  N.  M.  FERRERS,  D.D.,  F.R.S.,  Master  of  Gonville  and  Caius  College, 
Cambridge.  4th  Ed.,  revised.  Cr.  Svo.  6s.  6d. 

FROST.— Works  by  PERCIVAL  FROST,  D.Sc.,  F.R.S.,  Fellow  and  Mathematical 
Lecturer  at  King's  College,  Cambridge. 

/AN  ELEMENTARY  TREATISE  ON  CURVE  TRACING.    Svo.    12s. 

SOLID  GEOMETRY.     3d  Ed.     Demy  Svo.    16s. 

/HINTS  FOR  THE  SOLUTION  OF  PROBLEMS  in  the  Third  Edition  of  SOLID 
GEOMETRY.  Svo.  8s.  6d. 

HAYWABD.— THE  ELEMENTS  OF  SOLID  GEOMETRY.  By  R.  B.  HAYWARD, 
M.A.,  F.R.S.  Gl.  Svo.  [In  the  Press. 

JOHNSON.— CURVE  TRACING  IN  CARTESIAN  CO-ORDINATES.  By  W. 
WOOLSEY  JOHNSON,  Professor  of  Mathematics  at  the  U.S.  Naval  Academy, 
Annapolis,  Maryland.  Cr.  Svo.  4s.  6d. 

PUCKLE.— AN  ELEMENTARY  TREATISE  ON  CONIC  SECTIONS  AND  AL- 
GEBRAIC GEOMETRY.  With  Numerous  Examples  and  Hints  for  their  Sol- 
ution. By  G.  H.  P0CKLE,  M.A.  5th  Ed.,  revised  and  enlarged.  Cr.  Svo 
7s.  6d. 

SMITH.— Works  by  CHARLES  SMITH,  M.A.,  Master  of  Sidney  Sussex  College, 
Cambridge. 

V  qONIC  SECTIONS.     7th  Ed.    Cr.  Svo.    7s.  6d. 

SOLUTIONS  TO  CONIC  SECTIONS.     Cr.  Svo.     10s.  6d. 

^Atf  ELEMENTARY  TREATISE  ON  SOLID  GEOMETRY.  2d  Ed.  Cr.  Svo. 
9s.  6d. 

TODHUNTER.— Works  by  ISAAC  TODHUNTER,  F.R.S. 
PLANE  CO-ORDINATE  GEOMETRY,  as  applied  to  the  Straight  Line  and  the 

Conic  Sections.     Cr.  Svo.    7s.  6d. 
KEY.     By  C.  W.  BOURNE,  M.A.,  Headmaster  of  King's  College  School.    Cr.  Svo. 

10s.  6d. 

EXAMPLES   OF  ANALYTICAL   GEOMETRY   OF  THREE   DIMENSIONS. 
New  Ed.,  revised.    Cr.  Svo.    4s. 
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PROBLEMS  AND  QUESTIONS  IN 
MATHEMATICS. 

ARMY  PRELIMINARY  EXAMINATION,  1882-1889,  Specimens  of  Papers  set  at 
the.  With  Answers  to  the  Mathematical  Questions.  Subjects :  Arithmetic, 
Algebra,  Euclid,  Geometrical  Drawing,  Geography,  French,  English  Dictation. 
Cr.  8vo.  3s.  6d. 

CAMBRIDGE  SENATE -HOUSE  PROBLEMS  AND  RIDERS,  WITH  SOLU- 
TIONS:— 

1875— PROBLEMS  AND  RIDERS.    By  A.  G.  GBEENHILL,  F.R.S.  Cr.  8vo.  8s.  6d. 
1878— SOLUTIONS  OF  SENATE-HOUSE  PROBLEMS.     By  the  Mathematical 
Moderators  and  Examiners.    Edited  by  J.  W.  L.  GLAISHER,  F.R.S.,  Fellow  of 
Trinity  College,  Cambridge.    12s. 

CHRISTIE.— A  COLLECTION  OF  ELEMENTARY  TEST-QUESTIONS  IN  PURE 
'     AND  MIXED  MATHEMATICS  ;  with  Answers  and  Appendices  on  Synthetic 
Division,  and  on  the  Solution  of  Numerical  Equations  by  Horner's  Method. 
By  JAMES  R.  CHRISTIE,  F.R.S.     Cr.  Svo.    8s.  6d. 
MILNE.— Works  by  Rev.  JOHN  J.  MILNE,  Private  Tutor. 

WEEKLY  PROBLEM  PAPERS.    With  Notes  intended  for  the  use  of  Students 
preparing  for  Mathematical  Scholarships,  and  for  Junior  Members  of  the  Uni- 
versities who  are  reading  for  Mathematical  Honours.    Pott  Svo.    4s.  6d. 
SOLUTIONS  TO  WEEKLY  PROBLEM  PAPERS.    Cr.  Svo.    10s.  6d. 
COMPANION  TO  WEEKLY  PROBLEM  PAPERS.     Cr.  Svo.     10s.  6d. 
SANDHURST  MATHEMATICAL  PAPERS,  for  admission  into  the  Royal  Military 
College,  1881-1S89.     Edited  by  E.  J.  BROOKSMITH,  B.A.,  Instructor  in  Mathe- 
matics at  the  Royal  Military  Academy,  Woolwich.    Cr.  Svo.          [In  the  Press. 
WOOLWICH  MATHEMATICAL  PAPERS,  for  Admission  into  the  Royal  Military 
Academy,  Woolwich,  1880-1SSS  inclusive.    Edited  by  E.  J.  BROOKSMITH,  B.A. 
Cr.  Svo.     6s. 
WOLSTENHOLME.— Works  by  JOSEPH  WOLSTENHOLME,  D.Sc.,  late  Professor  of 

Mathematics  in  the  Royal  Engineering  Coll.  Cooper's  Hill. 
MATHEMATICAL  PROBLEMS,  on  Subjects  included  in  the  First  and  Second 
Divisions  of  the  Schedule  of  Subjects  for  the  Cambridge  Mathematical  Tripos 
Examination.    New  Ed.,  greatly  enlarged.    Svo.    18s. 

EXAMPLES  FOR  PRACTICE  IN  THE  USE  OF  SEVEN-FIGURE  LOGAR- 
ITHMS.   8vo.     5s. 


HIGHER  PURE  MATHEMATICS. 

V  AIRY,—  Works  by  Sir  G.  B.  AIRY,  K.C.B.,  formerly  Astronomer-Royal. 

ELEMENTARY  TREATISE  ON  PARTIAL  DIFFERENTIAL  EQUATIONS. 
^With  Diagrams.    2d  Ed.    Cr.  8vo.     5s.  6d. 

OX  THE  ALGEBRAICAL  AND  NUMERICAL  THEORY  OF  ERRORS  OF 
-   OBSERVATIONS    AND     THE     COMBINATION     OF    OBSERVATIONS. 

2d.  Ed.,  revised.     Cr.  Svo.     6s.  6d. 
x    BOOLE.—  THE  CALCULUS  OF  FINITE  DIFFERENCES.    By  G.  BOOLE.   3d  Ed., 

revised  by  J.  F.  MOULTON,  Q.C.    Cr.  Svo.    10s.  6d. 

v  CARLL—  A  TREATISE  ON  THE  CALCULUS  OF  VARIATIONS.  By  LEWIS  B. 
CARLL.  Arranged  with  the  purpose  of  Introducing,  as  well  as  Illustrating,  its 
Principles  to  the  Reader  by  means  of  Problems,  and  Designed  to  present  in  all 
Important  Particulars  a  Complete  View  of  \the  Present  State  of  the  Science. 
8yo.  21s. 

>  EDWARDS.—  THE  DIFFERENTIAL  CALCULUS.  By  JOSEPH  EDWARDS,  M.A., 
With  Applications  and  numerous  Examples.  Cr.  Svo.  10s.  6d. 


—  AN  ELEMENTARY  TREATISE  ON  SPHERICAL  HARMONICS, 
AND  SUBJECTS  CONNECTED  WITH  THEM.  By  Rev.  N.  M.  FERRERS, 
D.D.,  F.R.S.,  Master  of  Gonville  and  Caius  College,  Cambridge.  Cr.  Svo.  7s.  6d. 
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v  FORSYTE.— A  TREATISE  ON  DIFFERENTIAL  EQUATIONS.      By  ANDREW 

RUSSELL  FORSYTH,  F.R.S.,  Fellow  and  Assistant  Tutor  of  Trinity  College, 

Cambridge.    2d  Ed.    Svo.     14s. 
FROST.— AN  ELEMENTARY  TREATISE  ON  CURVE  TRACING.     By  PERCIVAL 

FROST,  M.A.,  D.Sc.    8vo.     12s. 
GREBNHILL.— DIFFERENTIAL  AND  INTEGRAL    CALCULUS.      By  A.   G. 

GREENHILL,  Professor  of  Mathematics  to  the  Senior  Class  of  Artillery  Officers, 

Woolwich.    Cr.  8vo.    7s.  6d. 
JOHNSON.— Works  by  WILLIAM  WOOLSEY  JOHNSON,  Professor  of  Mathematics  at 

the  U.S.  Naval  Academy,  Annapolis,  Maryland. 
INTEGRAL  CALCULUS,  an  Elementary  Treatise  on  the;   Founded  on  the 

Method  of  Rates  or  Fluxions.     8vo.    9s. 

CURVE  TRACING  IN  CARTESIAN  CO-ORDINATES.     Cr.  8vo.    4s.  6d. 
/     ATREATISE  ON  ORDINARY  AND  DIFFERENTIAL  EQUATIONS.    Ex.  cr. 

/8vo.    15s. 
,/  KELLAND  AND  T AIT. —INTRODUCTION  TO  QUATERNIONS,  with  numerous 

examples.     By  P.  KELLAND  and  P.  G.  TAIT,  Professors  in  the  Department  of 

Mathematics  in  the  University  of  Edinburgh.     2d  Ed.    Cr.  8vo.    7s.  6d. 
KEMPE.— HOW  TO  DRAW  A  STRAIGHT  LINE :  a  Lecture  on  Linkages.    By  A. 

B.  KEMPE.     Illustrated.    Cr.  8vo.     Is.  6d. 
KNOX.— DIFFERENTIAL  CALCULUS  FOR  BEGINNERS.      By  ALEXANDER 

KNOX.     Fcap.  8vo.    3s.  6d. 
MERRIMAN.— A  TEXT-BOOK  OF  THE  METHOD  OF  LEAST  SQUARES.     By 

MANSFIELD  MERRIMAN,  Professor  of  Civil  Engineering  at  Lehigh  University, 

U.S.A.-  8vo.     8s.  6d. 

MUIR.— Works  by  THOS.  MUIR,  Mathematical  Master  in  the  High  School  of  Glasgow. 
A  TREATISE  ON  THE  THEORY  OF  DETERMINANTS.     With  graduated  sets 

of  Examples.     Cr.  Svo.     7s.  6d. 
THE  THEORY  OF  DETERMINANTS  IN  THE  HISTORICAL  ORDER  OF  ITS 

DEVELOPMENT.     Parti.    Determinants  in  General.     Leibnitz  (1693)  to  Cay- 
ley  (1841).    Svo.     10s.  6d. 
RICE  AND  JOHNSON.— DIFFERENTIAL  CALCULUS,  an  Elementary  Treatise  on 

the ;  Founded  on  the  Method  of  Rates  or  Fluxions.    By  J.  M.  RICE,  Professor 

of  Mathematics  in  the  United  States  Navy,  and  W.  W.  JOHNSON,  Professor  of 

Mathematics  at  the  United  States  Naval  Academy.    3d  Ed.,  revised  and  cor- 
rected.   Svo.    18s.    Abridged  Ed.    9s. 
TODHUNTER.— Works  by  ISAAC  TODHUNTER,  F.R.S. 
,    A$r  ELEMENTARY    TREATISE    ON    THE    THEORY   OF    EQUATIONS. 

Cr.  Svo.    7s.  6d. 
»  A  TREATISE  ON  THE   DIFFERENTIAL  CALCULUS.     Cr.   Svo.      10s.   6d 

KEY.    Cr.  Svo.     10s.  6d. 
\  A  TREATISE  ON  THE  INTEGRAL  CALCULUS  AND  ITS  APPLICATIONS. 

Cr.  Svo.     10s.  6d.     KEY.     Cr.  8vo.     10s.  6d. 
A  HISTORY  OF  THF/MATHEMATICAL  THEORY  OF  PROBABILITY,  from 

the  time  of  Pascal  to  that  of  Laplace.    Svo.    18s. 
,  AN  ELEMENTARY  TREATISE  ON  LAPLACE'S,  LAME'S,  AND  BESSEL'S 

FUNCTIONS.    Cr.  8vo.     10s.  6d. 


MECHANICS :  Statics,  Dynamics,  Hydrostatics, 
Hydrodynamics.     (See  also  Physics.) 

ALEXANDER  AND  THOMSON.— ELEMENTARY  APPLIED  MECHANICS.    By 

Prof.  T.  ALEXANDER,   and  A.   W.  THOMSON.      Part  II.    Transverse  Stress. 

Cr.  Svo.     10s.  6d. 
BALL.— EXPERIMENTAL  MECHANICS.    A  Course  of  Lectures  delivered  at  the 

Royal  College  of  Science  for  Ireland.     By  Sir  R.  S.  BALL,  F.R.S.     2d  Ed. 

Illustrated.    Cr.  Svo.    6s. 
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CHISHOLM.-THE  SCIENCE  OP  WEIGHING  AND  MEASURING,  AND  THE 
STANDARDS  OF  MEASURE  AND  WEIGHT.  By  H.  W.  CHISHOLM,  Warden 
of  the  Standards.  Illustrated.  Cr.  8vo.  4s.  6d. 

CLARKE.— A  TABLE  OF  SPECIFIC  GRAVITY  FOR  SOLIDS  AND  LIQUIDS. 
(Constants  of  Nature :  Part  I.)  New  Ed.,  revised  and  enlarged.  By  F.  W.  CLARKE, 
Chief  Chemist,  U.S.  Geological  Survey.  8vo.  12s.  6d.  (Published  for  the 
Smithsonian  Institution,  Washington,  U.S.A.) 

v CLIFFORD.— THE  ELEMENTS  OF  DYNAMIC.  An  Introduction  to  the  Study  of 
Motion  and  Rest  in  Solid  and  Fluid  Bodies.  By  W.  K.  CLIFFORD.  Part  I.— 
Kinematic.  Cr.  8vo.  Books  I— III.  7s.  6d. ;  Book  IV.  and  Appendix,  6s. 

COTTERILL.— APPLIED  MECHANICS :  an  Elementary  General  Introduction  to 
the  Theory  of  Structures  and  Machines.  By  J.  H.  COTTERILL,  F.R.S.,  Professor 

,     of  Applied  Mechanics  in  the  Royal  Naval  College,  Greenwich.    8vo.    18s. 
VCOTTERILL AND  SLADE.— ELEMENTARY  MANUAL  OF  APPLIED  MECHAN- 
ICS.   By  Prof.  J.  H.  COTTERILL  and  J.  H.  SLADE.    Cr.  8vo.          [In  the  Press. 

DYNAMICS,  SYLLABUS  OF  ELEMENTARY.  Part  I.  Linear  Dynamics.  With 
an  Appendix  on  the  Meanings  of  the  Symbols  in  Physical  Equations.  Prepared 
by  the  Association  for  the  Improvement  of  Geometrical  Teaching.  4to.  Is. 

GANGUILLET  AND  KUTTER.— A  GENERAL  FORMULA  FOR  THE  UNIFORM 
FLOW  OF  WATER  IN  RIVERS  AND  OTHER  CHANNELS.  By  E.  GAN- 
GUILLET and  W.  R.  KUTTER,  Engineers  in  Berne,  Switzerland.  Translated  from 
the  German,  with  numerous  Additions,  including  Tables  and  Diagrams,  and  the 
Elements  of  over  1200  Gaugings  of  Rivers,  Small  Channels,  and  Pipes  in  English 
Measure,  by  RUDOLPH  HERINO,  Assoc.  Am.  Soc.  C.E.,  M.  Inst.  C.E.,  and  JOHN 
C.  TRAUTWINE  Jun.,  Assoc.  Am.  Soc.  C.E.,  Assoc.  Inst.  C.E.  8vo.  17s. 

GREAVES. — Works  by  JOHN  GREAVES,  M.A.,  Fellow  and  Mathematical  Lecturer 

at  Christ's  College,  Cambridge. 
STATICS  FOR  BEGINNERS.     Gl.  Svo.     3s.  6d. 
A  TREATISE  ON  ELEMENTARY  STATICS.     2d  Ed.     Cr.  Svo.     6s.  6d. 

HICKS.— ELEMENTARY  DYNAMICS  OF  PARTICLES  AND  SOLIDS.  By 
W.  M.  HICKS,  Principal  and  Professor  of  Mathematics  and  Physics,  Firth  Col- 
lege,  Sheffield.  Cr.  Svo.  6s.  6d. 

JELLETT.— A  TREATISE  ON  THE  THEORY  OF  FRICTION.  By  JOHN  H. 
JELLETT,  B.D.,  late  Provost  of  Trinity  College,  Dublin.  Svo.  8s.  6d. 

KENNEDY.— THE  MECHANICS  OF  MACHINERY.  By  A.  B.  W.  KENNEDY, 
F.R.S.  Illustrated.  Cr.  Svo.  12s.  6d. 

LOCK.— Works  by  Rev.  J.  B.  LOCK,  M.A. 

ELEMENTARY  STATICS.     2d  Ed.     Gl.  Svo.     4s.  6d. 
v     DYNAMICS  FOR  BEGINNERS.    3d  Ed.    Gl.  Svo.    4s.  6d. 

MACGREGOR.— KINEMATICS  AND  DYNAMICS.  An  Elementary  Treatise. 
By  J.  G.  MACGREGOR,  D.Sc.,  Munro  Professor  of  Physics  in  Dalhousie  College, 
Halifax,  Nova  Scotia.  Illustrated.  Cr.  Svo.  -10s.  6d. 

PARKINSON.— AN  ELEMENTARY  TREATISE  ON  MECHANICS.  By  S. 
PARKINSON,  D.D.,  F.R.S.,  late  Tutor  and  Prselector  of  St.  John's  College, 
Cambridge.  6th  Ed.,  revised.  Cr.  Svo.  9s.  6d. 

PIRIE.— LESSONS  ON  RIGID  DYNAMICS.  By  Rev.  G.  PIRIE,  M.A.,  Professor 
of  Mathematics  in  the  University  of  Aberdeen.  Cr.  8vo.  6s. 

REULEAUX.— THE  KINEMATICS  OF  MACHINERY.     Outlines  of  a  Theory  of 
Machines.    By  Prof.  F.  REULEAUX.    Translated  and  Edited  by  Prof.  A.  B.  W. 
KENNEDY,  F.R.S.    Illustrated.    Svo.    21s. 
VROUTH.— Works  by  EDWARD  JOHN  ROUTH,  D.Sc.,  LL.D.,  F.R.S.,  Hon.  Fellow 

of  St.  Peter's  College,  Cambridge. 

A  TREATISE  ON  THE  DYNAMICS  OF  THE  SYSTEM  OF  RIGID  BODIES. 
With  numerous  Examples.    Fourth  and  enlarged  Edition.    Two  Vols.    Svo. 
Vol.  I.— Elementary  Parts.    14s.    Vol.  II.— The  Advanced  Parts.     14s. 
STABILITY  OF  A  GIVEN  STATE  OF  MOTION,  PARTICULARLY  STEADY 
MOTION.    Adams  Prize  Essay  for  1877.     Svo.     8s.  6d. 

SANDERSON.— HYDROSTATICS  FOR  BEGINNERS.  By  F.  W.  SANDERSON, 
M.A.,  Assistant  Master  at  Dulwich  College.  Gl.  Svo.  4s.  6d. 
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TAIT  AND  STEELE.-A  TREATISE  ON  DYNAMICS  OF  A  PARTICLE.     By 
Professor  TAIT,  M.A.,  and  W.  J.  STEELE,  B.A.    6th  Ed.,  revised.   Cr.  8vo.   12s. 
TODHUNTER.— Works  by  ISAAC  TODHUNTEB,  F.R.S.         / 
MECHANICS  FOR  BEGINNERS.    18mo.     4s.  6d.     KEY.     Cr.  8vo.    6s.  6d. 
A  TREATISE  ON  ANALYTICAL  STATICS.     5th  ^d.     Edited  by  Prof.  J.  D. 
EVERETT,  F.R.S.     Cr.  8vo.     10s.  6d. 

PHYSICS :  Sound,  Light,  Heat,  Electricity,  Elasticity, 
Attractions,  etc.     (See  also  Mechanics.) 

AIRY.— Works  by  Sir  G.  B.  AIRY,  K.C.B.,  formerly  Astronomer-Royal. 
ON  SOUND  AND  ATMOSPHERIC  VIBRATIONS.      With  the  Mathematical 

Elements  o'f  Music.    2d  Ed.,  revised  and  enlarged.    Cr.  8vo.    9s. 
A  TREATISE  ON  MAGNETISM.     Cr.  8vo.    9s.  6d. 
GRAVITATION :  an  Elementary  Explanation  of  the  Principal  Perturbations  in 

the  Solar  System.    2d  Ed.    Cr.  8vo.    7s.  6d. 

CLAUSIUS.— MECHANICAL  THEORY  OF  HEAT.     By  R.  CLAUSIUS.     Trans- 
lated by  W.  R.  BROWNE,  M.A.    Cr.  8vo.    10s.  6d. 
GUMMING.— AN   INTRODUCTION    TO   THE   THEORY   OF   ELECTRICITY. 

By  LINN^US  GUMMING,  M.A. ,  Assistant  Master  at  Rugby.    Illustrated.   Cr.  8vo. 

8s.  6d. 
DANIELL.— A  TEXT-BOOK  OF  THE  PRINCIPLES  OF  PHYSICS.    By  ALFRED 

DANIELL,  D.Sc.    Illustrated.    2d  Ed.,  revised  and  enlarged.    8vo.    21s. 
DAY.— ELECTRIC  LIGHT  ARITHMETIC.    By  R.  E.  DAY,  Evening  Lecturer  in 

Experimental  Physics  at  King's  College,  London.    Pott  8vo.    2s. 
EVERETT.— UNITS  AND  PHYSICAL  CONSTANTS.    By  J.  D.  EVERETT,  F.R.S. , 

Professor  of  Natural  Philosophy,  Queen's  College,  Belfast.    2d  Ed.     Ex.  fcap. 

8vo.    5s. 
FERRERS.-AN  ELEMENTARY  TREATISE  ON  SPHERICAL  HARMONICS, 

and  Subjects  connected  with  them.     By  Rev.  N.  M.  FERRERS,  D.D.,  F.R.S., 

Master  of  Gonville  and  Caius  College,  Cambridge.    Cr.  Svo.    7s.  6d. 
FESSENDEN.— A  SCHOOL  CLASS-BOOK  OF  PHYSICS.      By  C.  FESSENDEN. 

Illustrated.    Fcp.  8vo.  [In  the  Press. 

GRAY.— THE  THEORY  AND  PRACTICE  OF  ABSOLUTE  MEASUREMENTS 

IN  ELECTRICITY  AND  MAGNETISM.     By  A.  GRAY,  F.R.S.E.,  Professor 

of  Physics  in  the  University  College  of  North  Wales.    Two  Vols.    Cr.  Svo. 

Vol.  I.     12s.  6d.  [Vol.  II.    In  the  Press. 

ABSOLUTE  MEASUREMENTS  IN  ELECTRICITY  AND  MAGNETISM.     2d 

Ed.,  revised  and  greatly  enlarged.     Fcap.  8vo.     5s.  6d. 
IBBETSON.— THE  MATHEMATICAL   THEORY  OF  PERFECTLY   ELASTIC 

SOLIDS,  with  a  Short  Account  of  Viscous  Fluids.    By  W.  J.  IBBETSON,  late 

Senior  Scholar  of  Clare  College,  Cambridge.    Svo.     21s. 
JONES.— EXAMPLES  IN  PHYSICS.    By  D.  E.  JONES,  B.Sc.,  Professor  of  Physics 

in  the  University  College  of  Wales,  Aberystwyth.    Fcap.  8vo.    3s.  6d. 
SOUND,   LIGHT,  AND   HEAT.     An  Elementary  Text-Book.     With  Illustra- 
tions.   Fcap.  Svo.  [In  the  Press. 
LODGE.— MODERN  VIEWS  OF  ELECTRICITY.    By  OLIVER  J.  LODGE,  F.R.S., 

Professor  of  Experimental  Physics  in  University  College,  Liverpool.    Illus- 
trated.   Cr.  8vo.    6s.  6d. 
LOEWY.— Works  by  B.  LOEWY,  Examiner  in  Experimental  Physics  to  the  College 

of  Preceptors. 
QUESTIONS  AND  EXAMPLES  ON   EXPERIMENTAL  PHYSICS:    Sound, 

Light,  Heat,  Electricity,  and  Magnetism.    Fcap.  Svo.     2s. 
A  GRADUATED  COURSE  OF  NATURAL  SCIENCE  FOR  ELEMENTARY 

AND  TECHNICAL  SCHOOLS  AND  COLLEGES.     In  Three  Parts.    Part  I. 

FIRST  YEAR'S  COURSE,    Gl.  Svo.    2s. 
LUPTON.— NUMERICAL    TABLES    AND    CONSTANTS    IN    ELEMENTARY 

SCIENCE.     By  S.  LUPTON,  M.A.,  late  Assistant  Master  at  Harrow.     Ex.  fcap. 

Svo.    2s.  6d. 
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MACFARLANE.— PHYSICAL  ARITHMETIC.    By  A.  MACTARLANE,  D.Sc.,  late 

Examiner  in  Mathematics  at  the  University  of  Edinburgh.    Cr.  8vo.    7s.  6d. 
'    MAYER.— SOUND :  a  Series  of  Simple,  Entertaining,  and  Inexpensive  Experi- 
ments in  the  Phenomena  of  Sound.    By  A.  M.  MAYER,  Professor  of  Physics 
in  the  Stevens  Institute  of  Technology,  Illustrated.    Cr.  8vo.    3s.  6d. 
\  MAYER  AND  BARNARD.— LIGHT :  a  Series  of  Simple,  Entertaining,  and  Inex- 
pensive Experiments  in  the  Phenomena  of  Light.    By  A.  M.  MAYER  and  C. 
BARNARD.    Illustrated.    Cr.  8vo.    2s.  6d. 

MOLLOY.— GLEANINGS  IN  SCIENCE  :  Popular  Lectures  on  Scientific  Subjects. 
By  the  Eev.  GERALD  MOLLOY,  D.Sc.,  Eector  of  the  Catholic  University  of 
/       Ireland.     8vo.     7s.  6d. 
/NEWTON.-PRINCIPIA.    Edited  by  Prof.  Sir  W.  THOMSON  and  Prof.  BLACK- 

BURNE.     4to.     31s.  6d. 

THE  FIRST  THREE  SECTIONS  OF  NEWTON'S  PRINCIPIA.  With  Notes 
and  Illustrations.  Also  a  Collection  of  Problems,  principally  intended  as 
Examples  of  Newton's  Methods.  By  P.  FROST,  M.  A.,  D.Sc.  3d.  Ed.  8vo.  12s. 
PARKINSON.— A  TREATISE  ON  OPTICS.  By  S.  PARKINSON,  D.D.,  F.R.S., 
late  Tutor  and  Prselector  of  St.  John's  College,  Cambridge.  4th  Ed.,  revised 
and  enlarged.  Cr.  8vo.  10s.  6d. 

PEABODY.— THERMODYNAMICS  OF  THE  STEAM-ENGINE  AND  OTHER 
HEAT-ENGINES.    By  CECIL  H.  PEABODY,  Associate  Professor  of  Steam 
Engineering,  Massachusetts  Institute  of  Technology     8vo.    21s. 
PERRY.  —  STEAM :    an    Elementary   Treatise.      By   JOHN    PERRY,   Professor 
of  Mechanical  Engineering  and  Applied  Mechanics  at  the  Technical  College, 
,      Finsbury.    18mo.    4s.  6d. 

^PRESTON.— A    TREATISE    ON    THE    THEORY    OF    LIGHT.      By    THOMAS 

PRKSTON,  M.A.    Illustrated.    8vo.  [In  the  Press. 

RAYLEIGH.— THE  THEORY  OF  SOUND.      By  Lord  Rayleigh,  F.R.S.     8vo. 

T  Vol.  I.    12s.  6d.    Vol.  II.     12s.  6d.  [Vol.  III.    In  the  Press. 

SHANN.— AN   ELEMENTARY    TREATISE    ON    HEAT,    IN   RELATION    TO 

STEAM  AND  THE  STEAM-ENGINE.     By  G.  SHANN,  M.A.     Illustrated. 

Cr.  8vo.     4s.  6d. 

v   SPOTTISWOODE.— POLARISATION  OF  LIGHT.    By  the  late  W.  SPOTTISWOODE, 

F.R.S.    Illustrated.    Cr.  8vo.    3s.  6d. 
STEWART.— Works  by  BALFOUR  STEWART,  F.R.S. ,  late  Langworthy  Professor  of 

Physics  in  the  Owens  College,  Victoria  University,  Manchester. 
Y     PRIMER  OF  PHYSICS.     Illustrated.     With  Questions.     18mo.     Is. 
^     LESSONS  IN  ELEMENTARY  PHYSICS.     Illustrated.     Fcap.  8vo.     4s.  6d. 

QUESTIONS.     By  Prof.  T.  H.  CORE.     Fcap.  8vo.    2s. 

s/STEWART  AND  GEE.— LESSONS  IN  ELEMENTARY  PRACTICAL  PHYSICS. 

'    By  BALFOUR  STEWART,  F.R.S.,  and  W.  W.  HALDANE  GEK,  B.Sc.     Cr.  8vo. 

Vol.   I.    GENERAL  PHYSICAL   PROCESSES.     6s.     Vol.   II.    ELECTRICITY   AND 

MAGNETISM.    7s.  6d.  [Vol.  III.  OPTICS,  HEAT,  and  SOUND.    In  the  Press. 

PRACTICAL  PHYSICS  FOR  SCHOOLS  AND  THE  JUNIOR  STUDENTS  OF 

COLLEGES.    Gl.  8vo.    Vol.  I.  ELECTRICITY  AND  MAGNETISM.    2s.  6d. 

[Vol.  II.  OPTICS,  HEAT,  AND  SOUND.    In  the  Press. 

,  STOKES.— ON  LIGHT.    Burnett  Lectures,  delivered  in  Aberdeen  in  1883-4-5. 

/  By  Sir  G.  G.   STOKES,  F.R.S.,  Lucasian   Professor  of  Mathematics  in  the 

University  of  Cambridge.    First  Course  :  ON  THE  NATURE  OF  LIGHT.    Second 

Course :  ON  LIGHT  AS  A  MEANS  OF  INVESTIGATION.     Third  Course :  ON  THE 

BENEFICIAL  EFFECTS  OF  LIGHT.    Cr.  8vo.    7s.  6d. 

%*  The  2d  and  3d  Courses  may  be  had  separately.    Cr.  8vo.    2s.  6d.  each. 
STONE.— AN    ELEMENTARY  TREATISE    ON    SOUND.      By  W.    H.   STONE. 
Illustrated.     Fcp.  8vo.    3s.  6d. 

.— HEAT.    By  P.  G.  TAIT,  Professor  of  Natural  Philosophy  in  the  University 
of  Edinburgh.     Cr.  8vo.    6s. 

/TAYLOR.— SOUND  AND  MUSIC.     An  Elementary  Treatise  on  the  Physical  Con- 
V         stitution  of  Musical  Sounds  and  Harmony,  including  the  Chief  Acoustical 
Discoveries  of  Professor  Helmholtz.     By  SEDLEY  TAYLOR,  M.A.     Illustrated. 
2d  Ed.     Ex.  Cr.  8vo.    8s.  6d. 
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THOMPSON.  -ELEMENTARY  LESSONS  IN  ELECTRICITY  AND  MAGNET- 
ISM.    By  SILVANUS  P.  THOMPSON,  Principal  and  Professor  of  Physics  in  the 
Technical  College,  Finsbury.  Illustrated.  New  Ed.,  revised.   Fcap.  8vo.  4s.  6d. 
THOMSON. — Works  by  J.  J.  THOMSON,  Professor  of  Experimental  Physics  in  the 

University  of  Cambridge. 

v    A  TREATISE  ON  THE  MOTION  OF  VORTEX  RINGS.    Adams  Prize  Essay, 
I       1882.     8vo.    6s. 
-    APPLICATIONS  OF  DYNAMICS  TO  PHYSICS  AND  CHEMISTRY.     Cr.  8vo. 

7s.  6d. 
.THOMSON.— Works  by  Sir  W.  THOMSON,  F.R.S.,  Professor  of  Natural  Philosophy 

in  the  University  of  Glasgow. 
ELECTROSTATICS    AND    MAGNETISM,    REPRINTS    OF    PAPERS    ON. 

2d  Ed.    8vo.     18s. 
POPULAR  LECTURES  AND  ADDRESSES.     3  Vols.     Illustrated.     Cr.  8vo. 

Vol.  I.  CONSTITUTION  OF  MATTER.    6s. 
TODHUNTER.— Works  by  ISAAC  TODHUNTER,  F.R.S. 

NATURAL  PHILOSOPHY  FOR  BEGINNERS.    Part  I.  The  properties  of  Solid 
and  Fluid  Bodies.     18mo.    3s.  6d.     Part  II.    Sound,  Light,  and  Heat.     18mo. 
3s.  6d. 
AN  ELEMENTARY  TREATISE  ON  LAPLACE'S,  LAME'S,  AND  BESSEL'S 

FUNCTIONS.    Crown  8vo.     10s.  6d. 

A  HISTORY  OF  THE  MATHEMATICAL  THEORIES  OF  ATTRACTION,  AND 
THE  FIGURE  OF  THE  EARTH,  from  the  time  of  Newton  to  that  of  Laplace. 
2  vols.    8vo.    24s. 
TURNER.— A  COLLECTION  OF  EXAMPLES  ON  HEAT  AND  ELECTRICITY. 

By  H.  H.  TURNER,  Fellow  of  Trinity  College,  Cambridge.     Cr.  8vo.    2s.  6d. 
BRIGHT.— LIGHT:  A  Course  of  Experimental  Optics,  chiefly  with  the  Lantern. 
By  LEWIS  WRIGHT.    Illustrated.    Cr.  8vo.    7s.  6d. 

ASTRONOMY. 

AIRY.— Works  by  Sir  G.  B.  AIRY,  K.C.B.,  formerly  Astronomer-Royal. 
POPULAR  ASTRONOMY.    18mo.     4s.  6d. 
GRAVITATION :  an  Elementary  Explanation  of  the  Principal  Perturbations  in 

the  Solar  System.     2d  Ed.    Cr.  8vo.    7s.  6d. 

CHEYNE.— AN  ELEMENTARY  TREATISE  ON  THE  PLANETARY  THEORY. 
By  C.  H.  H  CHEYNE.  With  Problems.  3d  Ed.  Edited  by  Rev.  A.  FREEMAN 
M.A.,  F.R.A.S.  Cr.  8vo.  7s.  6d. 

FORBES.— TRANSIT  OF  VENUS.    By  G.  FORBES,  Professor  of  Natural  Philo- 
sophy in  the  Andersonian  University,  Glasgow.    Illustrated.    Cr.  8vo.    3s.  6d. 
GODFRAY.— Works  by  HUGH  GODFRAY,  M.A.,  Mathematical  Lecturer  at  Pembroke 

College,  Cambridge. 

A  TREATISE  ON  ASTRONOMY.    4th  Ed.    8vo.    12s.  6d. 
AN  ELEMENTARY  TREATISE  ON  THE  LUNAR  THEORY,  with  a  brief 
Sketch  of  the  Problem  up  to  the  time  of  Newton.    2d  Ed.,  revised.    Cr.  8vo. 
5s.  6d. 

LOCKYER.— Works  by  J.  NORMAN  LOCKYER,  F.R.S. 
/PRIMER  OF  ASTRONOMY.    Illustrated.    18mo.     Is. 

v-ELEMENTARY  LESSONS  IN  ASTRONOMY.— With  Spectra  of  the  Sun,  Stars, 
and  Nebulae,  and  numerous  Illustrations.    36th  Thousand.    Revised  through- 
out.    Fcap.  8vo.    5s.  6d. 
QUESTIONS  ON  LOCKYER'S  ELEMENTARY  LESSONS  IN  ASTRONOMY. 

By  J.  FORBES  ROBERTSON.    18mo.    Is.  6d. 
THE  CHEMISTRY  OF  THE  SUN.    Illustrated.    8vo.     14s. 
THE  METEORIC  HYPOTHESIS.     Illustrated.    8vo.  [In  the  Preat. 

THE  EVOLUTION  OF  THE  HEAVENS  AND  THE  EARTH.    Cr.  8vo.    Hlua- 
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NEWCOMB.— POPULAR  ASTRONOMY.  By  S.  NEWCOMB,  LL.D.,  Professor 
U.S.  Naval  Observatory.  Illustrated.  2d  Ed.,  revised.  8vo.  18s. 
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HISTORICAL. 
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TODHUNTER.— Works  by  ISAAC  TODHUNTER,  F.R.S. 
A  HISTORY  OF  THE  MATHEMATICAL  THEORY  OF  PROBABILITY  from 
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A  HISTORY  OF  THE  MATHEMATICAL  THEORIES  OF  ATTRACTION, 
AND  THE  FIGURE  OF  THE  EARTH,  from  the  time  of  Newton  to  that  of 
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NATURAL   SCIENCES. 

Chemistry ;  Physical  Geography,  Geology,  and  Mineralogy ;  Biology ; 
Medicine. 

(FOR  MECHANICS,    PHYSICS,    AND   ASTRONOMY,    S6Q 
MATHEMATICS.} 
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STRONG,  F.R.S.,  Professor  of  Chemistry  in  the  City  and  Guilds  of  London  Tech- 
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FLEISCHER.— A  SYSTEM  OF  VOLUMETRIC  ANALYSIS.  By  EMIL  FLEISCHER. 
Translated,  with  Notes  and  Additions,  by  M.  M.  P.  MUIR,  F.R.S.E.  Illustrated. 
Cr.  8vo.  7s.  6d. 

FRANKLAND.— A  HANDBOOK  OF  AGRICULTURAL  CHEMICAL  ANALYSIS. 
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HARTLEY.— A  COURSE  OF  QUANTITATIVE  ANALYSIS  FOR  STUDENTS. 
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A  TEXT-BOOK  OF  ELEMENTARY   METALLURGY   FOR  THE   USE    OF 
STUDENTS.    To  which  is  added  an  Appendix  of  Examination  Questions,  em- 
bracing the  whole  of  the  Questions  set  in  the  three  stages  of  the  subject  by  the 
Science  and  Art  Department  for  the  past  twenty  years.  By  the  Same.  G1.8vo.  4s. 
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Same.     Illustrated.     Gl.  8vo.    3s.  6d. 
MIXED  METALS  AND  METALLIC  ALLOYS.    By  the  Same.       [InUhe  Press. 

JONES.-THE  OWENS  COLLEGE  JUNIOR  COURSE  OF  PRACTICAL  CHEM 
ISTRY.  By  FRANCIS  JONES,  F.R.S.E. ,  Chemical  Master  at  the  Grammar  School. 
Manchester.  With  Preface  by  Sir  HENRY  ROSCOE,  F.R.S.  Illustrated.  Fcp.' 
8vo.  2s.  6d. 
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QUESTIONS  ON  CHEMISTRY.    A  Series  of  Problems  and  Exercises  in  Inorganic 

and  Organic  Chemistry.     By  the  Same.     Fcap.  8vo.    3s. 

LANDAUER.— BLOWPIPE  ANALYSIS.    By  J.  LANDAUER.    Authorised  English 
Edition  by  J.  TAYLOR  and  W.  E.  KAY,  of  Owens  College,  Manchester. 

[New  Edition  in  Preparation. 
LOCKYER.-THE  CHEMISTRY  OF  THE  SUN.     By  J.  NORMAN  LOCKYER,  F.R.S. 

Illustrated.    8vo.    14s. 
LUPTON.— CHEMICAL  ARITHMETIC.    With  1200  Problems.    By  S.  LUPTON, 

M.A.     2d  Ed.,  revised  and  abridged.     Fcap.  8vo.    4s.  6d. 

MELDOLA.— THE  CHEMISTRY  OF  PHOTOGRAPHY.     By  RAPHAEL  MELDOLA, 

F.R.S.,  Professor  of  Chemistry  in  the  Technical  College,  Finsbury.  Cr.  8vo.  6s. 

7  MEYER.    HISTORY  OF  CHEMISTRY.     By  ERNST  VON  MEYER.    Translated  by 

GEORGE  McGowAN,  Ph.D.    8vo.  [In  the  Press. 

MIXTER.— AN  ELEMENTARY  TEXT-BOOK  OF  CHEMISTRY.    By  WILLIAM  G. 

MIXTER,  Professor  of  Chemistry  in  the  Sheffield  Scientific  School  of  Yale  College. 

2d  and  revised  Ed.     Cr.  8vo.     7s.  6d. 

MUIR.— PRACTICAL  CHEMISTRY  FOR  MEDICAL  STUDENTS.    Specially  ar- 
ranged for  the  first  M.B.  Course.    By  M.  M.  P.  MUIR,  F.R.S.E.,  Fellow  and  Prae. 
lector  in  Chemistry  at  Gonville  and  Caius  College,  Cambridge.  Fcap.  8vo.  Is.  6d. 
MUIR  AND  WILSON.— THE  ELEMENTS  OF  THERMAL  CHEMISTRY.     By  M. 

M.  P.  MUIR,  F.R.S.E. ;  assisted  by  D.  M.  WILSON.     8vo.     12s.  6d. 
'OSTWALD.—  TEXT-BOOK  OF  GENERAL  CHEMISTRY.    By  Prof.  OSTWALD. 
Translated  by  JAMES  WALKER.     8vo.  [In  the  Press. 

RAMSAY.— EXPERIMENTAL  PROOFS  OF  CHEMICAL  THEORY  FOR  BE- 
GINNERS.   By  WILLIAM  RAMSAY,  F.R.S.,  Professor  of  Chemistry  in  Univer- 
sity College,  London.    Pott  8vo.    2s.  6d. 
REMSEN.— Works  by  IRA  REMSEN,  Professor  of  Chemistry  in  the  Johns  Hopkina 

University,  U.S.A. 
COMPOUNDS  OF  CARBON :  or,  Organic  Chemistry,  an  Introduction  to  the 

Study  of.    Cr.  8vo.    6s.  6d. 
AN    INTRODUCTION    TO    THE    STUDY    OF    CHEMISTRY    (INORGANIC 

CHEMISTRY).     Cr.  Svo.     6s.  6d. 
THE  ELEMENTS  OF  CHEMISTRY.    A  Text  Book  for  Beginners.    Fcap.  Svo, 

2s.  6d. 

A  TEXT-BOOK  OF  INORGANIC  CHEMISTRY.    8vo.     16s. 
ROSCOE.— Works  by  Sir  HENRY  E.  ROSCOE,  F.R.S.,  formerly  Professor  of  Chemistry 

in-ihe  Owens  College,  Victoria  University,  Manchester. 
PRIMER  OF  CHEMISTRY.     Illustrated.    With  Questions.     18mo.     Is. 
/  LESSONS  IN  ELEMENTARY  CHEMISTRY,  INORGANIC  AND  ORGANIC. 
With  Illustrations  and  Chromolitho  of  the  Solar  Spectrum,  and  of  the  Alkalies 
and  Alkaline  Earths.    Fcap.  Svo.    4s.  6d. 

ROSCOE  AND  SCHORLEMMER.— INORGANIC  AND  ORGANIC  CHEMISTRY. 
A  Complete  Treatise  on  Inorganic  and  Organic  Chemistry.     By  Sir  HENRY  E. 
ROSCOE,  F.R.S.,  and  Prof.  C.  SCHORLEMMER,  F.R.S.    Illustrated.    Svo. 
Vols.  I.  and  II.    INORGANIC  CHEMISTRY.     Vol.  I.— The  Non-Metallic  Ele- 
ments.   2d  Ed.     21s.    Vol.  II.  Part  I.— Metals.     18s.    Part  II.— Metals.     18s. 
Vol.  III.— ORGANIC  CHEMISTRY.    THE   CHEMISTRY  OF  THE  HYDRO- 
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ROSCOE  AND  SCHUSTER.— SPECTRUM  ANALYSIS.  Lectures  delivered  in 
1868.  By  Sir  HENRY  ROSCOE,  F.R.S.  4th  Ed.,  revised  and  considerably  en- 
larged by  the  Author  and  by  A.  SCHUSTER,  F.R.S.,  Ph.D.,  Professor  of  Applied 
Mathematics  in  the  Owens  College,  Victoria  University.  With  Appendices, 
Illustrations,  and  Plates.  Svo.  21s. 

THORPE.— A  SERIES  OF  CHEMICAL  PROBLEMS,  prepared  with  Special 
Reference  to  Sir  HENRY  Roscoe's  Lessons  in  Elementary  Chemistry,  by  T.  E. 
THORPE,  F.R.S.,  Professor  of  Chemistry  in  the  Normal  School  of  Science,  South 
Kensington,  adapted  for  the  Preparation  of  Students  for  the  Government, 
Science,  and  Society  of  Arts  Examinations.  With  a  Preface  by  Sir  H.  E. 
ROSCOE,  F.R.S.  New  Ed.,  with  Key.  ISmo.  2s. 
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THORPE  AND  RUCKER.— A  TREATISE  ON  CHEMICAL  PHYSICS.    By  Prof. 

T.  E.  THORPE,  F.R.S.,  and  Prof.  A.  W.  ROCKER,  F.R.S.    Illustrated.    8vo. 

[In  preparation. 
WRIGHT.— METALS  AND    THEIR    CHIEF   INDUSTRIAL  APPLICATIONS. 

By  0.  ALDER  WRIGHT,  Lecturer  on  Chemistry  in  St.  Mary's  Hospital  School. 

Ex.  fcap.  8vo.    3s.  6d. 

PHYSICAL  GEOGRAPHY,  GEOLOGY,  AND 

MINERALOGY. 

BLANFORD.— THE  RUDIMENTS  OF  PHYSICAL  GEOGRAPHY  FOR  THE 
USE  OF  INDIAN  SCHOOLS  ;  with  a  Glossary  of  Technical  Terms  employed 
By  H.  F.  BLANFORD,  F.G.S.  Illustrated.  Cr.  8vo.  2s.  6d. 

FERREL.— A  POPULAR  TREATISE  ON  THE  WINDS.  Comprising  the  General 
Motions  of  the  Atmosphere,  Monsoons,  Cyclones,  Tornadoes,  Waterspouts, 
Hailstorms,  &c.  By  WILLIAM  FERREL,  M.  A.,  Member  of  the  American  National 
Academy  of  Sciences.  8vo.  18s. 

FISHER.— PHYSICS  OF  THE  EARTH'S  CRUST.  By  the  Rev.  OSMOND  FISHER, 
M.A.,  F.G.S.,  Hon.  Fellow  of  King's  College,  London.  2d  Ed.,  altered  and  en- 
larged. 8vo.  12s. 

GEIKIE.— Works  by  ARCHIBALD  GEIKIE,  LL.D.,  F.R.S.,  Director-General  of  the 
Geological  Survey  of  Great  Britain  and  Ireland. 

/PRIMER  OF  PHYSICAL  GEOGRAPHY.  Illustrated.  With  Questions.  18mo.  Is. 
,/ ELEMENTARY  LESSONS  IN  PHYSICAL  GEOGRAPHY.     Illustrated.     Fcap. 
8yo.    4s.  6d.    QUESTIONS  ON  THE  SAME.    Is.  6d. 

V^MER  OF  GEOLOGY.    Illustrated.    18mo.    Is. 
CLASS  BOOK  OF  GEOLOGY.     Illustrated.    New  and  Cheaper  Edition. 
TEXT-BOOK  OF  GEOLOGY.     Illustrated.    2d  Ed.,  7th  Thousand,  revised  and 

enlarged.    8vo.    28s. 

OUTLINES  OF  FIELD  GEOLOGY.     Illustrated.     Ex.  fcap.  8vo.     3s.  6d. 
THE  SCENERY  AND  GEOLOGY  OF  SCOTLAND,  VIEWED  IN  CONNEXION 
WITH  ITS  PHYSICAL  GEOLOGY.    Illustrated.     Cr.  8vo.    12s.  6d. 

HUXLEY.— PHYSIOGRAPHY.  An  Introduction  to  the  Study  of  Nature.  By 
T.  H.  HUXLEY,  F.R.S.  Illustrated.  New  and  Cheaper  Edition.  Cr.  8vo.  6s. 

LOCKYER.— OUTLINES  OF  PHYSIOGRAPHY— THE  MOVEMENTS  OF  THE 
EARTH.  By  J.  NORMAN  LOCKYER,  F.R.S.,  Examiner  in  Physiography  for  the 
Science  and  Art  Department.  Illustrated.  Cr.  8vo.  Sewed,  Is.  6d. 

PHILLIPS.— A  TREATISE  ON  ORE  DEPOSITS.  By  J.  ARTHUR  PHILLIPS,  F.  R.  S. 
Illustrated.  8vo.  25s. 

ROSENBUSCH  AND  IDDINGS.— MICROSCOPICAL  PHYSIOGRAPHY  OF  THE 
ROCK-MAKING  MINERALS :  AN  AID  TO  THE  MICROSCOPICAL  STUDY 
OF  ROCKS.  By  H.  ROSENBUSCH.  Translated  and  Abridged  by  J.  P.  IDDINGS. 
Illustrated.  8vo.  24s. 

BIOLOGY. 

ALLEN.— ON  THE  COLOURS  OF  FLOWERS,  as  Illustrated  in  the  British  Flora. 
By  GRANT  ALLEN.  Illustrated.  Cr.  8vo.  3s.  6d. 

BALFOUR.— A  TREATISE  ON  COMPARATIVE  EMBRYOLOGY.  By  F.  M. 
BALFOUR,  F.R.S.,  Fellow  and  Lecturer  of  Trinity  College,  Cambridge.  Illus- 
trated. 2d  Ed.,  reprinted  without  alteration  from  the  1st  Ed.  2  vols.  8vo. 
Vol.  I.  18s.  Vol.  II.  21s. 

BALFOUR  AND  WARD.— A  GENERAL  TEXT-BOOK  OF  BOTANY.  By  ISAAC 
BAYLEY  BALFOUR,  F.R.S.,  Professor  of  Botany  in  the  University  of  Edinburgh, 
and  H.  MARSHALL  WARD,  F.R.S.,  Professor  of  Botany  in  the  Royal  Indian 
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BETTANY.-FIRST  LESSONS  IN  PRACTICAL  BOTANY.  By  G.  T.  BETTANY 
ISuio.  Is. 
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BOWER.— A  COURSE  OF  PRACTICAL  INSTRUCTION  IN  BOTANY.    By  F. 

0.  BOWER,  D.Sc.,  Regius  Professor  of  Botany  in  the  University  of  Glasgow. 
Cr.  8vo.     10s.  6d. 

CHURCH  AND  SCOTT.— MANUAL  OF  VEGETABLE  PHYSIOLOGY.  By 
Professor  A.  H.  CHURCH,  and  D.  H.  SCOTT,  D.Sc.,  Lecturer  in  the  Normal 
School  of  Science.  Illustrated.  Cr.  Svo.  [In  preparation. 

COPE.— THE  ORIGIN  OF  THE  FITTEST.  Essays  on  Evolution.  By  E.  D. 
COPK,  M.A.,  Ph.D.  Svo.  12s.  6d. 

COUES.— FIELD  ORNITHOLOGY  AND  GENERAL  ORNITHOLOGY.  By 
ELLIOTT  COUES,  M.A.  Illustrated.  Svo.  [In  the  Press. 

DARWIN.— MEMORIAL  NOTICES  OF  CHARLES  DARWIN,  F.R.S.,  &c.  By 
T.  H.  HUXLEY,  F.R.S.,  G.  J.  ROMANES,  F.R.S.,  ARCHIBALD  GEIKIE,  F.R.8., 
and  W.  T.  THISELTON  DYER,  F.R.S.  Reprinted  from  Nature.  With  a  Por- 
trait. Cr.  Svo.  2s.  6d. 

EIMER  —ORGANIC  EVOLUTION  AS  THE  RESULT  OF  THE  INHERITANCE 
OF  ACQUIRED  CHARACTERS  ACCORDING  TO  THE  LAWS  OF  OR- 
GANIC GROWTH.  By  Dr.  G.  H.  THEODOR  EIMER.  Translated  by  J.  T. 
CUNNINGHAM,  F.R.S.E.,  late  Fellow  of  University  College,  Oxford.  Svo.  12s.  6d. 

FEARNLEY.— A  MANUAL  OF  ELEMENTARY  PRACTICAL  HISTOLOGY. 
By  WILLIAM  FEARNLEY.  Illustrated.  Cr.  Svo.  7s.  6d. 

FLOWER  AND  GADOW.— AN  INTRODUCTION  TO  THE  OSTEOLOGY  OF 
THE  MAMMALIA.  By  W.  H.  FLOWER,  F.R.S.,  Director  of  the  Natural  His- 
tory Departments  of  the  British  Museum.  Illustrated.  8d  Ed.  Revised  with 
the  assistance  of  HANS  GADOW,  Ph.D.,  Lecturer  on  the  Advanced  Morphology 
of  Vertebrates  in  the  University  of  Cambridge.  Cr.  Svo.  10s.  6d. 

FOSTER.— Works  by  MICHAEL  FOSTER,  M.D.,  Professor  of  Physiology  in  the  Uni- 
versity of  Cambridge. 

PRIMER  OF  PHYSIOLOGY.    Illustrated.    18mo.     Is. 

A  TEXT-BOOK  OF  PHYSIOLOGY.  Illustrated.  5th  Ed.,  largely  revised.  In 
Three  Parts.  Svo.  Part  I.,  comprising  Book  I.  Blood— The  Tissues  of  Move- 
ment, The  Vascular  Mechanism.  10s.  6d.  Part  II.,  comprising  Book  II. 
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FOSTER  AND  BALFOUR.  — THE  ELEMENTS  OF  EMBRYOLOGY.  By  Prof. 
MICHAEL  FOSTER,  M.D.,  and  the  late  F.  M.  BALFOUR,  F.R.S.,  Professor  of 
Animal  Morphology  in  the  University  of  Cambridge.  2d  Ed.,  revised.  Edited 
by  A.  SEDGWICK,  M.A.,  Fellow  and  Assistant  Lecturer  of  Trinity  College, 
Cambridge,  and  W.  HEAPE,  M.A.,  late  Demonstrator  in  the  Morphological 
Laboratory  of  the  University  of  Cambridge.  Illustrated.  Cr.  Svo.  10s.  6d. 

FOSTER  AND  LANGLEY.— A  COURSE  OF  ELEMENTARY  PRACTICAL 
PHYSIOLOGY  AND  HISTOLOGY.  By  Prof.  MICHAEL  FOSTER,  M.D.,  and 
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Svo.  7s.  6d. 

GAMGEE.— A  TEXT- BOOK  OF  THE  PHYSIOLOGICAL  CHEMISTRY  OF 
THE  ANIMAL  BODY.  Including  an  Account  of  the  Chemical  Changes 
occurring  in  Disease.  By  A.  GAMGEE,  M.D.,  F.R.S.  Illustrated.  Svo.  Vol. 
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GOODALE.— PHYSIOLOGICAL  BOTANY.  I.  Outlines  of  the  Histology  of 
Phaenogamous  Plants.  II.  Vegetable  Physiology.  By  GEORGE  LINCOLN 
GOODALE,  M.A.,  M.D.,  Professor  of  Botany  in  Harvard  University.  Svo. 
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GRAY.— STRUCTURAL  BOTANY,  OR  ORGANOGRAPHY  ON  THE  BASIS 
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Svo.  10s.  6d. 
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OLOGY.  By  D.  J.  HAMILTON,  F.R.S.E.,  Professor  of  Pathological  Anatomy 
in  the  University  of  Aberdeen,  Illustrated.  Svo.  Vol.  I.  25s. 


36  NATURAL  SCIENCES 

HOOKER.— Works  by  Sir  JOSEPH  HOOKER,  F.R.S.,  &c. 
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2s.  6d. 
THE  ADVANCEMENT  OF  SCIENCE.    Occasional  Essays  and  Addresses.   8vo. 
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KLEIN.— Works  by  E.  KLEIN,  F.R.S.,  Lecturer  on  General  Anatomy  and  Physio- 
logy in  the  Medical  School  of  St.  Bartholomew's  Hospital,  London. 
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ENGLISH  READERS.  By  J.  P.  MAHAFFY,  D.  D. ,  Professor  of  Ancient  History 
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bridge. Vol.  I.— Ancient  Philosophy  and  the  First  to  the  Thirteenth  Centuries. 
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DIOEY.— INTRODUCTION  TO  THE  STUDY  OF  THE  LAW  OF  THE  CONSTITU- 
TION. By  A.  V.  DICEY,  B.C.L.,  Vinerian  Professor  of  English  Law  in  the 

University  of  Oxford.     3d  Ed.    8vo.     12s.  6d. 
DILKE.— PROBLEMS    OF    GREATER  BRITAIN.      By   the    Right    Hon.    Sir 

CHARLES  WENT  WORTH  DILKE.    With  Maps.     2  vols.    8vo.     36s. 
DONISTHORPE.— INDIVIDUALISM :  A  System  of  Politics.     By  WORDSWORTH 

DONISTHORPE.      8VO.      14S. 

ENGLISH  CITIZEN,  THE. — A  Series  of  Short  Books  on  his  Rights  and  Responsi- 
bilities. Edited  by  HENRY  CRAIK,  LL.D.  Cr.  8vo.  3s.  6d.  each. 

CENTRAL  GOVERNMENT.    By  H.  D.  TRAILL,  D.C.L. 

THE  ELECTORATE  AND  THE  LEGISLATURE.     By  SPENCER  WALPOLE. 

THE  POOR  LAW.     By  Rev.  T.  W.  FOWLE,  M.A. 

THE  NATIONAL  BUDGET;  THE  NATIONAL  DEBT;  TAXES  AND  RATES 
By  A.  J.  WILSON. 

THE  STATE  IN  RELATION  TO  LABOUR.    By  W.  STANLEY  JEVONS,  LL.D. 

THE  STATE  AND  THE  CHURCH.    By  the  Hon.  ARTHUR  ELLIOT,  M.P. 

FOREIGN  RELATIONS.    By  SPENCER  WALPOLE. 

THE  STATE  IN  ITS  RELATION  TO  TRADE.     By  Sir  T.  H.  FARRER,  Bart. 

LOCAL  GOVERNMENT.    By  M.  D.  CHALMERS,  M.A. 

THE  STATE  IN  ITS  RELATION  TO  EDUCATION.    By  HENRY  CRAIK,  LL.D. 

THE  LAND  LAWS.  By  Sir  F.  POLLOCK,  Bart.,  Professor  of  Jurisprudence  in 
the  University  of  Oxford. 

COLONIES  AND  DEPENDENCIES.  Part  I.  INDIA.  By  J.  S.  COTTON,  M.A. 
II.  THE  COLONIES.  By  E.  J.  PAYNE,  M.A. 

JUSTICE  AND  POLICE.    By  F.  W.  MAITLAND. 

THE  PUNISHMENT  AND  PREVENTION  OF  CRIME.  By  Colonel  Sir  EDMUND 
DU  CANE,  K.C.B.,  Chairman  of  Comissioners  of  Prisons. 
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HOLMES.— THE  COMMON  LAW.    By  O.  W.  HOLMES  Jun.    Demy  8vo.    12s. 
MAITLAND  —PLEAS  OF  THE  CROWN  FOR  THE  COUNTY  OF  GLOUCESTER 
BEFORE  THE    ABBOT  OF  READING  AND   HIS    FELLOW  JUSTICES 
ITINERANT,  IN  THE  FIFTH  YEAR  OF  THE  REIGN  OF  KING  HENRY 
THE  THIRD,  AND  THE  YEAR  OF  GRACE  1221.    By  F.  W.  MAITLAND. 
8vo.     7s.  6d. 
PATERSON.— Works  by  JAMES  PATERSON,  Barrister-at-Law. 

COMMENTARIES  ON  THE  LIBERTY  OF  THE  SUBJECT,  AND  THE  LAWS 
OF  ENGLAND  RELATING  TO  THE  SECURITY  OF  THE  PERSON.  Cheaper 
Issue.  Two  Vols.  Cr.  8vo.  21s. 

THE    LIBERTY    OF    THE    PRESS,    SPEECH,  AND   PUBLIC    WORSHIP. 
Being  Commentaries  on  the  Liberty  of  the  Subject  and  the  Laws  of  England. 
Cr.  8vo.    12s. 
PHILLIMORE.— PRIVATE  LAW  AMONG  THE  ROMANS.    From  the  Pandects. 

By  J.  G.  PHILLIMORE,  Q.C.    8vo.    16s. 

POLLOCK.— ESSAYS  IN  JURISPRUDENCE  AND  ETHICS.     By  Sir  FREDERICK 
POLLOCK,  Bart.,  Corpus  Christi  Professor  of  Jurisprudence  in  the  University 
of  Oxford.    8vo.    10s.  6d. 
INTRODUCTION  TO  THE  HISTORY  OF   THE   SCIENCE   OF   POLITICS. 

By  the  same.     Cr.  8vo.     2s.  6d. 

RICHEY.— THE  IRISH  LAND  LAWS.  By  ALEXANDER  G.  RICHEY,  Q.C.,  Deputy 
Regius  Professor  of  Feudal  English  Law  in  the  University  of  Dublin.  Cr.  8vo. 
3s.  6d. 

SEDGWICK.— THE  ELEMENTS  OF  POLITICS.     By  HENRY  SIDQWICK,  LL.D. 

8vo.  [In  the  Press, 

STEPHEN.— Works  by  Sir  J.  FITZJAMES  STEPHEN,  Q.C.,  K. C.S.I.,  a  Judge  of  the 

High  Court  of  Justice,  Queen's  Bench  Division. 
A  DIGEST  OF  THE  LAW  OF  EVIDENCE.    5th  Ed.,  revised  and  enlarged. 

Cr.  8vo.    6s. 
A  DIGEST  OF  THE  CRIMINAL  LAW  :  CRIMES  AND  PUNISHMENTS.    4th 

Ed.,  revised.    8vo.    16s. 

A  DIGEST  OF  THE  LAW  OF  CRIMINAL  PROCEDURE  IN  INDICTABLE 
OFFENCES.  By  Sir  J.  F.  STEPHEN,  K.C.S.I.,  and  H.  STEPHEN,  LL.M.,  of  the 
Inner  Temple,  Barrister-at-Law.  8vo.  12s.  6d. 

A  HISTORY  OF  THE  CRIMINAL  LAW  OF  ENGLAND.  Three  Vols.  8vo.  48s. 

GENERAL  VIEW  OF  THE  CRIMINAL  LAW  OF  ENGLAND.    2d  Ed.     8vo. 

14s.    The  first  edition  of  this  work  was  published  in  1863.     The  new  edition  is 

substantially  a  new  work,  intended  as  a  text-book  on  the  Criminal  Law  for 

University  and  other  Students,  adapted  to  the  present  day. 

ANTHROPOLOGY. 

FLOWER.— FASHION  IN  DEFORMITY,  as  Illustrated  in  the  Customs  of 
Barbarous  and  Civilised  Races.  By  Prof.  FLOWER,  F.R.S.  Illustrated.  Cr. 
8vo.  2s.  6d. 

FRAZER.— THE  GOLDEN  BOUGH.  A  Study  in  Comparative  Religion.  By  J. 
G.  FRAZER,  M.A.,  Fellow  of  Trinity  College,  Cambridge.  2  vols.  8vo.  28s. 

M'LENNAN.— THE  PATRIARCHAL  THEORY.  Based  on  the  papers  of  the  late 
JOHN  F.  M'LENNAN.  Edited  by  DONALD  M'LENNAN,  M.A.,  Barrister-at-Law. 
8vo.  14s. 

STUDIES  IN  ANCIENT  HISTORY.  Comprising  a  Reprint  of  "Primitive 
Marriage."  An  inquiry  into  the  origin  of  the  form  of  capture  in  Marriage 
Ceremonies.  8vo.  16s. 

TYLOR.— ANTHROPOLOGY.  An  Introduction  to  the  Study  of  Man  and  Civilisa- 
tion. By  E.  B.  TYLOR,  F.R.S.  Illustrated.  Cr.  8vo.  7s.  6d. 

EDUCATION. 

ARNOLD.— REPORTS  ON  ELEMENTARY  SCHOOLS.  1852-1882.  By  MATTHEW 
ARNOLD,  D.C.L.  Edited  by  the  Right  Hon.  Sir  FRANCIS  SANDFORD,  K.C.B. 
Cheaper  Issue.  Cr.  8vo.  8s.  6d. 
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BALL.— THE  STUDENT'S  GUIDE  TO  THE  BAB.    By  WALTER  W.  R.  BALL, 

M.A.,  Fellow  and  Assistant  Tutor  of  Trinity  College,  Cambridge.    4th  Ed., 

revised.     Cr.  8vo.     2s.  6d. 
BLAKISTON.— THE  TEACHER.     Hints  on  School  Management.     A  handbook 

for  Managers,  Teachers'  Assistants,  and  Pupil  Teachers.    By  J.  R.  BLAKISTON. 

Cr.  8vo.     2s.  6d.    (Recommended  by  the  London,  Birmingham,  and  Leicester 

School  Boards.) 
OALDERWOOD.— ON  TEACHING.     By  Prof.  HENRY  CALDERWOOD.     New  Ed. 

Ex.  fcap.  8vo.    2s.  6d. 
FITCH.— NOTES   ON   AMERICAN   SCHOOLS  AND  TRAINING   COLLEGES. 

Reprinted  from  the  Report  of  the  English  Education  Department  for  1888-89, 

with  permission   of  the  Controller  of  H.M.'s  Stationery  Office.     By  J.   G. 

FITCH,  M.A.    Gl.  8vo.     2s.  6d. 
QEIKIE.— THE  TEACHING  OF  GEOGRAPHY.     A  Practical  Handbook  for  the 

use  of  Teachers.     By  ARCHIBALD  GEIKIE,  F.R.S.,  Director  -  General  of  the 

Geological  Survey  of  the  United  Kingdom.     Cr.  8vo.    2s. 
GLADSTONE.— OBJECT  TEACHING.— A  Lecture  delivered  at  the  Pupil-Teacher 

Centre,  William  Street  Board  School,  Hammersmith.    By  J.  H.  GLADSTONE, 

F.R.S.     With  an  Appendix.     Cr.  8vo.    3d. 
SPELLING   REFORM  FROM   A   NATIONAL  POINT   OF   VIEW.     By  the 

same.     Cr.  8vo.     Is.  6d. 
HEBTEL.— OVERPRESSURE  IN  HIGH  SCHOOLS  IN  DENMARK.      By  Dr. 

HERTEL.     Translated  by  C.   G.   SORENSEN.      With  Introduction  by  Sir  J. 

CRICHTON-BROWNE,  F.R.S.    Cr.  8vo.    3s.  6d. 
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(SEE   ALSO   MECHANICS,    LAW,    AND   MEDICINE.) 

Civil  and  Mechanical  Engineering ;  Military  and  Naval  Science ; 
Agriculture ;  Domestic  Economy ;  Book-Keeping. 

CIVIL  AND  MECHANICAL  ENGINEERING. 

ALEXANDER  AND  THOMSON.— ELEMENTARY  APPLIED  MECHANICS.  By 
T.  ALEXANDER,  Professor  of  Civil  Engineering,  Trinity  College,  Dublin,  and 
A.  W.  THOMSON,  Lecturer  in  Engineering  at  the  Technical  College,  Glasgow. 
Part  II.  TRANSVERSE  STRESS.  Cr.  8vo.  10s.  6d. 

CHALMERS.  -GRAPHICAL  DETERMINATION  OF  FORCES  IN  ENGINEER- 
ING STRUCTURES.  By  J.  B.  CHALMERS,  C.E.  Illustrated.  8vo.  24s, 

COTTERILL.— APPLIED  MECHANICS :  an  Elementary  General  Introduction  to 
the  Theory  of  Structures  and  Machines.  By  J.  H.  COTTERILL,  F.R.S. ,  Pro- 
fessor of  Applied  Mechanics  in  the  Royal  Naval  College,  Greenwich.  2d  Ed. 
8vo.  18s. 

COTTERILL  AND  SLADE.— ELEMENTARY  MANUAL  OF  APPLIED  MECHAN- 
ICS. By  Prof.  J.  H.  COTTERILL  and  J.  H.  SLADE.  Cr.  8vo.  [In  the  Press. 

KENNEDY.— THE  MECHANICS  OF  MACHINERY.  By  A.  B.  W.  KENNEDY, 
F.R.S.  Illustrated.  Cr.  8vo.  12s.  6d. 

REULEAUX.— THE  KINEMATICS  OF  MACHINERY.  Outlines  of  a  Theory  of 
Machines.  By  Prof.  F.  REULEAUX.  Translated  and  Edited  by  Prof.  A.  B.  W. 
KENNEDY,  F.R.S.  Illustrated.  8vo.  21s. 

WHITHAM.— STEAM-ENGINE  DESIGN.  For  the  Use  of  Mechanical  Engineers, 
Students,  and  Draughtsmen.  By  J.  M.  WHITHAM,  Professor  of  Engineering, 
Arkansas  Industrial  University.  Illustrated.  8vo.  25s. 

YOUNG.— SIMPLE  PRACTICAL  METHODS  OF  CALCULATING  STRAINS 
ON  GIRDERS,  ARCHES,  AND  TRUSSES.  With  a  Supplementary  Essay  on 
Economy  in  Suspension  Bridges.  By  E.  W.  YOUNG,  C.E.  With  Diagrams. 
8vo.  7s.  6d. 
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MILITARY   AND   NAVAL   SCIENCE. 

AITKEN.— THE  GROWTH  OP  THE  RECRUIT  AND  YOUNG  SOLDIER.  With 
a  view  to  the  selection  of  "Growing  Lads"  for  the  Army,  and  a  Regulated 
System  of  Training  for  Recruits.  By  Sir  W.  AITKKN,  F.R.S.,  Professor  of 
Pathology  in  the  Army  Medical  School.  Or.  8vo.  8s.  6d. 

ARMY  PRELIMINARY  EXAMINATION,  1882-1889,  Specimens  of  Papers  set  at 
the.  With  Answers  to  the  Mathematical  Questions.  Subjects :  Arithmetic, 
Algebra,  Euclid,  Geometrical  Drawing,  Geography,  French,  English  Dictation. 
Or.  8vo.  3s.  6d. 

MERCUR.— ELEMENTS  OF  THE  ART  OF  WAR.  Prepared  for  the  use  of 
Cadets  of  the  United  States  Military  Academy.  By  JAMES  MERCUR,  Professor 
of  Civil  Engineering  at  the  United  States  Academy,  West  Point,  New  York. 
2d  Ed.,  revised  and  corrected.  8vo.  17s. 

PALMER.— TEXT  BOOK  OF  PRACTICAL  LOGARITHMS  AND  TRIGONO- 
METRY.—By  J.  H.  PALMER,  Head  Schoolmaster,  R.N.,  H.M.S.  Cambridge, 
Devonport.  Gl.  8vo.  4s.  6d. 

ROBINSON.— TREATISE  ON  MARINE  SURVEYING.  Prepared  for  the  use  of 
younger  Naval  Officers.  With  Questions  for  Examinations  and  Exercises 
principally  from  the  Papers  of  the  Royal  Naval  College.  With  the  results. 
By  Rev.  JOHN  L.  ROBINSON,  Chaplain  and  Instructor  in  the  Royal  Naval 
College,  Greenwich.  Illustrated.  Cr.  8vo.  7s.  6d. 

SANDHURST  MATHEMATICAL  PAPERS,  for  Admission  into  the  Royal  Military 
College,  1881-1889.  Edited  by  E.  J.  BROOKSMITH,  B.A.,  Instructor  in  Mathe- 
matics at  the  Royal  Military  Academy,  Woolwich.  Cr.  8vo.  [Immediately. 

SHORTLAND.— NAUTICAL  SURVEYING.  By  the  late  Vice-Admiral  SHORTLAND, 
LL.D.  8vo.  21s. 

WILKINSON.— THE  BRAIN  OF  AN  ARMY.  A  Popular  Account  of  the  German 
General  Staff.  By  SPENSER  WILKINSON.  Cr.  8vo.  2s.  6d. 

WOLSELEY. — Works  by  General  Viscount  WOLSELEY,  G.C.M.G. 
THE  SOLDIER'S  POCKET-BOOK  FOR  FIELD  SERVICE.     5th  Ed.,  revised 

and  enlarged.     16mo.    Roan.    5s. 
FIELD  POCKET-BOOK  FOR  THE  AUXILIARY  FORCES.     16mo.     Is.  6d. 

WOOLWICH  MATHEMATICAL  PAPERS,  for  Admission  into  the  Royal  Military 
Academy,  Woolwich,  1880-1888  inclusive.  Edited  by  E.  J.  BROOKSMITH,  B.A., 
Instructor  in  Mathematics  at  the  Royal  Military  Academy,  Woolwich.  Cr. 
8vo.  6s. 

AGRICULTURE. 

FRANKLAND.— AGRICULTURAL  CHEMICAL  ANALYSIS,  A  Handbook  of. 
By  PERCY  F.  FRANKLAND,  F.R.S.,  Professor  of  Chemistry,  University  College, 
Dundee.  Founded  upon  Leitfaden  fiir  die  Agriculture  Chemiche  Analyse,  von 
Dr.  F.  KROCKER.  Cr.  8vo.  7s.  6d. 

SMITH.-DISEASES  OF  FIELD  AND  GARDEN  CROPS,  CHIEFLY  SUCH  AS 
ARE  CAUSED  BY  FUNGI.  By  WORTHINGTON  G.  SMITH,  F.L.S.,  Illustrated. 
Fcap.  8vo.  4s.  6d. 

TANNER.— ELEMENTARY  LESSONS  IN  THE  SCIENCE  OF  AGRICULTURAL 
PRACTICE.  By  HENRY  TANNER,  F.C.S.,  M.R.A.C.,  Examiner  in  the  Prin- 
ciples of  Agriculture  under  the  Government  Department  of  Science.  Fcap. 
8vo.  3s.  6d. 

FIRST  PRINCIPLES  OF  AGRICULTURE.    By  the  same.     18mo.     Is. 
THE  PRINCIPLES  OF  AGRICULTURE.     By  the  same.    A  Series  of  Reading 
Books  for  use  in  Elementary  Schools.    Ex.  fcap.  8vo. 
I.  The  Alphabet  of  the  Principles  of  Agriculture.     6d. 
II.  Further  Steps  in  the  Principles  of  Agriculture.     Is. 
III.  Elementary  School  Readings  on  the  Principles  of  Agriculture  for  the 

third  stage.     Is. 

WARD.-TIMBER  AND  SOME  OF  ITS  DISEASES.  By  H.  MARSHALL  WARD, 
M.A.,  F.L.S.,  F.R.S.,  Fellow  of  Christ's  College,  Cambridge,  Professor  of 
Botany  at  the  Royal  Indian  Engineering  College,  Cooper's  Hill.  With  Illustra- 
tions. Cr.  8vo.  6s. 
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BARKER.— FIRST  LESSONS  IN  THE  PRINCIPLES  OF  COOKING.    By  LADY 

BARKER.     18mo.  Is. 

BERNERS.— FIRST  LESSONS  ON  HEALTH.     By  J.  BERNERS.    18mo.    Is. 
BLYTH.— A  MANUAL  OF  PUBLIC  HEALTH.    By  A.  WYNTER  BLYTH,  M.R.C.8. 

8vo.  [In  the  Press. 

COOKERY  BOOK.— THE  MIDDLE  CLASS  COOKERY  BOOK.     Edited  by  the 

Manchester  School  of  Domestic  Cookery.     Fcap.  8vo.     Is.  6d. 
CRAVEN.— A  GUIDE  TO  DISTRICT  NURSES.     By  Mrs.  DACRE  CRAVEN  (nee 

FLORENCE  SARAH  LEES),  Hon.  Associate  of  the  Order  of  St.  John  of  Jerusalem 

&c.     Cr  Svo.     2s.  6d. 
FREDERICK.— HINTS    TO    HOUSEWIVES    ON    SEVERAL    POINTS.    PAR. 

TICULARLY  ON  THE  PREPARATION  OF  ECONOMICAL  AND  TASTEFUL 

DISHES.     By  Mrs.  FREDERICK.     Cr.  8vo.     Is. 
GRAND'HOMME.— CUTTING-OUT  AND  DRESSMAKING.     From  the  French  of 

Mdlle.  E.  GRAND'HOMME.     With  Diagrams.     18mo.    Is. 
JEX-BLAKE.— THE  CARE  OF  INFANTS.    A  Manual  for  Mothers  and  Nurses. 

By  SOPHIA  JEX-BLAKE,  M.D.,  Lecturer  on  Hygiene  at  the  London  School  of 

Medicine  for  Women.    18mo.    Is. 
RATHBONE.— THE    HISTORY   AND    PROGRESS    OF    DISTRICT   NURSING 

FROM   ITS   COMMENCEMENT   IN  THE  YEAR  1859  TO  THE  PRESENT 

DATE,  including  the  foundation  by  the  Queen  of  the  Queen  Victoria  Jubilee 

Institute  for  Nursing  the  Poor  in  their  own  Homes.     By  WILLIAM  RATHBONE, 

M.P.     Cr.  8vo.     2s.  6d. 
TEGETMEIER.— HOUSEHOLD  MANAGEMENT  AND  COOKERY.      With  an 

Appendix  of  Recipes  used  by  the  Teachers  of  the  National  School  of  Cookery. 

By  W.  B.  TEGETMEIER.     Compiled  at  the  request  of  the  School  Board  for 

London.     18mo.    Is. 
WRIGHT.— THE  SCHOOL  COOKERY-BOOK.     Compiled  and  Edited  by  C.  E. 

GUTHRIE  WRIGHT,  Hon.  Sec.  to  the  Edinburgh  School  of  Cookery.    18mo.    Is. 

BOOK-KEEPING. 

THORNTON.— FIRST    LESSONS    IN    BOOK-KEEPING.      By    J.    THORNTON. 

Cr.  8vo.     2s.  6d.     KEY.     Oblong  4to.     10s.  6d. 
PRIMER  OF  BOOK-KEEPING.     By  the  Same.     18mo.  Is.       [Key  Immediately 
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(SEE  ALSO  PHYSICAL  GEOGRAPHY.) 
BARTHOLOMEW.— THE  ELEMENTARY  SCHOOL  ATLAS.     By  JOHN  BAR- 

THOLOMEW,  F.R.G.S.       4tO.      IS. 

This  Elementary  Atlas  is  designed  to  illustrate  the  principal  text -books 
on  Elementary  Geography. 

PHYSICAL  AND  POLITICAL  SCHOOL  ATLAS,  Consisting  of  80  Maps  and 
complete  Index.  By  the  Same.  Prepared  for  the  use  of  Senior  Pupils. 
Royal  4to.  [in  the  Press. 

THE  LIBRARY  REFERENCE  ATLAS  OF  THE  WORLD.  By  the  Same. 
A  Complete  Series  of  84  Modern  Maps.  With  Geographical  Index  to  100,000 
places.  Half-morocco.  Gilt  edges.  Folio.  £2: 12: 6  net. 

*»*  This  work  has  been  designed  with  the  object  of  supplying  the  public 
with  a  thoroughly  complete  and  accurate  atlas  of  Modern  Geography,  in  a 
convenient  reference  form,  and  at  a  moderate  price. 

CLARKE.— CLASS-BOOK  OF  GEOGRAPHY.     By  C.  B.  CLARKE,  F.R.S.    New 
Ed.,  revised  1889,  with  18  Maps.     Fcap.  8vo.    Paper  covers,  3s.    Cloth,  3s.  6d. 
GEIKIE.— Works  by  ARCHIBALD  GEIKIE,  F.R.S.,  Director-General  of  the  Geological 
Survey  of  the  United  Kingdom. 
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THE  TEACHING  OF  GEOGRAPHY.     A  Practical  Handbook  for  the  use  of 

Teachers.     Cr.  8vo.     2s. 

GEOGRAPHY  OF  THE  BRITISH  ISLES.     18mo.     Is. 
GREEN.— A  SHORT  GEOGRAPHY  OF  THE  BRITISH  ISLANDS.     By  JOHN 

RICHARD  GREEN  and  A.  S.  GREEN.    With  Maps.     Fcap.  8vo.    3s.  6d. 
GROVE.— A    PRIMER    OF    GEOGRAPHY.     By   Sir    GEORGE    GROVE,   D.C.L. 

Illustrated.    18mo.     Is. 
KIEPERT.— A  MANUAL  OF  ANCIENT  GEOGRAPHY.     By  Dr.  H.  KIEPERT. 

Cr.  8vo.     5s. 
MACMILLAN'S    GEOGRAPHICAL    SERD3S.  —  Edited  by  ARCHIBALD    GEIKIE, 

F.R.S.,  Director-General  of  the  Geological  Survey  of  the  United  Kingdom. 
THE  TEACHING  OF  GEOGRAPHY.    A  Practical  Handbook  for  the  Use  of 

Teachers.     By  ARCHIBALD  GEIKIE,  F.R.S.     Cr.  8vo.     2s. 

MAPS  AND  MAP-MAKING.     By  W.  A.  ELDERTON.  [In  the  Press. 

GEOGRAPHY  OF  THE  BRITISH  ISLES.     By  A.  GEIKIE,  F.R.S.    18mo.    Is. 
AN  ELEMENTARY  CLASS-BOOK  OF  GENERAL  GEOGRAPHY.    By  H.  R. 
MILL,  D.Sc,  Lecturer  on  Physiography  and  on  Commercial  Geography  in 
the  Heriot-Watt  College,  Edinburgh.     Illustrated.     Cr.  8vo.     3s.  6d. 
GEOGRAPHY  OF  THE  BRITISH  COLONIES.     By  G.  M.  DAWSON  and  A. 
SUTHERLAND.  [In  preparation. 

GEOGRAPHY  OF  EUROPE.     By  J.  SIME,  M.A.     Illustrated.     Gl.  8vo. 

[In  the  Press. 

GEOGRAPHY  OF  INDIA.    By  H.  F.  BLANFORD,  F.G.S.  [In  the  Press. 

GEOGRAPHY  OF  NORTH  AMERICA.     By  Prof.  N.  S.  SHALER. 

[In  preparation. 

ADVANCED  CLASS-BOOK  OF  THE  GEOGRAPHY  OF  BRITAIN. 
***  Other  volumes  will  be  announced  in  due  course. 

STRACHEY.-LECTURES  ON  GEOGRAPHY.    By  General  RICHARD  STRACHEY, 
R.E.     Cr.  8vo.    4s.  6d. 
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ARNOLD.— THE  SECOND  PUNIC  WAR.    Being  Chapters  from  THE  HISTORY 
OF  ROME,  by  the  late  THOMAS  ARNOLD,  D.D. ,  Headmaster  of  Rugby.    Edited, 
with  Notes,  by  W.  T.  ARNOLD,  M.A.     With  8  Maps.     Cr.  8vo.     8s.  6d. 
ARNOLD.— THE  ROMAN  SYSTEM  OF  PROVINCIAL  ADMINISTRATION  TO 
THE  ACCESSION  OF  CONSTANTINE  THE  GREAT.    By  W.  T.  ARNOLD, 
M.A.    Cr.  8vo.     6s. 
BEESLY.— STORIES  FROM  THE   HISTORY  OF  ROME.      By  Mrs.  BEESLY. 

Fcap.  8vo.     2s.  6d. 
BRYCE.— Works  by  JAMES  BRYCE,  M.P.,  D.C.L.,  Regius  Professor  of  Civil  Law 

in  the  University  of  Oxford. 

THE  HOLY  ROMAN  EMPIRE.    9th  Ed.    Cr.  8vo.     7s.  6d. 
***  Also  a  Library  Edition.    Demy  8vo.     14s. 

THE  AMERICAN  COMMONWEALTH.     2  vols.     Ex.  cr.  8vo.    25s.     Part  I. 

The    National    Government.     Part   II.    The   State  Governments.     Part   III. 

The  Party  System.      Part  IV.  Public  Opinion.     Part  V.    Illustrations  and 

Reflections.     Part  VI.  Social  Institutions. 

BUCKLEY.— A  HISTORY  OF  ENGLAND  FOR  BEGINNERS.     By  ARABELLA 

B.  BUCKLEY.    With  Maps  and  Tables.    Gl.  8vo.     3s. 

BURY.— A  HISTORY  OF  THE  LATER  ROMAN  EMPIRE  FROM  ARCADIUS 
TO  IRENE,  A.D.  395-800.  By  JOHN  B.  BURY,  M.A.,  Fellow  of  Trinity  College, 
Dublin.  2  vols.  8vo.  32s. 

ENGLISH  STATESMEN,  TWELVE.    Cr.  8vo.    2s.  6d.  each. 
WILLIAM  THE  CONQUEROR.    By  EDWARD  A.  FREEMAN,  D.C.L.,  LL.D. 
HENRY  II.    By  Mrs.  J.  R.  GREEN. 
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EDWARD  I.    By  F.  YORK  POWELL.  [In  preparation. 

HENRY  VII.    By  JAMES  GAIRDNER. 
CARDINAL  WOLSEY.    By  Professor  M.  CREIGHTON. 

ELIZABETH.     By  E.  8.  BEESLY.  [In  preparation. 

OLIVER  CROMWELL.    By  FREDERIC  HARRISON. 
WILLIAM  III.     By  H.  D.  TRAILL. 
WALPOLE.    By  JOHN  MORLEY. 

CHATHAM.    By  JOHN  MORLEY  [In  preparation. 

PITT.     By  JOHN  MORLEY.  [In  preparation. 

PEEL.    By  J.  R.  THURSFIELD.  [In  the  Press. 

FISKE. — Works  by  JOHN  FISKE,  formerly  Lecturer  on  Philosophy  at  Harvard 

University. 
THE  CRITICAL  PERIOD    IN   AMERICAN  HISTORY,  1783-1789.      Ex.  cr. 

8vo.     10s.  6d. 
THE  BEGINNINGS  OF  NEW  ENGLAND ;  or,  The  Puritan  Theocracy  in  its 

Relations  to  Civil  and  Religious  Liberty.     Cr.  8vo.     7s.  6d. 
FREEMAN.— Works  by  EDWARD  A.  FREEMAN,  D.C.L.,  Regius  Professor  of  Modern 

History  in  the  University  of  Oxford,  &c. 

OLD  ENGLISH  HISTORY.     With  Maps.     Ex.  fcap.  8vo.     6s. 
A  SCHOOL  HISTORY  OF  ROME.    Cr.  8vo.  [In  preparation. 

METHODS  OF  HISTORICAL  STUDY.     8vo.     10s.  6d. 
THE  CHIEF  PERIODS  OF  EUROPEAN  HISTORY.    Six  Lectures.    With  an 

Essay  on  Greek  Cities  under  Roman  Rule.     8vo.     10s.  6d. 
HISTORICAL  ESSAYS.     First  Series.    4th  Ed.    8vo.    10s.  6d. 
HISTORICAL  ESSAYS.    Second  Series.    3d  Ed.,  with  additional  Essays.    8vo. 

10s.  6d. 

HISTORICAL  ESSAYS.    Third  Series.    8vo.    12s. 
THE  GROWTH  OF  THE  ENGLISH  CONSTITUTION  FROM  THE  EARLIEST 

TIMES.     4th  Ed.     Cr.  8vo.     5s. 
GENERAL  SKETCH  OF  EUROPEAN  HISTORY.    Enlarged,  with  Maps,  etc. 

18mo.     3s.  6d. 

PRIMER  OF  EUROPEAN  HISTORY.     18mo.     Is.    (History  Primers.) 
FRIEDMANN.— ANNE  BOLEYN.    A  Chapter  of  English  History,  1527-1536.    By 

PAUL  FRIEDMANN.     2  vols.    8vo.    28s. 
FYFFE.— A  SCHOOL  HISTORY  OF  GREECE.    By  C.   A.   FYFFE,  M.A.,   late 

Fellow  of  University  College,  Oxford.     Cr.  8vo.  [In  preparation. 

GREEN. — Works  by  JOHN  RICHARD  GREEN,  LL.D.,  late  Honorary  Fellow  of 

Jesus  College,  Oxford. 
A  SHORT  HISTORY  OF  THE  ENGLISH  PEOPLE.     New  and  Revised  Ed. 

With  Maps,  Genealogical  Tables,  and  Chronological  Annals.     Cr.  8vo.     8s.  6d. 

150th  Thousand. 
Also  the  same  in  Four  Parts.     With  the  corresponding  portion  of  Mr.  Tait's 

"Analysis."     Crown  8vo.     3s.  each.     Part  I.  607-1265.     Part  II.  1204-1553. 

Part  III.  1540-1689.    Part  IV.  1660-1873. 
HISTORY  OF  THE  ENGLISH  PEOPLE.     In  four  vols.     8vo.     16s.  each. 

Vol.  I.— Early  England,  449-1071 ;  Foreign    Kings,    1071-1214 ;  The  Charter, 
1214-1291 ;  The  Parliament,  1307-1461.     With  8  Maps. 

Vol.  II.— The  Monarchy,  1461-1540  ;  The  Reformation,  1540-1603. 

Vol.  III.— Puritan  England,  1603-1660  ;  The  Revolution,  1660-1688.    With  four 
Maps. 

Vol.   IV.— The  Revolution,   1688-1760;  Modern    England,   1760-1815.    With 

Maps  and  Index. 

THE  MAKING  OF  ENGLAND.     With  Maps.     8vo.     16s. 
THE  CONQUEST  OF  ENGLAND.     With  Maps  and  Portrait.     8vo.     18s. 
ANALYSIS  OF  ENGLISH  HISTORY,  based  on  Green's  "  Short  History  of  tha 

English  People."    By  C.  W.  A.  TAIT,  M.  A.,  Assistant  Master  at  Clifton  College. 

Crown  8vo.    3s.  6d. 
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READINGS   FROM   ENGLISH   HISTORY.      Selected  and    Edited  by  JOHN 

RICHARD  GREEN.     Three  Parts.     Gl.  8vo.    Is.  6d.  each.    I.  Hengist  to  Cressy. 

II.  Cressy  to  Cromwell.     III.  Cromwell  to  Balaklava. 
GUEST.— LECTURES  ON  THE  HISTORY  OF  ENGLAND.     By  M.  J.  GUEST. 

With  Maps.     Cr.  8vo.    6s. 
HISTORICAL  COURSE  FOR  SCHOOLS.— Edited  by  E.  A.  FREEMAN,   D.C.L., 

Regius  Professor  of  Modern  History  in  the  University  of  Oxford.     18mo. 
GENERAL    SKETCH    OF    EUROPEAN    HISTORY.     By    E.  A.   FREEMAN, 

D.C.L.    New  Ed.,  revised  and  enlarged.    With  Chronological  Table,  Maps,  and 

Index.    3s.  6d. 
HISTORY   OF    ENGLAND.     By   EDITH    THOMPSON.    New   Ed.,   revised  and 

enlarged.     With  Coloured  Maps.     2s.  6d. 

HISTORY  OF  SCOTLAND.    By  MARGARET  MACARTHUR.    2s. 
HISTORY  OF  ITALY.     By  Rev.  W.  HUNT,  M.A.    New  Ed.     With  Coloured 

Maps.    3s.  6d. 

HISTORY  OF  GERMANY.    By  J.  SIME,  M.A.    New  Ed.,  revised.    3s. 
HISTORY  OF  AMERICA.     By  JOHN  A.  DOYLE.     With  Maps.    4s.  6d. 
HISTORY  OF  EUROPEAN  COLONIES.     By  E.  J.  PAYNE,  M.A.    With  Maps. 

4s.  6d. 

HISTORY  OF  FRANCE.     By  CHARLOTTE  M.  YONGE.     With  Maps.    3s.  6d. 
HISTORY  OF  GREECE.     By  EDWARD  A.  FREEMAN,  D.C.L.     [In  preparation. 
HISTORY  OF  ROME.     By  EDWARD  A.  FREEMAN,  D.C.L.  [In preparation. 

HISTORY  PRIMERS.— Edited  by  JOHN  RICHARD  GREEN,  LL.D.    18mo.    Is.  each. 
ROME.     By  Rev.    M.    CREIGHTON,   M.A.,    Dixie   Professor    of   Ecclesiastical 

History  in  the  University  of  Cambridge.     Maps. 
GREECE.    By  C.  A.  FYFFE,  M.A.,  late  Fellow  of  University  College,  Oxford. 

Maps. 

EUROPE.    By  E.  A.  FREEMAN,  D.C.L.    Maps. 
FRANCE.    By  CHARLOTTE  M.  YONGE. 

GREEK  ANTIQUITIES.     By  Rev.  J.  P.  MAHAFFY,  D.D.     Illustrated. 
CLASSICAL  GEOGRAPHY.     By  H.  F.  TOZER,  M.A. 
GEOGRAPHY.    By  Sir  G.  GROVE,  D.C.L.    Maps. 
ROMAN  ANTIQUITIES.     By  Prof.  WILKINS,  Litt.D.     Illustrated. 

HOLE.— A  GENEALOGICAL  STEMMA  OF  THE  KINGS  OF  ENGLAND  AND 

FRANCE.    By  Rev.  C.  HOLE.     On  Sheet.     Is. 
JENNINGS.— CHRONOLOGICAL    TABLES.      A  synchronistic  arrangement  of 

the   events  of  Ancient    History  (with  an    Index).     By  Rev.    ARTHUR   C. 

JENNINGS.    8vo.    5s. 
LABBERTON.— NEW  HISTORICAL  ATLAS  AND  GENERAL  HISTORY.    By 

R.  H.  LABBERTON.     4to.    New  Ed.,  revised  and  enlarged.     15s. 
LETHBRIDGE.— A  SHORT  MANUAL  OF  THE  HISTORY  OF  INDIA.     With 

an  Account  of  INDIA  AS  IT  is.    The  Soil,   Climate,   and  Productions ;  the 

People,  their  Races,   Religions,   Public  Works,  and    Industries ;    the  Civil 

Services,  and  System  of  Administration.     By  Sir  ROPER  LETHBRIDGE,  Fellow 

of  the  Calcutta  University.     With  Maps.    Cr.  8vo.     5s. 
MAHAFFY.— GREEK  LIFE   AND   THOUGHT   FROM   THE  AGE  OF  ALEX- 

ANDER  TO  THE  ROMAN  CONQUEST.    By  Rev.  J.  P.  MAHAFFY,  D.D., 

Fellow  of  Trinity  College,  Dublin.     Cr.  8vo.     12s.  6d. 
THE  GREEK  WORLD  UNDER  ROMAN  SWAY.     From  Plutarch  to  Polybius. 

By  the  same  Author.     Cr.  8vo.  [In  the  Press. 

MARRIOTT.— THE  MAKERS  OF  MODERN  ITALY :  MAZZINI,  CAVOUR,  GABI- 

BALDI.    Three  Lectures.    By  J.  A.  R.  MARRIOTT,  M.A.,  Lecturer  in  Modem 

History  and  Political  Economy,  Oxford.     Cr.  8vo.     Is.  6d. 
MICHELET.— A  SUMMARY  OF  MODERN  HISTORY.    Translated  by  M.  C.  M. 

SIMPSON.    Gl.  8vo.    4s.  6d. 
NORGATE.— ENGLAND  UNDER  THE  ANGEVIN  KINGS.     By  KATK  NORGATE. 

With  Maps  and  Plans.    2  vols.    8vc.    82s. 
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OTTfi.— SCANDINAVIAN  HISTORY.    By  E.  C.  OTTE.    With  Maps.    Gl.  8vo.    6s. 
SEELEY.— Works  by  J.  R.  SEELEY,  M.A.,  Regius  Professor  of  Modern  History  in 
the  University  of  Cambridge. 

THE  EXPANSION  OP  ENGLAND.    Crown  8vo.    4s.  6d. 

OUR  COLONIAL  EXPANSION.    Extracts  from  the  above.    Cr.Svo.    Sewed.  Is. 
TATT.  — ANALYSIS     OF    ENGLISH    HISTORY,     based    on    Green's    "Short 
History  of  the  English  People."    By  C.  W.  A.  TAIT,  M.A.,  Assistant  Master 
at  Clifton.    Cr.  8vo.    3s.  6d. 
WHEELER. — Works  by  J.  TALBOYS  WHEELER. 

A  PRIMER  OF  INDIAN  HISTORY.     Asiatic  and  European.     18mo.     Is. 

COLLEGE  HISTORY  OF  INDIA,  ASIATIC  AND  EUROPEAN.  With  Maps. 
Cr.  8vo.  3s.  6d. 

A  SHORT   HISTORY  OF  INDIA  AND   OF  THE   FRONTIER  STATES   OF 

AFGHANISTAN,  NEPAUL,  AND  BURMA.    With  Maps.     Cr.  8vo.     12s. 
YONGE. — Works  by  CHARLOTTE  M.  YONOE. 

CAMEOS  FROM  ENGLISH  HISTORY.  Ex.  fcap.  8vo.  5s.  each.  (1) 
FROM  ROLLO  TO  EDWARD  II.  (2)  THE  WARS  IN  FRANCE.  (3) 
THE  WARS  OF  THE  ROSES.  (4)  REFORMATION  TIMES.  (5)  ENG- 
LAND AND  SPAIN.  (6)  FORTY  YEARS  OF  STUART  RULE  (1603-1643). 
(7)  REBELLION  AND  RESTORATION  (1642-1678.) 

EUROPEAN  HISTORY.  Narrated  in  a  Series  of  Historical  Selections  from  the 
Best  Authorities.  Edited  and  arranged  by  E.  M.  SEWELL  and  C.  M.  YONGE. 
Cr.  8vo.  First  Series,  1003-1154.  6s.  Second  Series,  1088-1228.  6s. 

THE  VICTORIAN  HALF  CENTURY  — A  JUBILEE  BOOK.  With  a  New 
Portrait  of  the  Queen.  Cr.  8voM  paper  covers,  Is.  Cloth,  Is.  6d. 
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ANDERSON.— LINEAR  PERSPECTIVE  AND  MODEL  DRAWING.    A  School 

and  Art  Class  Manual,  with  Questions  and  Exercises  for  Examination,  and 

Examples  of  Examination  Papers.     By  LAURENCE   ANDERSON.     Illustrated. 

8vo.    2s. 
COLLIER.— A  PRIMER  OP  ART.    By  the  Hon.  JOHN  COLLIER.    Illustrated. 

ISmo.    Is. 
COOK.— THE  NATIONAL  GALLERY:    A  POPULAR  HANDBOOK  TO.     By 

EDWARD  T.  COOK,  with  a  preface  by  JOHN  RUSKIN,  LL.D.,  and  Selections 

from  his  Writings.    3d  Ed.     Cr.  8vo.     Half  Morocco,  14s. 
%*  Also  an  Edition  on  large  paper,  limited  to  250  copies.    2  vols.     8vo. 
DELAMOTTE.— A  BEGINNER'S  DRAWING  BOOK.      By  P.   H.   DELAMOTTE, 

F.S.A.    Progressively  arranged.     New  Ed.,  improved.    Cr.  8vo.     3s.  6d. 
ELLIS.— SKETCHING    FROM    NATURE.      A    Handbook    for    Students    and 

Amateurs.    By  TRISTRAM  J.  ELLIS.     Illustrated  by  H.  STACY  MARKS,  R.A., 

and  the  Author.    New  Ed.,  revised  and  enlarged.     Cr.  8vo.    3s.  6d. 
GROVE.— A   DICTIONARY  OF  MUSIC  AND   MUSICIANS.    A.D.    1450—1889. 

Edited  by  Sir  GEORGE  GROVE,  D.C.L.    In  four  vols.    8vo.    Price  21s.  each. 

Also  in  Parts. 

Parts  I.  to  XIV.,  Parts  XIX.— XXII. ,  3s.  6d.  each.    Parts  XV.,  XVI.,  7s. 

Parts  XVII.,  XVIII.,  7s.     Parts  XXIII.— XXV.  (Appendix),  9s. 
A  COMPLETE  INDEX  TO  THE  ABOVE.    By  MRS.  E.   WODEHOUSE.    8vo. 

7s.  6d. 
HUNT.— TALKS  ABOUT  ART.    By  WILLIAM  HUNT.    With  a  Letter  from  Sir  J. 

E.  MILLAIS,  Bart.,  R.A.     Cr.  8vo.    3s.  6d. 
MELDOLA.— THE  CHEMISTRY  OF  PHOTOGRAPHY.    By  RAPHAEL  MELDOLA, 

F.R.S.,  Professor  of  Chemistry  in  the  Technical  College,  Fins  bury.    Cr.  8vo. 

6s 
TAYLOR.— A  PRIMER  OF  PIANOFORTE  PLAYING.    By  FRANKLIN  TAYLOR. 

Edited  by  Sir  GEORGE  GROVE.    18mo.     Is. 
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TAYLOR.— A  SYSTEM  OF  SIGHT-SINGING  FROM  THE  ESTABLISHED 
MUSICAL  NOTATION ;  based  on  the  Principle  of  Tonic  Relation,  and  Illus- 
trated by  Extracts  from  the  Works  of  the  Great  Masters.  By  SEDLEY  TAYLOR. 
8vo.  [In  the  Press. 

TYRWHITT.— OUR  SKETCHING  CLUB.  Letters  and  Studies  on  Landscape 
Art.  By  Rev.  R.  ST.  JOHN  TYRWHITT.  With  an  authorised  Reproduction 
of  the  Lessons  and  Woodcuts  in  Prof.  Ruskin's  "Elements  of  Drawing."  4th 
Ed.  Cr.  8vo.  7s.  6d. 
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ABBOTT.— BIBLE  LESSONS.     By  Rev.  EDWIN  A.  ABBOTT,  D.D.    Cr.  8vo.    4s.  6d. 
ABBOTT-RUSHBROOKE.— THE  COMMON  TRADITION  OF  THE  SYNOPTIC 

GOSPELS,  in  the  Text  of  the  Revised  Version.    By  Rev.  EDWIN  A.  ABBOTT, 

D.D.,  and  W.  G.  RUSHBROOKE,  M.L.     Cr.  8vo.    3s.  6d. 
ARNOLD. — Works  by  MATTHEW  ARNOLD. 
A    BIBLE-READING    FOR    SCHOOLS,— THE     GREAT     PROPHECY    OF 

ISRAEL'S    RESTORATION    (Isaiah,    Chapters    xl.-lxvi.)       Arranged    and 

Edited  for  Young  Learners.     18mo.     Is. 
ISAIAH  XL.— LXVI.    With  the  Shorter  Prophecies  allied  to  it.    Arranged  and 

Edited,  with  Notes.    Cr.  8vo.     5s. 
ISAIAH  OF  JERUSALEM,  IN  THE  AUTHORISED  ENGLISH   VERSION. 

With  Introduction,  Corrections  and  Notes.     Cr.  8vo.     4s.  6d. 
BENHAM.— A  COMPANION  TO  THE  LECTIONARY.     Being  a  Commentary  on 

the  Proper  Lessons  for  Sundays  and  Holy  Days.     By  Rev.  W.  BENHAM,  B.D. 

Cr.  8vo.     4s.  6d. 
CASSEL.— MANUAL  OF  JEWISH  HISTORY  AND  LITERATURE  ;  preceded  by 

a  BRIEF  SUMMARY  OF  BIBLE  HISTORY.    By  Dr.  D.  CASSEL.    Translated 

by  Mrs.  H.  LUCAS.     Fcap.  8vo.     2s.  6d. 
CROSS.— BIBLE  READINGS  SELECTED  FROM  THE  PENTATEUCH  AND 

THE  BOOK  OF  JOSHUA.     By  Rev.   JOHN  A.   CROSS.     2d  Ed.,  enlarged, 

with  Notes.     Gl.  8vo.    2s.  6d. 
DRUMMOND.— THE    STUDY    OF    THEOLOGY,   INTRODUCTION    TO.    By 

JAMES  DRUMMOND,  LL.D.,  Professor  of  Theology  in  Manchester  New  College, 

London.    Cr.  8vo.     5s. 
FARRAR.— Works  by  the  Venerable  Archdeacon  F.  W.  FARRAR,  D.D.,  F.R.S., 

Archdeacon  and  Canon  of  Westminster. 
THE  HISTORY  OF  INTERPRETATION.    Being  the  Bampton  Lectures,  1885. 

8vo.     16s. 
THE  MESSAGES  OF  THE  BOOKS.    Being  Discourses  and  Notes  on  the  Books 

of  the  New  Testament.    8vo.     14s. 
GASKOIN.— THE  CHILDREN'S  TREASURY  OF  BIBLE  STORIES.    By  Mrs. 

HERMAN  GASKOIN.     Edited  with  Preface  by  Rev.   G.   F.    MACLEAR,  D.D. 

18mo.    Is.  each.    Part  I. — OLD  TESTAMENT  HISTORY.    Part  II. — NEW  TESTA- 
MENT.   Part  III.— THE  APOSTLES  :  ST.  JAMES  THE  GREAT,  ST.  PAUL,  AND  ST. 

JOHN  THE  DIVINE. 

GOLDEN  TREASURY  PSALTER.— Students'  Edition.  Being  an  Edition  of  "  The 
Psalms  Chronologically  arranged,  by  Four  Friends,"  with  briefer  Notes.  18mo 
3s.  6d. 

GREEK  TESTAMENT.— Edited,  with  Introduction  and  Appendices,  by  Bishop 
WESTCOTT  and  Dr.  F.  J.  A.  HORT.  Two  Vols.  Cr.  8vo.  10s.  6d.  each.  Vol 
I.  The  Text.  Vol.  II.  Introduction  and  Appendix. 

SCHOOL  EDITION  OF  TEXT.  12mo,  cloth.  4s.  6d.  18mo.  morocco,  gilt 
edges.  6s.  6d. 

GREEK  TESTAMENT,  SCHOOL  READINGS  IN  THE.  Being  the  outline  of 
the  life  of  our  Lord,  as  given  by  St.  Mark,  with  additions  from  the  Text  of  the 
other  Evangelists.  Arranged  and  Edited,  with  Notes  and  Vocabulary,  by 
Rev.  A.  CALVERT,  M.A.  Fcap.  8vo.  4s.  6d. 
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THE  GOSPEL  ACCORDING  TO  ST.  MATTHEW.     Being  the  Greek  Text  as 

revised  by  Bishop  WESTCOTT  and  Dr.  HOBT.     With  Introduction  and  Notes  by 

Rev.  .A.  SLOMAN,  M.A.,  Headmaster  of  Birkenhead  School.   Fcap.  Svo.    2s.  6d. 
THE  GOSPEL  ACCORDING  TO  ST.  MARK.     Being  the  Greek  Text  as  revised 

by  Bishop  WESTCOTT  and  Dr.  HORT.   With  Introduction  and  Notes  by  Rev.  J. 

O.  F.  MURRAY,  M.A.,  Lecturer  at  Emmanuel  College,  Cambridge.    Fcap.  Svo. 

[In  preparation. 
THE  GOSPEL  ACCORDING  TO  ST.  LUKE.    Being  the  Greek  Text  as  revised 

by  Bishop  WESTCOTT  and  Dr.  HORT.     With  Introduction  and  Notes  by  Rev. 

JOHN  BOND,  M.A.  [In  preparation. 

THE  ACTS  OF  THE  APOSTLES.    Being  the  Greek  Text  as  revised  by  Bishop 

WESTCOTT  and  Dr.  HORT.     With  Explanatory  Notes  by  T.  E.  PAGE,  M.A., 

Assistant  Master  at  the  Charterhouse.     Fcap.  Svo.     4s.  6d. 
GWATKIN.— CHURCH  HISTORY  TO  THE  BEGINNING  OF  THE  MIDDLE 

AGES.     By  H.  M.  GWATKIN,  M.A.    Svo.  [In  preparation. 

HARDWICK.— Works  by  Archdeacon  HARDWICK. 
A  HISTORY  OF  THE  CHRISTIAN  CHURCH.    Middle  Age.     From  Gregory 
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